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Notebook vé toan ...
Céac ban c6 thé tai phién ban PDF ciia notebook nay & mathbook.pdf.

Minh dang doi nha sang https://dunglq2000.github.io dé dé tim kiém (b6 subdomain /mathematics).
1.1 Nhitng 18i néi dau

1.1.1 Toan hoc la gi véi minh?

Minh khong gidi toan. Tuy nhién toan lai 14 moén minh danh nhiéu thai gian nhat trong sudt 10 nam (2015
t6i 2025). Day 1a méi luong duyén khong tam thuong, nhung ciing khong hé 1lang man t{ nao.

Nhitng ngay dau hoc toan

Minh bit dau hoc toan nhiéu tit cip 2 nhung ciing khong qua diic sic. Minh chi don gidn 13 lam nhiéu bai
tap hon, nhiéu dang hon théi. Minh may man duge hoc véi thiy c6 tAm huyét, cling nhu cic ban hoc ciing
chi huéng. Nho céc ¢6 day toan va ban bé ma minh tién bo, biét thém nhiéu kién thitc mdéi (dac biet tir chd
may ban hoc thém & trung tam 218 7).

Nam 2015 minh vao 16p 10 chuyén toan. Sau ba ndm thi minh nhan ra minh hoc toan rét ... té, nhung minh
cling nhan ra dam mé manh mé ctia minh cho mén toan. Minh rat biét on cac thay, co trong trudng, luon
gitip d6 va dong vién minh, ciing nhu cho minh thiy dugc nhiéu 16i tu duy khac nhau. Dic biét, chuyén
toan hoc toan theo cach khac véi nhitng 16p khac ma tu duy d6 minh van st dung t6i tan hién nay.

Thay chi nhiém 16p minh su6t 3 nam 14 gido vién toan. Minh kinh trong thay khong chi vi thay gidi, ma
thay day minh cach hoc toan sao cho ding. Théng thudng hoc sinh ching minh bam theo cac tinh chat dé
giai bai toan. Vi du, dudng phan giac ciia mot goc thuong duge hidu 1a duong chia déi goc d6. Tuy nhién
thay noi do 1a tinh chét, khong phai dinh nghia. Pudng phan gidc clia goc 1a tap hop cac diém cach déu
hai canh cua géc.

Cang hoc nhiéu toan thi minh cang nhan thay dinh nghia la noi bit dau moi thit, 1a diém quan trong nhat
clia cac van dé toan hoc. Céc tinh chét gitp ching ta tim 15i gidi nhanh hon, nhung khi bé tic thi dinh
nghia 14 noi dé ching ta bam vao va tim huéng gidi. Trong trudng hop hinh hoc, méi déi tugng hinh hoc
déu 1a mot tap hop diém. Do d6 ching ta c6 thé noi diém la don vi co ban nhat. Céac dinh nghia doéng
vai tro xay dung nén nén tang toan hoc ma vé sau minh mdi hiéu dude ¥ nghia clia ching va hau qua néu
chiing "c6 van dé". Phan sau minh sé& néi rd hon vé diéu nay.
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Mot diéu quan trong minh duge thay nhic 1a khéng nén bam vao cic phuong phap giai toan. Thong
thuong cac sach tham khao, khoa hoc & cap 3 sé theo dang Bai 1. Cht d&& A. Phuong phap 1 roi lai Bai
2. Chd && A. Phuong phap 2. Theo minh, cac phuong phap rat hitu ich khi giap bai dung dang, chi can
"ap dung cong thic" 1a xong. Tuy nhién viéc hoc theo phuong phap ciing 13 con dao hai ludi. Néu ching
ta gap dang chua hoc thi kha ning cao 1a chiu chét. Viéc doc cac phuong phap giai bai 1a can thiét dé co
nhidu phuong an giai quyét khac nhau, nhung quan trong 1a kha nang tu duy dé két néi nhing cai méi gap
v6i nhitng diéu da biét. Mot bai hinh hoc gom dit kign va hoc sinh can giai quyét bon cau hoéi nhé (a), (b),
(c), (d). Pay thudng 1a cau tric clia cau hinh hoc trong dé tuyén sinh 16p 10 ¢ thai minh. T4t nhién 1a di
dé chung hay dé thi chuyén toan luén cé nhitng ban lam tron ven bén cau. Van dé 14, khi cit bé ba cau hoi
(a), (b), (¢) va chi bao giai cau (d) thi bai toan trd thanh tam qudc gia, quéc té (VMO, IMO). Ly do rat
don gian, nhitng cau (a), (b), (c), (d) duge ting dan theo do kho va cau trude thusng 1a tién dé dé giai hoac
lam ggi ¥ cho cau sau. Khi chiing ta mat ggi y thi chiing ta s& tiép can ra sao dé gidi quyét cau (d)? Day
chinh 1a thyc té ctia toan hoc noi chung. Nhiéu cong thiic, dinh 1i duge phat biéu don gidn, ngin gon nhu
cau (d) ctia dé tuyén sinh, nhung dé chiing minh chiing thi mat miy tram nam nd lyc ctia con ngudi chit
Khong phai mot 16 sach 1a di.

Hai diéu thay néi c6 thé thiy r6 trong cac cudc thi olympiad toan, va ciing la thuc té trong toan hoc. Cau
khoé thuong c6 dang:

S6 A dudce goi 1a s6 nhu nay néu n6 théa man cac diéu kien nhu kia. Hay chiing minh néu A la
s6 nhu nay thi né sé c6 cic tinh chat nhu no.

Day 1a mot dang toan rat kho nhin vi ching ta dung phai mot khai niém, dinh nghia méi la. Liic ndy ching
ta phai bam sat dinh nghia vi d6 1a thi duy nhét dé cho ching ta dé ching minh tinh chit. Van dé 1a chi
v6i mdi dinh nghia khong gitip chting ta tim phuong phap giai. Viéc dya trén cidc phuong phap da biét con
tiy vao chiing ta lién két dudc dinh nghia d6 véi kién thite, kinh nghiém va trai nghiém ctia ban than téi
mitc nao. Piéu thi vi 1a kién thiic, kinh nghiém va trai nghiém c6 thé duge nang cao nhd syt cham chi va rén
luyén "truc giac". D6i véi ngudi khong gidi toan nhit minh thi viée nang kha ning clia tryc gidc rat co 1oi,
cho phép minh "phan doan" cach tiép can sé dua t6i 11 gidi. Lam cang nhiéu, sy thdu hiéu va cdm nhan
ctia minh v6i nhitng bai toan cang nhay.

Mot gido vién day toan khac ciia 16p minh ciing da dé lai nhiéu bai hoc quy gia. Mot lan nita, cau chit trong
toan hoc rat quan trong va ching ta phai can than khi xit Iy. Cac ban c6 thé thiy hai cach viét R\ {0}
va (—00,0) U (0, +00) gibng nhau vi déu chi viec bd s6 0 khéi tap s6 thuc R. Tuy nhién khi xét dén cac
khoang (doan) xac dinh citia ham s thi day 1a van dé rat quan trong. Khi xét tinh dong bién, nghich
PR . . 1. 1 . . .
bién bang dao ham, gid sit ham so f(r) = — v6i dao ham f'(z) = —— < 0 v6i moi z € R\ {0}. Khi d6
T T
chiing ta c6 thé noi ring ham sé f(z) xac dinh trén tap R\ {0}. Tuy nhién, néu ching ta két luan ring
f(x) nghich bién trén R\ {0} thi day 1a két luan sai hoan toan. Két luan ding phéi dya trén cac khodng
xac dinh, nghia 14 ham s6 nghich bién trén hai khoang (—o0,0) va (0,+00). O [1] (trang 220, dinh li
2) ghi ring:
Gia sit ham s6 f c6 dao ham trén khoang I. Khi do

a) Néu f/(z) > 0 véi moi € I thi f dong bién trén I.

b) Néu f’(z) < 0 véi moi x € I thi f nghich bién trén L.

c) Néu f/(x) = 0 v6i moi x € I thi f c6 gia tri khong doi trén L.
0 day, sach gido khoa ghi 6 rang khodng x4c dinh ma trén d6 ham s6 c6 dao ham, nghia la khong dugc
noi f(x) & trén nghich bién trén mot khoang "hut" & gitta nhu (—oo,0) U (0, 4+00) hay R\ {0}, ma phai la
nghich bién trén hai khodng xac dinh: (—o0,0) va (0, +00).

Mot van dé quan trong dé& bi sai s6t l1a cAc ménh dé "Néu nhu nay thi nhu kia". Theo ngon ngit logic thi
day 1a phép kéo theo.

Phép kéo theo "Néu P thi Q" hay "P = Q", trong d6 P va @ 1a hai ménh dé, sai khi P ding

va @ sai, va dung trong céc trudng hgp con lai.
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Thong thudng c6 hai diém dé& bi hiéu nham hozc ¢6 tinh hiéu nham (khi danh trao khai niém, bé cong logic,
).
1. Day la phép kéo theo, nghia la phai hoi ty da tat ca dicu kién P thi ching ta méi c6 Q.

2. Khi phti dinh hai ménh dé ta khong thu dude ménh dé ciing tinh ding sai véi ménh dé ban dau, tic la
khi c6 P chua chic c6 Q. Minh thiy viéc nay x3y ra gan nhu trong tat ca linh vyc khong riéng toéan,
khong biét do vo tinh hay ¢d y. Vi du minh c6 ménh dé "Néu trdi mua thi dudng uét". Nhu vay co
thé suy ra "Néu troi khong mua thi duong khong wét"? Cau tra 18i 1a chuwa chic, dudsng van co thé
u6t vi Iy do khéac, vi du nhu nuée bi ro ri & dudng 6ng gan do.

Vé miit logic thi phép kéo theo P = @ sé hoan toan twong duong phép kéo theo Q = P, trong d6 P
va @ la meénh dé pht dinh ctia P va Q. Véi vi du trén, chung ta suy ra dugc "Néu dudng khong uét thi
troi khong mua". Ménh dé nay cé ciing gia tri logic v6i ménh dé ban dau "Néu trdi mua thi duong uét":
dung thi ding chung, sai thi sai chung. Day la van dé khi 1én dai hoc va déi chiéu sach vé minh it ra dudge.
O cap 3 minh chi duge nhic ring viee phtt dinh chua chic ding con ly do ding sau (nhu minh vita trinh
bay) thudc khuon khd noi dung vé logic va dudc giam tai & thoi minh. Khi 1én dai hoc thi mén toan rdi rac
thudng sé c6 phan co sd logic chinh 1& nén tang ctia phép kéo theo.

Bai hoc, tinh yéu khéng thanh véi toan

Khi dudc tiép can cac kién thiic toan cao hon & dai hoc thi minh nhan ra mot van dé thd vi ctia ban than:
minh hoc toan roi rac (Iy thuyét s6, ham Boolean, Iy thuyét nhom) t6t hon toan lién tuc (cac loai giai tich).
Hé qué 1a minh dé té moén vat 1y vi nhiéu kién thic vé gidi tich dugc ap dung dé giai quyét céc bai toan vat
ly. Artificial Intelligence (AI) va Machine Learning (ML) la nhitng tit khoa "hot trend" nhét ltic minh hoc
dai hoc, nhung vi kha ning toan lién tuc yéu kém ma minh sém dudi sic va khong di sau nita. Tuy nhién
minh van c6 hy vong sé hiéu mot ngay nao d6 ~-~. Do dé thay vi AI/ML minh da chon theo mat ma hoc
(cryptography), cu thé 1a ma hoa khoa ddi xing (symmetric key cryptography) diya trén cac ham Boolean.
Minh thiy minh theo linh vitc nay b6t tham hon AT/ML nén 1a minh theo t6i tan bay gio (2025).

Khi lén dai hoc, cac kién thitc tré nén phitc tap hon ca vé bé rong 1an chiéu sau. Ching ta thudng sé hoc
nhiéu kién thitc hon (md rong) nhung dong thoi hoc sdu ban chat (chiéu sau). Minh thich ham vui nén minh
hoc rat nhiéu loai toan: giai tich, xac suat théng ké, hinh hoc giai tich, hinh hoc affine, hinh hoc phi Euclid,
Iy thuyét s6, dai sd6 Booelan, dai s6 tuyén tinh, 1y thuyét do thi, Iy thuyét tap hop, ...

Da phan trong d6 1a ... cudi ngya xem hoa. :) Cac ban c6 thé thiy nhitng mén vé toan rdi rac minh hoc
rat nhiéu va viét rat ki ¢ notebook nay, mdi toi da phan van la co ban. :) Cac kién thiic vé toan lién tuc &
notebook nay vao thoi diém hien tai con it.

Quan niém cia minh vé toan hoc

Minh thich toan vi sy logic va chit ché ciia n6. Khi hoc nhitng mén tritu tugng nhu ly thuyét nhom, s6
phiic, ... thi minh con thich hon vi khi d6 c6 mot nén tang chung, tritu tugng hon cho nhitng gi chi tiét. Vi
duy, hinh hoc Euclid duge xay dyng dua trén cac tién dé ctia Euclid tit quan sat truc quan. Vé sau, cic
nha todn hoc xiy dung mot nén tang cao hon ma v6i mot didu kién nhat dinh thi Euclid ding, nhung véi
mot didu kien khac thi Euclid nhudng chd cho ngudi khic. Liic nay tric quan khéng con ding nita ma phu
thudc vao tri tudng tugng, sang tao ctia con ngudi. Cach tiép can téng quat hoa nay gitp lam don gidn van
dé nhung ciing 14 co s3 cho nhing "hat giéng" khac phat trién ¢ nhiéu linh vuc khac.

Nim 2024 minh c6 xem mot series trén Youtube ctia kénh Nhan thic mdéi vé dinh 1 bat toan ciia Godel do
gido st Pham Viet Hung trinh bay. Minh thay series rat thi vi va minh c6 nhiéu quan diém gidéng giso su,
nhung ciing c6 nhiéu quan diém trai ngugc.

Mic di toan hoc logic va chit ché, nhung dinh 1i bat toan da chitng minh dude ring toan hoc khéng hoan
héo. Quan trong hon la tinh ding ddn cia toan hoc ndm ngoai toan hoc va c6 nhiéu diéu, ké ca trong toan
hoc, chiing ta khong thé biét 14 dtng hay sai. Piéu nay minh dong y véi Godel 1an gido su. Tuy nhién mot
van dé 14 néu toadn hoc sai thi s& hau qua sé rat khiing khiép. Vi du, truée khi khai niém "gidi han" ra doi
thi ngudi xua c6 nhing lap lugn dang vé mit logic nhung sai trén thuc té nhu nghich 1y ndi tiéng ctia Zeno.

1.1. Nhiing 15i néi dau 3
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O thi ctia Zeno thi cac khai niém tritu tugng nhu "vé han", "vo cing 16n", "v6 ciing bé" chua xuét hién.
Do d6 khi lam viéc véi nhiing dai lugng vo han da gay ra nhitng hiéu lam ma vé mat tryc quan ching ta
lai thay "c6 vé diung". Euclid cho ring "Mot phan thi nhé hon toan bg". Tuy nhién 1y thuyét tap hop cla
Cantor da chiing minh dugec mot phan (ciia tap vo han) ciing bing toan bo, tham chi c6 nhidu kiéu vo han
v6i "kich thude" 16n nhé khac nhau.

Trude thé ki 18, toan hoc dude st dung lam céng cu chinh dé nghién citu cac linh vuc khac, nhat 1a vat 1i.
biéu nay phu hop khi gidi thich cac hién tugng quan sat dudc vao thoi d6 nhu mit phing Euclid. Van
dé 1a vat 1i dya trén nén tang toin hoc, nhung toin hoc lai dya trén cac quan sat hién tugng vat 1i. Day la
mot vong luan quan va chi can sai s6t nhoé trong toan sé gay ra anh hudng rat nghiém trong. Ti dé toan
hoc can phai ding din tit noi tai.

Cac nha toan hoc thé ki 18, 19 nhu Cauchy, Hilbert, ... da xiy dung lai toan hoc khong dya trén quan sat
vat i ma dya trén cac dinh nghia chit ché. Trong series vé dinh 1i bat toan, gido su Pham Viet Hung co
n6i cdc nha toan hoc thai ki nay ton sting va than thanh héa toan hoc qua mitc. Didu nay minh vira dong y
vita khong dong y véi gido su. Ro rang viéc cac nha toan hoc lam lac d6 1a rat can thiét dé dam béo noi tai
toan hoc théng nhat, khong mau thuin, va chiit ché. Viéc ho ton siing qua mitc cho thay ho hiéu sy quan
trong ctia viéc ho lam va rét nhidu nhing diéu bi bac bé truéec dé da duge dua trd lai toan hoc. Tit day md
ra rat nhiéu kha ning phat trién, mé rong téi nhing noi ching ta chua thé thay, sita chita nhing sai lam
ciia ngudi di trude. Bing viec dé tri tudng tuong bay xa, két hop véi logic chit ché, da gitip nhiéu linh vie
doan trudc si ton tai clia nhidu déi tuong trudce ca khi phat hién ra ching.

Tuy nhién quan niém ctia minh vé cac nha toan hoc thai ki d6 c6 chit khac. Minh cong nhan 13 nhitng déng
gép clia ho da dua téi sy phéat trién dang kinh ngac trong nhiéu linh viyc, nhung ban than minh thay do
la cong viéc ... TAt nham chan. Muc tiéu quan trong nhat ctia ho la lam chit ché va dam bao tinh ding
d&n clia toan hoc tit nhitng khai niem cé thé goi 1a co ban nhat lam nén tang. Nhing khai niém nhu diém,
duong, ... da duge dinh nghia tir rat 1au & bo sach huyén thoai Elements ciia Euclid [2], nhung trong sich
lai dinh nghia chung chung kiéu:

e mit la thit c6 bé dai va co bé rong;
e duong 1a thit chi c6 bé dai ma khong c6 bé rong;
e diém la thit khong c6 bé dai 1an bé rong.

0 day, "th" 1a gi? Nhiéu hinh thit ki quiic da duge xay dung, vita c6 thé duge xem 1a dudng ma ciing vita
¢6 thé duge xem 1a mit theo dinh nghia ctia Euclid, vi du nhu tdm thdm Sierpinski. Ré rang nhing nha
toan hoc hién dai da lam cong viéc chan ngit 1a dinh hinh lai toAn hoc nhan loai trong 2000 nim. Cong 1
respect cho cic nha todn hoc chit minh thiy 13 0di réi. :>>>

D6i v6i minh, toan hoc 1a bo moén ctia dam me, logic, va ci toxic. =))) Cac nha toan hoc khong quan tam
két qua clia minh c6 tng dung thuc tién gi. Ho quan tam tinh ding din ctia ting meénh dé, ting ching
minh. Ho ¢6 ging bdo vé niém tin clla minh dén ndi dam duong dau moi thi, tham chi t& than.

O thoi Trung C6 noi nhitng toa an di gido dan ap da man cac nha khoa hoc ting ho thuyét nhat tam ctia
Copernicus, cic nha khoa hoc (da phan 14 toan va thién van) tham chi con bac bo nhitng diém chua ding
cia Copernicus - cho ring Trai Dat quay xung quanh Mit Trdi - va bo sung ring ban than Mat Trsi ciing
quay quanh cai gl d6 khac nita. Cauchy tin tudng cach xay dung giéi han dya trén ngoén ngit § — e t6i ndi
nam lan bay lugt choi tré "méo von chuot" véi dinh ché khoa hoc cao nhit nuée Phap 14 Vien Han 1lam va
Dai hoc Béch khoa (Ecole Polytechnique) [3]. Tt nhién Cauchy da c6 cuoc doi khong dé dang gi va nhiéu
1an roi vao tinh canh kho khan. Cantor tin tudng ly thuyét tap hop ctia minh 1a vitng nhu d4 tdng, néu mii
tén nao bén vao thi mii tén s& bat nguge lai ngusi ban [3]. Tuy nhién phe d6i 1lap v6i Cantor c6 cac nha
toan hoc vi dai Poincare va Kronecker v6i quan diém bao tht luén cb ging vui dap y tudng ctia éng. Vé
sau, nhiing ngusi ting hé 6ng nhu Hilbert, Dedekind, ... da thing thé, va ly thuyét tap hop ctia Cantor da
dudc truyén ba rong rai. Dang tiéc thay, Cantor da ra di mai mai truée do do dot quy tit tram cam bdi siic
ép tit phe Kronecker va ndi dau mat ngudi than.

4 Chapter 1. Gidi thiéu
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K&t luan

Cac ban thay do, ban than toin hoc khong hoan hio va tham chi cic nha todn hoc nhidu lan xung dot véi
nhau vé logic. V& mit logic thi ai ciing ding, nhung éo le 1a ngudi khac khong chap nhan ban ding va bac
bo no. :'( Liic nay, he théng dinh nghia 1a diéu cuc ki quan trong va can duge théng nhét trén toan thé gidi,
gitta cic cong dong khoa hoc. Trong cic cong trinh ctia minh thi hé théng dinh nghia phai 6 rang, théng
nhét va khong mau thudn. Khi d6 nhing kién thitc dude xay dyng trén do sé hop ly vé logic.

Toan hoc da, dang va sé luon 1a niém dam mé clia minh bat chidp kha ning c6 han. ~)”~ Minh hy vong
notebook nay sé luu trit dam mé tudi tré cla minh, va néu trong kha ning c¢6 han, tiép thém stc manh cho
nhitng ngudi theo dudi toan hoc.

Moscow, ngay 23 thang 02 nam 2025.

1.1.2 Cdg s& xay dung notebook

Muc tiéu cua notebook

Notebook nay duge xiy dung tit kién thitc cia ban than minh, nhitng didu tha vi déi v6i minh trén con
duong hoc todn va mat ma hoc. Lugng kién thite va cong bd khoa hoc ngay nay qui nhiéu nén minh chi ghi
lai nhitng diéu minh thich va minh nghi 14 quan trong véi minh.

Notebook nay duge minh xay dung cho ban than trong twong lai. Tuy vay minh ciing hy vong mot ngay
dep trsi nao d6 notebook nay tré thanh noi gitp cong dong khoa hoc Viet Nam phat trién manh.

Coéng cu phat trién notebook

Ban dau, notebook dugc viét béi LaTeX PDF. Phan cii minh da luu & day, cac ban c¢6 thé xem néu hiing
thua.

C4 nhan minh rat thich font chit trén LaTeX PDF (CMU Serif) nén minh bat dau viét vao thang 3 nam
2023. Tuy nhién sau nhiéu suy nghi va tham khéo y kién thi minh da quyét dinh chuyén hét sang dang web
vao thang 10 nam 2024.

Viéc viét notebook & dang web c6 mot s6 uu diém so véi PDF:

e ¢3 chit phit hgp véi viéc doc trén dién thoai: mac du ciing ¢d chit 12pt nhung trén dién thoai doc PDF
khé khan hon doc web;

e kha ning dua code (Python, C++) vao: viéc bo code vao web khong bi gidi han bdi 1& web va nhitng
doan code qua dai khong can phai suy nghi nén xuéng dong nhu thé nao nhu trén PDF;

e mot tinh ndng tha vi ma minh hay dung ciia package sphinx (Python) 1a cac admonition. Minh s
dung hai class 14 danger va dropdown cho céc phan chiing minh va sau nay minh dung dropdown cho
céc phan code. Ly do cho viéc nay minh sé& gii thich r6 ¢ phan sau;

e minh st dung package sphinx-proof dé danh s6 thit tu cho dinh nghia, dinh li, nhan xét, tuong tu
nhu viéc khai béo newenvironment hay newtheorem trong LaTeX. Hién tai nhugc diém ciia package
nay la chua hd trg tiéng Viét va minh ciing chua biét déng géop hay chinh stia ra sao.

Tuy nhién mot sé nhuge diém & dang web ciing kha khoé chiu:

e cic cong thiic toan "inline", tic la dudc dit trong cip dollar $. . .$ khong ty dong xuéng dong nén dé
bi tran ra bén phai. Thuc ra ching ta c6 thé kéo man hinh qua va doc dude nhung khéng "mugt";

e font chit: minh sit dung theme Furo giong v6i trang tai lieu ctia SageMath (phién ban 2025) va nha
thiét ké theme noi rang font chit duge lya chon can than dé phit hgp véi viec doc trén web. Minh dong
¥ v6i ho vi nhin céc font LaTeX (CMU Serif) trén web lai khong thuan mat nhu trén PDF. Co ma néu
duge thi minh van thich cac font LaTeX hon.
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Céc hinh vé& chit lugng cao dugc vé tit TikZ va sau d6 minh chuyén déi PDF thanh JPEG dé dua vao web
nén chat lugng bi gidm.

UPDATE ngay 07/04/2025: ban dau minh viét notebook béing markdown (st dung Jupyter Book) nhung vi
Jupyter Book dua trén Sphinx ma Sphinx c6 nhiéu tinh ning hay ho hon nén minh chuyén sang viét bing
reStructuredText (rST) thay vi markdown. Dut vay néu doc gid van c6 thé dong gop bang markdown (nhu
bén dudi minh c6 trinh bay) va minh sé ty stta thanh rST, tat nhién 1a kém credit.

Nguyén li xay dung notebook
Chitng minh 1a b3t budc, nhung dé gay chan
Minh nhan thay nhiéu quyén sach bi danh gia thap vi 16i viét dinh 1i rdi sau d6 chitng minh, rdi lai tiép tuc

nhu vay. Day thuong la sach gido trinh duge viét theo khuén mau cia nha xuat ban nén diéu nay dé hiéu.
Tuy nhién minh muén ghi lai nhiéu ndi dung va viéc ghi chiing minh sé khién bai viét dai 1& theé.

Chiing minh 13 bt budc nén minh van viét nhung st dung admonition ciia sphinx véi class dropdown nhim
an phan chitng minh di. Cac ban c6 thé bam vao chit "Chiing minh" dé xem day di. Template thong thudng
ctia chiing minh s& c6 dang

. admonition:: Ching minh
:class: danger, dropdown

0 aay viét ching minh.

Két qua sé nhu sau:

© Ching minh

O day viét ching minh.

Class danger dé mau dé cho dep. :)))

Néu c6 thé an phan code thi minh sé 4n

Notebook nay c6 rat nhiéu demo pha ma véi code, ciing nhut writeup CTF. Minh nhan thiy can c6 code dé
dé theo doi (c4 dé 1an 15i gidi). Tuy nhién ddi khi code kha dai va viéc nay ciing khién bai viét nhin co vé

dai. Do d6 minh ciing sit dung class dropdown dé an phan code di hosic chuyén thanh dudng dan tai xubng,
va néu cac ban mubn doc chi tiét thi chi can 4n vao dé xem. Templete lic nay c6 dang

. admonition:: main.py
:class: dropdown

. code-block:: python

print ("Hello, World")

Két qua sé la:

(i ) main.py

[print("Hello, World") ]
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Tiéng Viét la nén tang

Minh rat thich tiéng Viét va minh cling khong nghi 14 nén lam khé ban than trong tuong lai, tham chi
doc gia, bing viéc viét ngon ngit khac. Tiéng Viet rat giau dep, phong phil, va s& luon 14 xuong séng cho
notebook nay.

Mot van dé kha dau dau 1a rat nhidu tit ving chuyén nganh hién tai chua cé thuat ngit tuong duong trong
tiéng Viet. Cac thuat ngit minh diing da phan la lay tr wikipedia hoidc doc tit cac sich tiéng Viet, con néu
khoéng c6 thi minh sé git nguyén tiéng Anh. Do6i khi cac thuat ngit lai nghe kha ... chudi va céc tay to nudc
nha da cai thién dich thuat. Vi du nhu "Dynamic programming" trong bang dich quyén "Introduction to
Algorithm" ctia MIT nam 2006 dugc goi 1a "Lap trinh dong", rat sat tit (ma gis nhieu ngusi goi la dich kiéu
word-by-word). Liic minh hoc cap 3 (2015-2018) thi duge 1a "Quy hoach dong" nghe vui hon :)))

Mot van dé dau dau tuong tu 1a sy trung lap thuat ngit tiéng Viet. Hién tai hai tit encode va encrypt déu
duge dich 14 ma héa, nhung vé ban chit ctia hai hanh dong 14 khac nhau hoan toan. Encode sé chuyén ddi
giita hai bang chit cai, vi du chuyén cac ki tu trén ban phim thanh cic sé nhi phan goi la bang ma ASCII,
hodic trong ly thuyét coding 1a Fy — F5* v6i m va n khong nhat thiét giong nhau. Trong khi d6 encrypt sé
bién d6i trong cing bang chit cai, vi du RSA 1a Z,, — Z, bing phép modulo, ma khéi néi chung c6 dang
Fy — F7. O notebook nay minh sé diing ma hoa dé chi encrypt, con code thi minh sé giit nguyén thuat
ngit tiéng Anh (Iy thuyét coding, encode, decode, coder, decoder).

Moi khai niém, dinh nghia minh s& c6 ging viét bang ca tiéng Viét, tiéng Anh va tiéng Nga. Quan trong
nhat 1a cac bai viét trén notebook nay sé& chi duge viét bing tiéng Viet.

Téng két

Viéc xay dung notebook nay giéng nhu tai liéu hoc tap cho ban than minh. Tuy nhién néu may min ma
notebook nay gitip ban nao dé hoc t6t hon thi ciing la diéu tét.

Moi déng gop clia doc gia dé gitp notebook t6t hon, tham chi dong gop bai viét (6 dang markdown) cang
duge hoan nghénh. Minh viét trén reStructuredText nhung c6 thé khong than thien véi da s ngu’dl dung
nén cac ban giti markdown vé va minh sé ty sita vé rST. Céc ban c6 thé mé issue trén repository néu cé van
dé v6i nodi dung minh viét. Néu céc ban mudn déng gop bai viét (contribute) cho repository nay, cdc ban co
thé contribute vao repository trén github hogc gii file markdown qua mail cho minh (dunglq@yandex.ru).
Céc ban nhé dé lai tén & cudi bai viét hodc gidi thieu trong mail vi c6 kha ning minh sé bién tap lai bai
viét clia cdc ban (vé ki hiéu, bo sung dién giai, ...) nhung minh giit tén tac gia § dau bai viét. Nhu minh da
noéi & trén, cAc bai viét trén notebook nay chi duge viét bing tiéng Viét nén minh xin phép chi nhan cac bai
dong gop bing tiéng Viet.

Cam on cac ban da doc nhitng dong ghi cht vé nhiing co sé va dong luc minh xiy dyng notebook nay!!!

Moscow, ngay 23 thang 02 nam 2025.

1.1.3 Nhirng Igi ran
There is no royal road to geometry.
Khong c6 con dudng hoang gia dén hinh hoc.
-—-Euclid

Hoc, hoc nita, hoc mai.

---Vladimir Tlich, Lenin (1870 - 1924)
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We must know. We will know.
Chiing ta phai biét. Ching ta sé biét.
---David, Hilbert (1862 - 1943)

Minh tin ring kh& ning ciia con ngudi 14 c6 han. Tuy nhién gi6i han clia méi ngudi trong mdi linh virc moi
khac. C6 ngusi co6 ning lyc vé mang nay nhung lai kém mang kia, nhung cling c6 ngusi giéi mang kia va
kém méang nay. Viéc chic chdn mot diéu khong thé thuc hién khi chi méi nhin 1a khéng hop ly. Béing chiing
14 loai ngudi ¢6 kha niing ké thita tri thitc rat manh, va nhitng diéu duge cho 1a bé tic clia hién tai, ai biét
duge 500 nam sau c6 con bé tic nita khong.

Trong series vé dinh li bat toan ctia Godel trén Youtube, gido st Pham Viet Hung noéi ring c6 nhitng diéu
ma ching ta khong bao gis biét dugc, khong bao gio hidu duge. Minh khong dong ¥ véi gido su ¢ diém nay
vi dinh li cudi cung clia Fermat timg bi cho 1a khong thé gii trong hon 300 nhung van khuat phuc trude tri
tué clia loai ngudi. Hién tai c6 thé la ching ta khong biét, nhung khong c6 gi ddm bio chiing ta mai mai
khong biét.

Khoéng thé 13 mot nha toan hoc ma khong cé tam hon thi si.

---Sofia, Kovalevskaya (1850 - 1891)

Duong di ngan dim, khéi dau bsi mot bude chan.
-—--Lao T

Minh rat thich cau néi nay. Néu minh lam mot viec gi d6, c6 thé minh sé& thanh cong, ciing c6 thé minh sé
that bai. Tuy nhién chic chin minh s& hoc héi dudc gi d6 trong quéa trinh lam viée. Liic truéc minh hay s¢
that bai, s¢ uéng céong ma khong duge gi, nhung vé sau minh nhan ra néu khong lam thi minh mai sé khong
lam dugc gi ca.

Lich st loai ngudi di qua nhiéu lan thi sai. Doi khi cai gia phai tra cho tri thitc, cho chan ly rat dit. Khong
it nha khoa hoc d&a bé mang khi thyc hién cac thi nghiém hosic ché tao cac thiét bi gitp doi sdng con ngudi
t6t hon. O thoi Trung O3, céc nha khoa hoc tham chi con dam chéng lai Toa an Di gido vi sy ding dén ctia
khoa hoc, va két cuc luoén rat tham khéc. Nhitng bai toan timg duge meénh danh 1a khong thé gidi, vi du
nhu dinh 1i cudi ctia Fermat, da dugde gidi sau 300 nim c6 ging clia loai ngudi. Trén con dudng gidi quyét
dinh i cudi cting ctia Fermat, rat nhiéu ly thuyét méi da ra doi, thuc day toan hoc phét trién manh mé.

Trong phim Mr. Robot (phan 1), Mr. Robot da néi vé6i Elliot rang:

Khi xem xét dén tan cling ctia moi van dé thi déu quy vé 0 hoic 1. Néu cau lam, cau la 1. Néu
cau khong lam, cau la 0.

Cau no6i ctia Mr. Robot ciing giéng véi niém tin ctia nha toan hoc David Hilbert. Ong tin ring trén doi chi
¢6 hai loai ngusi: nhitng ngudi lam viéc va tao ra két qua, va nhitng ngudi khong lam gi. Minh xin phép bd
sung cho y nay, két qua khong nhat thiét phai theo huéng tét. Mot thi nghiem c6 thé thanh cong, co thé
that bai. Néu thanh cong tic 1a Iy thuyét co tién trién. Néu that bai, ching ta xem xét nguyén nhéan, rat
kinh nghiém, thay d8i cach tiép can, ... Trong ci hai trudng hop, ching ta déu dang tién lén, khéng i ach
mot chd.

Khong c6 viéc gl kho.
Chi s¢ long khong bén.
Pao nui va lap bién.

Quyét chi 4t 1am nén.
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~--Hb Chi Minh (1890 - 1969)

Luoén yéu dé séng. Luon séng dé hoc toan. Luon hoc toan dé yéu.

---Dién dan toan hoc Viét Nam

Nhitng thit dich thuyc cé gia tri khong sinh ra tit tham vong hosic ¥ thic trach nhiem don thuan,
ma dén tit tinh yéu va sy hién dang cho nhan loai va nhitng dié¢u khach quan.

-—-Albert Einstein

T6i tu duy nén toi ton tai.

---René Descartes

1.1.4 Ki hiéu va cong thirc toan trong mat ma

Khi tham khao cac tai lieu vé mat ma thi minh gip chat kho khan vi mdi tac gia ki hidu méi kiéu cho ciing
khai niém toan hoc. Hon nita, trong cong dong toxic CH minh cling thay dudc nhiéu ngudi ki hiéu ma khong
hiéu 6 no6 14 gi. Trong bai viét nay minh sé noéi vé cac ki hieu toan hoc ma minh sé diing trong cac bai viét
ctia minh, ciing nhu quan diém vé ching.

C6 nén st dung ki hiéu moi lic, moi noi?

Trong toan hoc, ki hieu duge st dung nhim mé t4 nhiing dinh nghia, dinh li. Thong qua ki hiéu, cac nha
toan hoc ctia nhiéu quéc gia khac nhau cé thé "thadu hiéu" nhau bat chip rao cin ngdén ngit. Tuy nhién
trong cac bai viét clia minh thi minh sé khong st dung ki hiéu moi ltc, moi noi.

Vi duy, dinh nghia giéi han ham s6 theo kiéu § — ¢ duge ghi nhu sau
Ve>0,30>0:V|x—axo| <d=|f(zx) - L|<e.
Day 1a dinh nghia gi6i han hitu han ctia ham s6, néi ring ham s6 f(x) tién t6i L khi x tién t6i 29. Minh
thay viec ki hi¢u doi khi khién minh bi r6i khi theo doi cdc phan (c6 18 do minh khong gioi todn). =(((
Do d6 dinh nghia giéi han ham s6 & trén dudc viét lai theo tiéng Viet nhu sau:
e véimoie >0
e tOn tai 6 > 0 sao cho:
— v6i moi x ma |z — xg| <6
— taséco|f(x)— L| <e.

Khi nay, viéc chitng minh giéi han ham s theo dinh nghia sé "thong" hon. Minh sé theo timg cau chit &
trén:

e liy £ > 0 bat ki (tuong ting lugng tit vdi moi)

e tim § > 0 (ching minh ton tai, thudng sé lién he véi e & trén) thoa man:
— néu v6i moi x thda man |z — zg| < §
— minh sé suy ra duge |f(x) — L| < e.

Két luan: viéc viét ra day du gitip minh biét duge cidc buée can thyce hién theo dinh nghia, dinh 1i nao dé.
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Z,, hay Z/nZ?

Thong thuong, viec ki hieu Z,, duge hiéu 1a tap hop cac sé dut c6 thé co khi chia mot s6 nguyén bat ki cho
n, n6i cach khéc

Z, =1{0,1,2,...,n—1}.

béi véi Z/nZ, ching ta c6 thé ding hai cach li gidi: bing ly thuyét nhém va bing quan hé tuong ducng
(quan hé hai ngdi).

Néu st dung ly thuyét nhém, néu ta nhan mdi phan tit trong Z véi n thi

nZ=1{...,—2n,—n,0,n,2n,...}.

Ta 1an lugt cong ¢ cho cac phan ti& clia nZ véi i = 0,1,...,n — 1. Khi do ta s& co
0+ nZ = {-..;,=2n,—n,0,n,2n,...,},
14+ nZ = {...,-2n+1,-—n+1,1,n+1,2n+1...}
(n=1)+nZ = {...,-n+1,-1,n—1,2n—-1,3n—1,...}.

Cac tap 0 +nZ, 1 + nZ, ..., (n — 1) + nZ r5i nhau nén chung ta c6 ding n coset. Hon nita phép cong sd
nguyén cé tinh giao hoan nén i + nZ = nZ +i. Nhu vay tap nZ la nhém con chuan tic (hay normal
subgroup) ctia Z. Khi d6 Z/nZ dugc goi 1a nhém thuong (hay quotient group) va ki hiéu

Z/nZ ={0+nZ,1+nZ,...,(n—1)+nZ}.
Déi véi cach giai thich st dung quan hé tuong duong, ching ta ki hiéu
T={y€Z:x=ymodn}.

N6i cach khac, z va y c¢6 quan hé néu = va y ¢ ciing sé du khi chia cho n.

Dé thay
0 = {...;,=2n,—n,0,n,2n,...,},
1 = {.,-2n+1,—n+1,1,n+1,2n+1...},
n-1 = {...,—n+1,-1,n—1,2n—1,3n—1,...}.

Pay 1a vi du hoiic bai tap phd bién trong cac bai gidng vé quan hé tuong duong. O day, quan hé tuong
duong chia (phan hoach) tap Z thanh n tap con khong giao nhau, goi 1a céc 16p twong duong. Ching ta
lay s6 nguyén khong 4m nho nhéat ctia mdi 16p lam dai dién cho 16p @6, tic 14 0, 1, ..., n — 1 nhu trén.

Khi do, tap thuong la tap hop céc 16p tuong duong
Z/nZ ={0,1,...,n —1}.

Nhu vay, dit gidi thich theo ly thuyét nhém hay quan hé tuong duong déu chi ra ring nZ chia tap Z thanh
n tap con khong giao nhau, va chiing ta lay s6 nguyén khong am nhé nhét ciia mdi tap lam dai dién cho tap
d6. Lic nay, cac phép cong, trit va nhan (khong c6 chia) trén tap Z/nZ sé cho céc phan tit van thuoc Z/nZ.

Tuy nhién phép tinh trén Z, phai chi dinh phép modulo n, ching han 14 a + b mod n véi a,b € Z,.

Ly do hai tap nay c6 thé dung nhu nhau la tinh ding cau, ki hi¢u 1a Z,, = Z/nZ. Trong nhiéu tai lidu, tap
Z., dugc dinh nghia la

Zn,=1{0,1,....n—1}

chi vanh céc s6 du (resuide ring, xkonbmo Beraéros). Y nghia van gidng Z/nZ, ta xét tat ca phan ti cta Z
duéi n 16p i nhau. Do d6 minh nghi ring can hiéu ré ¥ nghia clia Z/nZ trude khi phan Z, & bat ct dau.
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Z, hay F,?

Khi p 1a s6 nguyén t6 thi chiing ta c6 thé thiyc hien phép chia khac 0 (nhan nghich d4o) trong modulo p. Khi
do tap Z, trd thanh trudng va ching ta c6 thé ding F,, dé thé hien 16 ¥ nay (F = Field). Céch ki hieu Z,
khong sai nhung minh nghi sé kho theo déi xem dau la trusng, dau khong phai 1a trudng (méi chi 1a vanh).
GF(28) hay GF(256)?

R6 rang 28 = 256, va hai cach ki hiéu 1a mot. Tuy nhién minh chon viét cach dau.

Pau tién, viec ki hieu 2% s& dé lien he t6i phan ti clia trudng, tic la cac da thic bac 8 va c6 dang

a0+a1x+-~-—|—a7x7

v6i a; € GF(2).

Néu viét GF(256), ching ta phai nhé xem 256 phan tich thanh thita s6 nguyén t6 ra sao. Diéu nay don
gidn néu ching ta lam viéc véi cac sd6 quen thudc nhu 28 = 256. Tuy nhién néu ching ta nghién citu trén sd
nguyén t6 khac, ching han

GF(6561), GF(625), . ..

thi khong phai ai cling nhé. Chiing ta phai mét cong phan tich sé 6561 thanh 32, hay 625 thanh 52, r6i méi
lam tiép.
Mot vi du khac 14

GF(340282366920938463463374607431768211456),
thi cling 1a GF(2!?8) thoi, duge dung khi tinh message authentication code (MAC) ctia thuat todn ma héa
déi xing. O day chic chin minh sé chon viét GF(2!28) thay vi con s6 dai ngodn kia.
Nhu vay, viec viét GF(256) khong sai, nhung minh nghi viét GF(2%) c6 nhiéu uu diém hon va sé gitp tao

thoi quen t6t.

?2> hay FS"
Hai tap hgp nay c6 cung s6 phan tit 1a 28 = 256. Tuy nhién ¥ nghia ctia chiing khic nhau hoan toan.
Dau tién, Fys chi trudng céc da thic

ao—|—a1x—|—---—|—a7x7,

v6i a; € Fy. Cac phép tinh cong, trit, nhan, chia hai da thic duge thue hién trong modulo m(x) - 1a mot da
thitc t6i gian bac 8 véi hé s6 trong Fs.

Trong khi d6, F§ chi cac vector
a = (G'Oaalaa27a37a47a57a67a7) S ]Fg
véi a; € Fo. Ta xem F§ 1a mot khong gian vector. Khi d6 chiing ta chi c6 hai phép tinh trén tap F§ 1a cong

hai vector va nhan vector v6i mot phan ti thudc Fa. Néu cic ban mdé rong lén khong gian Euclid hay gi do
thi van khong giéng Fos.
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GF(p") hay F,.?

Hai cach ki higu déu c6 ¥ nghia nhu nhau.
Khi n =1 thi minh thiy dung GF(p) hay F, déu dudgc.

Khi n > 2 thi mdi cach ki hiéu déu c6 wu diém va nhuge diém riéng. Ca hai cach déu chi truong sé véi cac
phan ti 1 da thic

2 -1
agp+ a1z +asx® 4+ -+ ap_12""

v6i a; € Fp, hay ciing ¢6 thé viét a; € GF(p).

Vige viét Fpn ¢ nhuge diém 1a lam dai lugng p™ hoi nhé, kho nhin nén st dung GF(p™) sé t6t hon. Tuy
nhién mot wu diém cta Fpn 14 c6 thé chi tap cac vector ma mdi vi tri 14 mot phan t trong Fpn. Vidu

J= (f1<$),f2($),,fm(l‘)> € IFZL

voi fi(x) la cac phan tit thuoc Fpn. Néu st dung GF(p™) thi phai viét GF(p™)™ kha rdi. Khi ching ta xét
t6i ma tran c6 phan ti trong Fp» thi con r6i hon nita. Thay vao do ta co thé viét

a11(z) aie(x) - ara(x)
4 02,1.(35) 02,%(117) ' CL2,d.(l’) e P
am,l(x) am,Z(x) T am,d(x)

voi a; ;(x) 1a phan tit thuoc Fpn.

Tit céc 1y do trén c6 thé thay F,» da dung hon nén minh sé diing cach ki higu nay.
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Toan khé qua ngudi di

2.1 Pai sb

2.1.1 Pai cudng vé tap hop

Tap hop 1a khai niém nén tang, c6 mit trong hau khip cic nga ré cia toan hoc. Minh c6 dip doc quyén
Todn hoc qua cdc cdu chuyén vé tap hop ctia T sach Sputnik [4], dich tit quyén Pacckasvi o mmosicecmeas
ctia Bumenxun H.4L. [5] va thiy nhitng cau chuyén rat tha vi. Néu hing thii cdc ban c6 thé tim doc.

Tap hop

Mé& dau vé tap hap

Mot tap hgp (set) bao gom cac phan tit khac nhau. Tap hop 1a khéi niém co sd cho nhiéu van dé ciia toan

hoc. Tuy nhién chiing ta lai khong c6 mot dinh nghia chiit ché vé tap hop ma chi ¢6 thé biéu dién no. Dé
biéu dién tap hop ta co hai cach.

1. Ligt ké. Vidu A={1,2,3,4}, B = {a,b,c}.
2. Stt dung tinh chat dac trung. Vidu A = {a € N* : a < 5}.

0 day hai cach biéu dién tap hop A la gidng nhau.

O Definition 1.1 (Tap hgp réng)

Tap hop rong khong chita phan t nao, ki hiéu 1a 0.

O Definition 1.2 (Tap hgp con)

Xét tap hop A. Tap hop B dudc goi 1a tap hgp con ciia tap A néu moi phan ti clia B déu nim trong
A. Noéi cach khac v6i moi b € B thi b € A. Ta ki hiéu B C A.

©® Remark 1.1

Tap hgp rong 1a con clia moi tap hgp.
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Dé thay ring moi tap hop la tap hop con clia chinh né. Do d6 tap con nay duge goi la tap con tam thudng
(trivial subset). Dé ki hieu mot tap con co thé bang tap chita no ta viét B C A. Trong trudng hop B 1a tap
con ciia A nhung khong bing A ta cé thé viét B C A.

Toan tir trén tap hgp

Chiing ta xem xét ba toan tit co ban trén tap hop 1a giao, hop va hiéu ciia hai tap hop. Pé biéu dién céac
toan t1t nay ta co thé dung biéu do Venn.

O Definition 1.3 (Giao ctia hai tap hop)
Giao ctia hai tap hop A va B 1a tap hgp cic phan t thudc cd A va B.

ANB={x:x € Avaxec B}.

;

Hinh 2.1: Phép giao hai tap hgp

Hinh 2.1 13 biéu d6 Venn tuong tng ctia phép giao hai tap hop. Khi giao ciia hai tap hgp A va B 1a réng
thi ta noéi hai tap roi nhau. Ki hieu AN B = 0.

O Definition 1.4 (Hdp ctia hai tap hop)
Hogp ctia hai tap hop A va B 1a tap hop cac phan tit thuoc A hodc B.

AUB = {z:z € Ahodc z € B}.

Hinh 2.2 1a biéu d@d Venn tuong ting ciia phép hgp hai tap hop.

;

Hinh 2.2: Phép hgp hai tap hop

O Definition 1.5 (Hiéu ctia hai tap hgp)

Hieu (hay phan b)) ctia tap hop A ddi véi tap hop B la tap hgp cac phan tit thuoc A nhung khong thuoc
B.

AB={z:ze€ Avazx¢B}.
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Hinh 2.3 1a biéu @6 Venn tuong tng ciia hiéu hai tap hop.

s

Hinh 2.3: Phép hiéu hai tap hop

Luc lugng cua tap hgp
P& chi s6 lugng phan tit clia mot tap hop ta dung khai niem lyc lugng clia tap hop.
Ki hiéu lyc lugng ctia tap hop A 1a | A| hodc #A.

Khi mot tap hop c6 vo sb phan ti, ta goi do 1a tap vo han. Nguge lai ta goi 1a tap hitu han.

©® Example 1.1

Cac tap hop s thong dung N, Z, Q, R 1a cac tap vo han.
Tap hop A = {1,2,3,4,5} 1a tap hitu han c6 5 phan t. Ki higu |A| = 5.

Tit biéu d6 Venn chiing ta ciing ¢6 thé tim duge cong thite tinh hyc lugng ciia tap A U B.

Hinh 2.4: Nguyén ly bu trit cho hai tap hgp

Dua vao hinh ta c6 thé suy ra cong thic sau:
|AUB| =|A|+|B|—|ANB|.
Anh xa
[TODO] Viét lai &nh xa dya trén mot gido trinh chuan.
Anh xa

Cho hai tap hgp X va Y.

No6i don gidn, 4nh xa f bién mot phan tt € X thanh mot va chi mot phan tty € Y.

2.1. Daisb 15



Math Book

O Definition (Anh xa)

Mot anh xa f tir tap X dén tap Y 1a mot quy téc dat tuong ing mdi phan tit z ctia X v6i mot (va chi
mot) phan tit ctia Y. Phan ti nay duge goi 1a &nh clia 2 qua anh xa f va dugce ki hieu 1a f(x).

Tap hgp X dugc goi 1a tap xac dinh cta f. Tap hgp Y duge goi 1a tap gia tri cua f.
Anh xa f tit X dén Y dugc ki hieu 1a f: X — Y hodic f(z) = y.

Choa € X vay €Y. Néu f(a) =y thi ta néi y 1a 4nh ciia a va @ 13 nghich anh ctia y qua 4nh xa f.

O Chay
1. Mbéi phan tt @ cia X chi c6 mot 4nh duy nhat (14 phan ti f(a)).

2. Mbi phan ti y ctia Y ¢6 thé co nhiéu nghich a4nh hodc khéng c6 nghich Anh nao.

Tap

fX)={yeY:IrecX,y=f(r)}

dugc goi 1a tap anh cua f.
Nhu vay, tap anh f(X) 1a tap tit cd phan tif ciia Y c6 nghich anh.
Anh xa c6 ba loai:

1. Pon anh (hay Injection): Hai phan tit khac nhau ctia tap ngudn cho hai 4nh khac nhau, ttc la véi
moi 1,22 € X ma 1 # xo, thi f(x1) # f(22).

2. Toan anh (hay Surjection): Moi phan tit y € Y déu c6 it nhat mot phan tt z € X ma f(x) = .
Noéi cach khac v6i mbi phan ti trong Y ta déu tim duge phan tit thuse X bién thanh né.

3. Song anh (hay Bijection): Néu 4nh xa do6 vita 1a don anh, vita 1a toan anh.
Dua vao dinh nghia va hinh vé, ta c6 thé rat ra két luan nhu sau

1. Péi v6i don anh, do moi phan tit cia X déu c6 anh & Y, tuy nhién c6 thé c6 phan tit 3 Y khong do
phan tit ndo ctia X bién thanh (trong hinh 1a 5). Do do | X| < |Y].

2. Déi véi toan anh, moi phan ti clia Y déu c6 ngudn gdc xuat xw, tuy nhién c6 thé cé phan tir ctia X
khong bién thanh y nao ctia Y (trong hinh 1a ). Do do | X| > |Y].

3. Dbi véi song anh, do la két hgp giita don anh va toan anh, khi d6 dau ding thitc xay ra, | X| = |Y].
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Hinh 2.5: Don anh

Hinh 2.6: Toan anh

Hinh 2.7: Song anh

Cho song anh f: X — Y. Khi d6 v6i méi y € Y ton tai duy nhat mot phan tt 2z € X ma f(z) = .

Phan ti duy nhat = € X nay dudc goi 1a 4nh clia phan ti y € Y qua 4nh xa ngudc cia f.

O Definition (Anh xa ngudc ciia song anh)

2.1. Paisb
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Anh xa nguge ctia f : X — Y, ki hieu la f~! 1a anh xa tit Y t6i X bién phan tit y € Y thanh phan ti
z € X duy nhat, nhu vay

Ty =z = flx) =y.

Nhu vay, néu f khong phai song 4nh thi chiing ta khong thé xac dinh anh xa ngudgc.

©® Example

Xét hamsé f:R - R,z —y = f(z) = 2°.

Lic nay, f 1a song anh va minh ¢6 thé biéu dién = theo y 1a z = f~(y) = ¥/¥.

O Definition (Anh xa hgp)
Xét hai anhxa f: X =Y, f(z) =y vag:Y — Z, z = g(y). Anh xa hgp ctia g va f dugc ki hieu 1a

gof:X—=2Z, z=gy) =g(f(x)).

O Definition (Tich Descartes)
Tich Descartes ctia hai tap hop A = {a1, a2, ,an} va B = {by,ba,- - , by} 12 tap hop

AxB:{(ai,bj):ai EA,bj EB}.

©® Example

Véi A =1{1,2,3} va B ={4,5} thi tich Descartes 1a

S=AxB={(1,4),(1,5),(2,4),(25),(3,4),(3,5)}

Véi nhidu tap hgp ta dinh nghia tich Descartes tuong tu.

©® Example

Xét ba tap nguon X, Y, Z, vatap dich 1a T, anh xa ¢ : X x Y x Z — T, v6i ¢(z,y,2) — t 1a anh xa ba
bién, tap ngudn clia anh xa khi nay 1a tich Descartes X x Y x Z.

Khi hai tap ngudn va dich clia 4nh xa 13 hai tap hgp s6, ta c6 ham sb.
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(i ) Example

Hams6 f: R - R véiy = f(x) =23 + oz + 1. Oday f: X > Y vi X =RvaY =R.

Luu ¥ ring tap nguon va dich khong nhét thiét 1a tap hgp s6 co ban (Q, R) ma ciing c6 thé la tich Descartes
ctia chung.

©® Example

Hams6 f:RxR - Rvéiz= f(z,y) =ax+y+ay. Oday f: X xY - ZviX =R, Y =Rva Z=R.

(5 ) Example

Ham s6 f: R — R cho bdi y = f(z) = 23 1a song &nh.

©® Chitng minh

Ta thiy néu f(z1) = f(x2), tuong duong =3 = x3 nén x; = x5. Do d6 f 1a don anh.

Véi moi y = 2% € R, do cin bac ba luon ton tai nén ta co6 x = &y, nghia la luén ton tai x dé f(z) =y
v6i moi y € R. Do d6 f 14 toan anh.

Két luan f 1a song anh.

Pong bién va nghich bién

O Definition (Ham s6 dong bién)

Xét ham s6 f(z) xac dinh trén khoang (a;b) C R. Ta néi f(z) dong bién (ting) trén (a;b) néu véi moi
21,22 € (a;b) ma x1 < 9 ta cd f(x1) < f(xs).

Tuong tu f(x) nghich bién (giam) trén (a;b) néu véi moi z1, 22 € (a;b) ma x1 < x5 ta co f(x1) > f(x2).

Luu y & cac so sanh trén dau bing c6 thé xay ra. Khi d6 ham sb6 dugc goi la ting khéng nghiém ngat
(ho#ic gidm khong nghiém ngit).

Néu ham s6 dong bién (hodc nghich bién) trén khoang xac dinh nao do thi ta néi ham s6 don digu trén
Khodng d6.

D6 thi ciia ham s6 khi dong bién sé di 1én (theo chiéu ti trai sang phai), va di xuéng néu nghich bién.

©® Example

Khéo sat sy bién thién ctia ham s6 f(z) = 22 + 3.

D@ khéo sat sy bién thién, mot cach lam don gidn theo dinh nghia 14 ta xét 1 < x5 va so sanh f(z;) véi

f(z2).
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Ta c6
f(x1) = f(22) =21 +3 — 23 — 3= (21 — 22)(x1 + 72).

Do 21 < 9, nén v6i x1,x2 > 0 thi z1 + 29 > 0 va z1 — 29 < 0. Ta suy ra f(z1) — f(z2) < 0 va tix do
f(z1) < f(x2). Nhu vay f(x) dong bién trén (0;+00).

Tuong tu, khi 21,22 < 0 thi z; + 22 < 0. Khi d6 f(z1) > f(z2) nén f(x) nghich bién trén (—oo;0).

D@ thé hién sy bién thién ctia ham s6 ta sit dung bang bién thién.

D6i véi ham s6 y = 22 + 3 & trén bang bién thién c6 dang:

x —00 0 “+00

+00 +00

flx) = 22 +3 \ /

3

Hinh 2.8: Bang bién thién ham s6 y = 22 + 3

Ta da chitng minh duge ham s6 nghich bién trén (—oo;0) va dong bién trén (0;+00), gid tri f(0) = 3 nén
bang bién thién thé hién su ting gidm trén cac khodng. Dua vao bang bién thién ta c6 thé hinh dung ra
dang ctia do thi ham sb.

Po6 thi ham sb6

D@ biéu dién sy phuy thuoc ciia bién y theo bién z, hay noéi cach khac la biéu dién ham s6 y = f(z), ta co
thé diing do thi.

Do thi duge vé trén hé toa do Descartes Ozy. Bang bién thién cho ta thiy tinh don diéu trén cic khoang
x4c dinh, va dd thi s& cho ta thiy rd hon do "cong" clia nhiing dudng cong.

©® Example
Véi ham s6 y = 22 + 3 & trén. Do thi ham s6 c6 dang nhu hinh 2.9.

. 1 P . . . A o 2 " PRI
V6i ham s6 y = —. Ta thay rang ham s6 khong xac dinh tai z = 0. Khao sat sy bién thién nhu bén trén
7

ta thay ham s6 nghich bién & hai khoang xéc dinh 14 (—o00;0) va (0;+0c). D6 thi ham s6 c¢6 dang nhu
hinh 2.10.
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y=2243

Hinh 2.9: D6 thi ham s6 y = 22 +3

8 g~

1
y=-
X

X ) 1
Hinh 2.10: D5 thi ham 6 y = —
X

T @6 thi ctia hai ham s6 trén ta thiy ring mic du cting 1a nghich bién trén (—oo;0) nhung nghich bién ctia

y = 22 + 3 nhin "nhe nhang" hon. Trong khi do thi y = — thl ban dau "nhe nhang", sau thi nhu "roi tu
T
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do".

M6t sb loai ham sé

Mot s6 ham s6 c6 tinh chat dic biét gitp chiing ta tiét kiém cong sitc trong chiing minh, tinh toén.
Ham chan va ham lé

Xét ham s6 y = f(x) x4c dinh trén mién D c6 tinh d6i xing, nghia 1a véi mdi phan ti duong x € D thi c6
phan t& d6i —x € D hoiic ngugc lai. Khi do

O Definition (Ham sé chan)

Ham 86 y = f(z) dudc goi 1a ham sé chén néu véi moi z € D ta ¢ f(—x) = f(x).

Vi du nhu ham s6 y = 22 + 3 & trén 1a mot ham chin vi v6i moi « € R ta ¢

Dé thay rang do thi ctia ham chn déi xiing qua truc tung. Dua vao tinh chat nay, trong lac kho sat hosc
tinh toan doi khi ta chi can quan tam moét bén truc tung, bén kia tuong ti.

O Definition (Ham sb 18)

Ham s6 y = f(x) dugc goi 1a ham sé 1& néu v6i moi z € D ta c6 f(—z) = —f(z).

) 1
Vi du nhu ham s6 y = — & trén 14 mot ham 1€ vi v6i moi z € (—o0;0) U (0; +00) ta co
x

Dé thay ring ham 1& déi xing qua gdc toa do O(0,0).

Ham cong tinh

Xét ham s6 y = f(z) xac dinh trén mién D.

O Definition (Ham cong tinh)

Ham s6 y = f(z) dugc goi la cdng tinh néu véi moi z,y € D maz+y € D, tacod f(z+y) = f(z)+ f(y).

©® Example

Ham s6 y = 2z trén R 13 ham cong tinh vi v6i moi z,y € R, ta co

flz+y) =2(x+y) =2z+2y = f(z) + f(y)-
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Ham nhan tinh

Tuong ty ham cong tinh, ta dinh nghia ham nhén tinh.

O Definition (Ham nhan tinh)

Ham s6 y = f(z) duge goi 1a nhan tinh néu véi moi z,y € D ta c6 f(xy) = f(z) - f(y).

Ham nhan tinh quan trong dude st dung trong sd hoc 14 ham ¢ Euler vé s6 lugng cac sd nguyén té ciing
nhau vdéi sd nguyén duong n. Néu mot ham sd hoc 1a nhan tinh thi ching ta chi cAn quan tam gia tri clia
ham s6 do tai cac s6 nguyén t6 1a du.

Ham tuan hoan

Xét ham s6 y = f(z) xac dinh trén mién D.

O Definition (Ham tuan hoan)

Ham s6 y = f(z) dude goi 1a tudn hoan néu ton tai s6 T sao cho f(x +T) = f(z) véi moi x € D.

Néi cach khac, ham s6 sé lip lai sau mot doan nhat dinh.
S6 T nhd nhét théa man f(x +T) = f(x) dudce goi 1a chu ky ctia ham tudn hoan.
Vi sao s6 T can 14 nhé nhat?

Ta thay ring, néu f(z+7T) = f(x) v6i moi x € D, ta thay  b6i z+T thi thu duge f(x+T+T) = f(x+T),
hay f(z+2T) = f(z+T). Nhu vay ta suy ra f(z+27T) = f(x+T) = f(x). Tiép tuc nhu vay, sau 27 ham
s6 ciing lap lai dung trang thai d6 véi 3T, 4T, ... Do d6 s6 T nhé nhat théa man dang thic f(z+T) = f(z)
sé 1a chu ky.

O Example

Ham s6 y = sin(z) 1a ham tuan hoan véi chu ky T' = 27. Do d6 chiing ta chi can khao sat ham sb trong
khodng (—m;7) thoi la du.

Cac nghich ly vé tap vé han
Tiép theo chiing ta sé& xem hét nhitng bai toin hét stic thi vi cing nhing 1ap luan ciing tha vi khong kém
dé thiy rang c6 nhiéu diéu bat ngd sé xay ra néu van dung nhing 1y luan chat ché.
Nghich ly Zeno
Zeno la nha triét hoc ¢6 Hy Lap noi tiéng v6i bai toan Achilles va ria (Achilles 14 anh hiing trong than thoai
Hy Lap). Bai toan dugc phét biéu don gian nhu sau:
Néu Achilles chay dua va xuét phéat sau con riia thi Achilles sé& khong bao gi bat kip con riia.
Bai toan nghe that nyc cudi nhung dudi 1ap luan ctia Zeno thi bai toan sé trd nén "co 1y".

Zeno lap luan nhu sau: goi d; 1a khodng cach ban dau giita Achilles va con riia. Achilles s& mat mot khoang
thoi gian ¢, dé di t6i vi tri con riia. Tuy nhién trong khoang thoi gian ¢; d6 con ria ciing da di mot doan
dy nao d6 roi. Di nhién dp sé ngan hon di. Nhung néu qua trinh nay lap di lap lai, d,, sé tr nén cang ngay
cang nhd, tuy nhién khong bao gio bing 0. Noi cach khac, Achilles khong bao gio bit kip con ria.

2.1. Daisb 23



Math Book

Dudi goc nhin ciia toan hoc hién dai, diéu nay chua han dang. Vi thdi Zeno chua c6 nhiéu khai niem lan
coéng cu vé vo cic, nén ngudi ta da cong nhan téng v6 han s€ 14 vo han. Hoc sinh 16p 11 hién nay khi hoc
t6i cap s6 nhan lui vo han sé biét cach tinh tdng

LU SR S|
10 100 10" 9

14 httu han.

So sanh N va Z

Hai tap hop N va Z 1a céac tap vo han, nhu vay luc lugng ctia tap hgp nao 16n hon?

Cau héi tudng chiing nhu vo vi vi nhin vao moi ngusi déu thay ring Z "bao tron" N (s6 nguyén kéo dai vo
han vé bén trai 1an phai trong khi s6 tu nhién chi kéo dai vd han vé bén phai). Tuy nhién, nha toian hoc
Cantor da tim ra mot ly luan day tinh thuyét phuc dé chiing minh ring lyc Iugng clia hai tap 1a bing nhau.

Ta xét anh xa f : Z — N nhu sau:

o f(0)=0;

e cic s6 am ciia Z bién thanh cac s6 18 ciia N;

e cac sb duong ciia Z thi bién thanh céc sd chin cia N.
Vidu f(-1) =1, f(-2) =3, f(—=3) =5 va cit nhu vay ting lén.
Tuong tu v6i s6 duong f(1) = 2, f(2) = 4.

Ta c6 cong thiic

f(n) on, néun>=0
z = n)= .
—1—2n, neu n < 0.

Nhu vay f 1a don 4nh vi hai phan ti khac nhau ctia Z s& cho ra hai phan tit khac nhau thuoc N. Tuong t
f ciing 1a toan anh vi moi phan tt thuoc N déu c6 mot phan tit tir Z bién thanh. Nhu vay f 1a song anh.
Vay lyc luong N va Z bing nhau.

Bang lap luan tuong tu cling c6 thé ching minh s6 phan ti ctia Q bang sé phan tit cia N. Nhing lap luan
nay da gay ra tiéng vang 16n vao thai do.

O hinh 2.11 cho thay mot cach xay dung song anh tit N t6i Z2, trong do:

e diém (0,0) tuong ting véi 1;

(
diém (1,0) tuong ting véi 2;
(

diém (1, 1) tuong ting véi 3;

diém (0,1) tuong tng vdi 4;

e ctf tiép tuc nhur vay theo hinh xodn vudng.

Vietsub cho hinh 2.11: Khong ¢6 chuyén N va Z2 c¢6 cung s6 phan tit. O day thuat ngit "s6 phan t&" khong
thuc sy chinh x4c ma nén goi 1a "lyc lugng" vi khi no6i dén céc tap vo han (tic tap c¢6 vo han phan ti) thi
v6 han khong thé so sanh v6i vo han. Hai tap hop vo han chi c6 thé co cung lyc lugng.
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Hinh 2.11: Song anh gitta N va Z2. Nguon: https://vk.com/wall-91031095 82482.

Tit day tap hop vo han c6 thé chia ra @ém dudc (countable) va khéng dém dugc (uncountable). Tiép
theo ta dinh nghia hai dang tap hgp nay.

1. Tap hop dude goi 1a dém dudce khi ton tai song anh tit no t6i N.

2. Tap hop dude goi 1a khong dém dude khi né khong phai 1a tap dém duge.

Pinh ly vé R

©® Theorem 1.1

Tap hop s6 thyc R 1a tap khong dém duge.

Chiing ta can mot nhan xét sau:

Khoang (0;1) 1a tuong duong vdéi tap R.
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eZE

et +1°
Khi d6, thay vi chitng minh R khong dém dugc, ta chi can ching minh doan (0;1) khong dém dudgc.

Chiing ta c6 thé xay dyng mot song anh tit R téi (0,1), vi du f(z) =

©® Chitng minh

Cantor dua ra hai phuong phép chitng minh va cd hai déu doc dao.
Phuong an 1: Phuong phap chéo hoa (diagonalization).
Xét anh xa

0 — 0,a0,0a0,1a0,2 - -

1—0,a1,0a1,101,2 -

2 = 0,a20a2,1a2,2 -

Ta ching minh dnh xa nay khong phai toan anh.

Xét s6 y = 0,bob1bs ... v6i b; # a;; v6i moi i, tiic 1a trén dudng chéo clia cac sb trén ta chon s6 b; khac
v6i 86 trén dudng chéo. Nhu vay s6 y nay co chit s6 6 vi tri 0 khac f(0), chit s6 6 vi tri 1 khac f(1), van
van va miy may, nén khong tim dugce s n nao ma f(n) = y. Ta suy ra f khong phai toan anh va tit d6
khong phai song anh.

Phuong an 2. Phuong phap day cac doan théng dong bi chin 1dng vao nhau (sequence of closed
bounded nested).

Gia sit doan (0;1) dém duge. Khi d6 ta c6 thé liet ké cac phan tit ctia doan 14 I = {z1, xo,...}.
Tt tap I ta 1y ra mot doan con I; sao cho z1 & I.
Tiép theo, tit tap I; ta lay ra mot doan con I» sao cho zo & Ir.

Tiép tuc nhu vay, ta lay ra cac doan con
-Ccl,Cc---Cclhclcl

v6i xp, & I, v6i moi n € N.

Theo dinh 1y vé cic doan thing déng bi chin 1ong vao nhau thi giao ciia ching khong réng, tic 1a ton
tai s6 = thuoc giao giao ctia cac tap I, ..., I,. Phan t& x € I, v6i moi n. Do z, € I,, va = € I, nén
T # x, v6i moi n, titc 1la khong ndm trong tap I. Diéu nay mau thudn vdi gia st doan (0;1) dém dugc,
suy ra doan (0;1) 1a tap khong dém dugc.

2.1.2 Pa thic

Mot s6 van dé ve da thic.
Gidi thiéu vé da thic
O Definition 2.1 (Pa thitc mét bién)

Pa thitc theo mot bién x 14 ham s6 c6 dang

P(z) =ana™ + U121+ -+ a1z + ag.
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Cac s6 a; duge goi 1a hé sb (hay coefficient, koadbdunmenT).

Heé s6 bac cao nhat 1a a,. Heé s6 tu do 1a ag.

Bidu thic arz® duge goi 1a hang t bac k. Hang t bac cao nhat 1 a,z™.
1. Néu a; € R thi ta n6i P(z) la da thitc véi he s6 thuc.
2. Néu a; € Q thi ta n6i P(x) la da thic v6i he s6 hitu ty.

3. Néu a; € Z thi ta n6i P(z) la da thitc véi he sé nguyen.

O Definition 2.2 (Bac ciia da thiic)

Néu a,, # 0 thi sd tu nhién n duge goi 1a bac clia da thiic (hay degree, crenens) va ta ki higu deg P = n.

So sanh, cong, trir va nhan hai da thitc mét bién

Hai da thic
P(2) = apma™ + ap_12™ P 4+ -+ a1z +ag
va
Q(x) = bpx™ +bp_12™ 4+ by + by

bang nhau khi va chi khi m = n, va ax = b, v6i moi k =0,1,...,m.

Khi cong va trit hai da thitc P(x) va Q(x) ta thyc hién theo titng he s6 ctia z¥, nghia la

max(m,n)

Px) £ Q(x) = Z (ay £ by) zF.

k=0

©® Example
Xét hai da thic

P(z) = z® — 42> — 52 + 3,
Qx)=x2*-323 +522 —z - 1.

Luc nay he s6 cta hai da thitc P(z) va Q(z) 1a

(14:0,(13 = 1,a2 = —4,0,1 :—5,(10 :3,
by =1,bg=—3by=5b; =—1,by = —1.

Nhu vay ta cé téng va hieu

=% — 222 + 2% — 62+ 2.

=gt + 423 — 92% — 4z + 4.

Plx)+Qx)=0+1)-2* +[1+ (-3)] - 2® + (=4 +5) -2 + [-5+ (=] -z + [3+ (=1)]

Pz)—Q(x)=(0—-1)-z*+[1—(=3)] 2>+ (-4-5) - 22+ [-5— (-1)] -z + [3 — (-1)]
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Khi nhan hai da thitec P(x) va Q(x) ta nhan duge da thitc bac m + n 1a

m—+n

R(z) = Z cpa®
k=0

véi hé s6 ¢, duge xac dinh béi

k
Cp = E aibk_i.
=0

® Remark

Néu da thic P(z) nhan moi gid tri € R lam nghiem thi P(z) = 0.

©® Theorem (Bac ciia téng, hiéu va tich ciia cac da thiic)

Cho P(z) va Q(z) la cac da thiic bac m va n tuong tng. Khi do
1. deg(P £ Q) < max(m,n), trong do
e Néu deg P # deg @ thi dau bing xay ra.

e Néu deg P = deg @, hay m = n, thi deg(P + Q) c6 thé nhan bat ki gid tri nao nhé hon hosc
bang m.

2. deg(P- Q) =m+n.

©® Example
Xeét da thic P(z) = —x + 1 va Q(x) =z + 1. Khi do6
degP =1, deg@Q =1
va
Px)+Qz) =2, P(r)- Q) = 2.
Nhu vay

deg(P + Q) = 0 < max(deg P,deg Q),
deg(P — Q) = 1 = max(deg P, deg Q).

Phép chia da thitc mot bién
Khi chia da thic A(x) cho da thic B(x), ta tim da thic Q(z) va R(x) sao cho
A(z) = Q(z) - B(xz) + R(z), va 0 < deg R(x) < deg B(z).

Phéan tich trén con duge goi 14 phép chia Euclid cho da thiic.

Xét phép chia da thiic 22 +422 — 3 cho da thiic z —2. Tuong ti phép chia hai s6 nguyén, da thic x> +422 —3
la da thic bi chia, x — 2 1 da thic chia, va ta can tim thuong va s du.
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Dau tién, ta viét tat ca hé sd ctia da thitc bi chia, bao gdm cac he sb 0:
2 + 422 — 0z — 3,

va viét lén so do.

m—l) 3 4 22 -1

Buéc 1. Ta chia hang tit c6 bac cao nhat ctia da thic bi chia 1a 2% cho da thitc chia la = va nhan dugc

23 1z = 2%, Ta viét 22 vao phan thuong (¢ trén cling).

72

x—l) x3 4 22 -1

Buéc 2. Ta nhan phan t vita nhan duge ciia thuong 1a x2? cho da thic chia, tiic 1a
2 (x—2) = 2% — 227,

va viét xubng hang dudi.

T
r—1) 2* +2? -1

— 23 422

Bude 3. Ta trir da thiic chia cho x3 — 2z2.

22
T — 1) 3 a2 —1

R

222

Lap lai cac budce 1, 2, 3 nhung hang ti 16n nhét hien tai 1a 622

Buéc la. Ta chia 622 cho hang tit bac cao nhat ciia sé chia va dude 622 : x = 6z. Ta viét +6x vao phan
thuong & trén cung.

2+ 2
:1:—1) 3 4 22 -1
— 23 a2
222

Buée 2a. Ta nhén 6x cho da thic chia
6x - (v — 2) = 62 — 12,

va viét xudng hang dudi.
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22 + 2z
a:—l) 3 4 22 -1
P B,
222
— 222 4+ 2z

Buée 3a. Ta trit da thitc chia, Itic nay 1a 622, cho tich vira tim dudgc.

2% 4 2z
:U—l) 3 422 -1
— 23 422
212
— 222 4 2
20 — 1
Tiép tuc lap lai budc 1, 2, 3.
22 +2x+2
r—1) 2* +2° -1
— 23 422
222
— 222 + 22
2z —1
22 +2c+2
xfl) z® + 22 —1
— 23 422
212
— 222 4+ 22
2¢ — 1
—2x 4+ 2
22 +2c+2
xfl) z® + 22 —1
— 3 42
222
— 222 4+ 2z
2¢ — 1
—2x 4+ 2

Sau khi thuc hién phép trit § bude cudi ta co da thic thuong 22 + 6z + 12 va da thiic du 21 c¢6 bac 1a 0, nhd
hon bac cta da thic chia x — 2 14 1.

30 Chapter 2. Toan khé6 qua ngudi oi



Math Book

Phép chia da thitc nhiéu bién

0 phan nay ki hieu LT(f) 1a leading term ctia da thidc nhiéu bién theo thit ty don thitc (monomial order)
cho trude (lex, deglex, ...).

Input: ham f va cac ham gy, ..., g, trén vanh da thic Klzy,...,z,] v6i trudng K va thit tu don thite nao
do.
Output: s6 du r va céc da thiic ¢, ..., ¢, thoa man
1. Khoéng c6 don thitc nao ctia r chia hét LT(g;) v6i moi i.
2. LT(g: - q;) < LT(f).
Khi do

f=r+qg+- -+ g9,

O Algorithm
1. Khéitaop < f; f, q1, -y G < 0; 1+ 0
2. While p # 0 do
o i+ i+1
e if LT(g;) | LT(p) then
— ¢ < ¢; + LT(p)/LT(g:)
- p<p—LT(p)/LT(g:)
—1+0

e if i = a then

—r+«r+LT(p)
— p+p—LT(p)
—1+0

3. Return r, q1, ..., qa

Luu y:
e thit tuy don thic dnh hudng két qua thuat toan;

e r # 0 khong c6 nghia f khong 1a td hop tuyén tinh cia cac da thic g;.

Ba thirc ndi suy Lagrange

Trong dai s, cong thitc noi suy Lagrange cho phép ching ta tim duge mot da thie f(z) trén truong F bat
ki khi biét dugc mot s6 cip (z;, f(x;)) nhat dinh véi z;, f(z;) € F.

Dé tim da thic f(z) c6 bac n ta can it nhat n + 1 cap (x4, f(z;) = y;) v6i 0 < i < n va z; # x; v6i moi
i

Khi d6, ta c6 cong thitc ndi suy Lagrange nhu sau:
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©® Example 2.3

Gid st ching ta ¢6 ham f(z) = 22 + x + 1. Khi do f(1) =3, f(-1) =1, f(0) = 1.
Tu ba cip (z;, f(z;)) trén minh s& tim nguge lai f(z) ban dau.

Theo cong thic thi

B (x —x1)(x — 1) ) (z — mo)(z — 22)
f(@) =yo (z0 — 21) (2o — 22) th (1 — o) (x1 — T2)
(x — x0)(x — 1)
R (x2 — 20) (22 — 21)
Thay s vao thi ta co6
_ ., @=(=D))@=0  (z-1=0) (=1 - (=1))
flz)=3 (1—(=1))(1-0) U (-1-1)(-1-0) 1 (0—=1)(0—(-1))

Thu gon lai ta c6 f(z) = 2® + x + 1 (ding v6i ham can tim).
Phan tiép theo sé lien quan dén phuong phéap tinh da thitc noi suy Lagrange duge tham khao & [6] (ban dich
tiéng Nga, chuong 4). Néu dit

Li(z) = H T — T (x—mo) - (x—zi—1) (@ —x441) - (T — 2p)

Ll
J#i

i—xj (v —wo) (T — @im1)(T — @ig1) o (T — Tn)

thi da thiic L;(x) dugce goi 1a hé sé Lagrange. Pa thitc nay c6 tinh chat:
e déu co6 bac 1a n;
o Li(zi) =1;
o Li(z;) =0v6ij#i.

Nhu vay, noi suy Lagrange c6 thé biéu dién dudi dang
f@) = wilLi()
i=0

théa man cac diéu kien:
e f(x) co bac khong qua n;
o f(@:) =ui
Ta s goi biéu dién nay la dang Lagrange (hay dopma Jlarpan:xa).

Dé thay ring biéu dién ctia L; chita rat nhidu phép nhan va viéc tinh toan sé kho khin khi n 16n. Do d6 ta
s8 xem xét cong thitc ti cy (hay 6apunenrpudeckasi popmyiia).

Néu ta chon y; = 1 v6i moi z; thi ta c6 g(x) = 1 thoéa g(z;) = y;. Khi do

f(z) _ YoLo(w) + y1L1(x) + - + ynLn(x)

fl@) == Lo(z) + Li(z) + - - - + Ly ()
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néu ta chia ca tit va mau cta f(z) cho
(x—xo)(x—21) (B —2p)
thi nhan dugc
n YiX

_Z-:Oxfl’i

i=0 L — T4

1

Xi= (2, —x0) (2 — xim1) (T — @) - (25 — @p)

Biéu thitc X; c6 dang phiic tap nhung chi phu thude vao x;. Do d6 ta chi can tinh mot 1an cho moi cip
diém. Cong thitc d6 duge goi 1a cong thite ti cy (hay 6apunentpudeckas dopmyia).
Phuang phap tinh gia tri da thic
Cho da thitc
p(z) = aps™ + ap_12" " 4 4 arz + ag,
ta can tim gia tri p(z) tai x = ¢, tic 1a tinh p(c).
Tinh gia tri da thdc véi phép thé truc tiép
Céch don gian nhat dé tim p(c) 1a thé tryc tiép gid tri ¢ vao da thiic
p(c) = apc™ + n_1" N4+ aje+ ap.

Sau do6 ta tinh ting hang ti&

e a;c can mot phép nhan;

® asc? can hai phép nhan as - ¢ - ¢;

e tuong tu, a_i ¢’ can ¢ phép nhan.
Téng cong ching ta can

14+2+-+n=n(n+1)/2

phép nhan. Sau d6 ta cong tat ci hang ti lai véi n + 1 phép cong.
Van dé 1a s6 lugng phép nhan can dé tinh rat 16n nén ching ta sé tim hiéu nhitng phuong an tinh toan khac
hiéu qua hon.
Tinh gia tri da thic véi viéc ghi nhé lay thira
Minh dé xuat mot giai phap don gidn cho viéc tinh liiy thita ci. éophén trén, moéi hang tit ta luoén phai tinh
lai ¢-c---c nén minh sé dung day c; cho liiy thita va day p; cho tong:

e khdi tao cg = 1 va pg = ag;

e tinhcjy1 =c¢;-cvéiO<i<n—1;

o tinh p;y1 =p; +aj1-cip1 v 0< e <n—1.
Nhu vay minh can thyc hién n phép cong va 2n phép nhan (tinh ¢; va a;1q1 - ¢i11).

Tiép theo minh s& no6i vé phuong phap phd bién dé tinh gia tri da thitc goi la phuong phap Hoocner.
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Phuaong phap Hoocner
D@ tinh gia tri da thiic
p(@) = anz" + an 12" '+ +arz+ag
tal x = ¢, ta thuyc hién:
e khdéi tao pg = ay;
e tinh p1 = poc+ an—1;
e tinh pa = prc+ an_2;
e tuong ty, tinh p; = p;_1c+ a,—; v6i moi 1 <7 < n.
Cubi ciing, p,, chinh 1a két qua p(c).
Phuong phéap Hoocner t6n n phép cong va n phép nhan (& mdi bude can mot phép cong va mot phép nhan).

Tuy nhién, phuong phap Hoocner cé hai ting dung quan trong khac trong dai s6 la xac dinh da thic khi
thay x thanh y + ¢ (véi c 1a hing s6) va phan tich nhanh da thtic thanh nhan ti khi biét mot nghiem.

Trudce khi tim hiéu phuong phap Hoocner téng quat, minh s& trinh bay phuong phap chia Hoocner trudc.
Phuaong phap chia Hoocner
Gia sit ta c6 da thiic
p(x) =anx™ + a1z +ag
va ta biét mot nghiém ctia da thitc z = c¢. Khi do ta co thé phan tich da thitc p(x) thanh nhan tit dang
p(z) = (z = c)p1(x)

v6i p1(z) 1a da thic bac n — 1.

Pau tién ta viét cac hé sé clia da thiic theo bac gidm dan a,,, an_1, ..., a1, ag va gia tri ¢ vao bang.

(29 Gnp—1

Tiép theo ta dién cac gid tri vao dudi chan cac & a; bat dau tit a,, theo quy tac "dau roi - nhan ngang - cong
chéo", c6 nghia la:

e gilt nguyén ay,;

e cac 0 ké tiép 1a két qua ctia phép nhan 6 trude do vdéi c rdi cong cho 6 bén trén.

an
an

Gp—1
Gp - C+ Qp—1

Vi du, phan tich da thic

khi biét mot nghiem z = 2 clia no.

Dau tién ta viét cac hé s6 thanh bang:
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Ta giit lai hé s6 bac cao nhat a,,:

1| -1{(-1 -2
r=211

Tiép theo, lay két qua vita nhan dude 1, nhan véi = 2 rdi cong 6 chéo bén phai

1
g=2|1]|1-24+(-1)=1

Nhu vay két qua dusi —1 1a 1, thuc hién tuong tu ta co

1| -1 -1 -2
=211 1.24(-1)=1

He s6 cudi cuing chic chidn bing 0

1| -1 -1 -2
=211 1 |[1.24(-2)=0

Nhu vay (1,1,1) 1a hé s6 ctia da thiic p;(z) theo bac gidm dan, tic 1a

pr(z) =2® 4z + 1.

Phuaong phap Hoocner tc“;ng quat
Cho da thic
p(z) = apnz™ + 12" L+ a1z + ag,
ta s& x4c dinh cac he s ctia da thiic p(y + ¢) véi y 1a bién méi va ¢ 1a gia tri cho trudc.
Gié st

p(y+c) =bpy™ +by_1y"

+ -+ by +bo
véi b; 1a cac hé sb6 can tim.
Néu y = 0 thi p(c) = bg. Ta tinh dugde by bang phuong phap Hoocner bén trén.
bit

p(z) = (z — c)p1(z) + p(c)
v6i p1(z) 1a da thitc bac n — 1. Khi do

p(y+c)=ybpy" ' +bu1y" 4 +b1) + bo
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va néu ta dat x = y + ¢ thi

p(a) = (z = ) (bay" "+ bp—1y" 2 + -+ b1) + bo
thi khi dong nhat hai biéu thitc p(x) ta duge

P1(2) = byt +bpo1y" 2 b = pa(y + o).

Lap lai qua trinh trén, cho y = 0 thi pi(c) = by, no6i cach khac ta co thé tinh by tit phuong phap Hoocner &
trén.

Tuong tu ta tinh b; = p;(c) v6i i =1,2,...,n, trong d6 p;(c) 1a gia tri da thitc bac n — i tai x = c.

©® Example 2.4 (Vi du phuong phap Hoocner téng quét)
Cho

p(x) = 228 +42® — 2 + x + 2,

tinh p(y — 1).

0 day ¢ = —1, ta st dung phuong phap chia Hoocner & trén khi z = —1.

214 0 |0 -1 1| 2
r=-1]2|2 =2 -3 4] -2

Lic nay, hé s6 by 1a gia tri ngoai cling bén phai ¢ dong thit hai, nghia 1a by = —2.

Tiép tuc sit dung phuong phéap chia Hoocner dé tim hang tht ba tit hang thit hai

21470 0] -1]1 2
xr=-1 2|2|-2 2| -3| 4| -2
210 -2 4| 7 |11

Heé s6 by 1a gia tri ngoai ciing bén phai & dong thit ba, hay by = 11.

Tuong ti, tit hang trén ta 4p dung phuong phap chia Hoocner dé tim hang duéi véi do dai trir di 1. Khi
do dai hang bang 1 thi ta két thic thuat toan.

2| 4 0|0 -1 1 2
r=-11]2| 2 | -2|2 =3 4 | =2
r=-1]2| 0 | =2 |4 7 11
r=-1[2|-2| 0 |4 -11
r=-1|2|—-4| 4 |0
r=-1]2]| -6 10
r=-11]2]| =8
r=-112

Nhu vay, 1ay két qua ngoai cling bén phai § mdi hang ta c6 hé s6 ctia da thitc p(y — 1), 6 day 1a

ply —1) = =2 + 11z — 1122 + 10z* — 825 + 225,
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2.1.3 Phuadng phap chirng minh toan hoc
Chitng minh truc tiép
Gia st ching ta c6 diéu kién ban dau 1a P va ta can ching minh ménh dé Q.

Déi v6i ching minh tryce tiép, tit P chung ta suy ra P; nao do6, rdi lai suy ra P, tit P;. Chting ta lam vay
cho dén khi nhan dugc ménh dé Q.

Chttng minh tryc tiép hitu dung déi véi nhing 18i gidi tudn tu ting budc.

©® Example 3.1

Cho tam giac ABC vé6i G, H, O lan lugt 1a trong tam, tryc tAm va tam dudng tron ngoai tiép tam giac
ABC. Chting minh ring ba diém G, H va O thing hang.

O day, véi O 1a tam duong tron ngoai tiép tam giac, ta vé duong tron do trude (Hinh 2.12).

Tiép theo, ta vé dudng kinh AD.

Lic nay, vi goc ACD chin nita duong tron (AD la duong kinh) nén ACD 1a gbc vuong, hay C'D vudng
goc AC.

Tiép theo, vi H 1a tryc tam nén BH vuoéng goc canh déi dien AC.

Tu hai két qua trén suy ra BH//CD vi cing vudng goc AC.

Tuong tu ta cting c6 CH//BD.

T giac BHCD c6 hai cap canh song song la BH//CD va CH//BD nén BHCD la hinh binh hanh.

Giao diém hai dudng chéo ciia hinh binh hanh 14 trung diém méi dudng chéo. Goi I; 1a trung diém BC
thi I; cling 1a trung diém HD.

Vi O la trung diém AD, I; 1a trung diém HD nén OI; 1a duong trung binh tam gidc DHA, hay
1

Ol = JAH.

Do G la trong tam AABC va Ai) la trung tuyén (I; 1a trung diém BC) nén G chia doan thing Al

theo tile 2 : 1, nghia Ia zﬁ =2GI,;.

Tiép theo ching ta bién ddi

AH = 20T,
AC + GH = 2(0C + GI) = 20C + 26T,
GH = 200.

Biéu thitc cudi ciing chiing t6 G, H va O thing hang, ngoai ra G chia doan thang HO theo tile 2 : 1.
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Hinh 2.12: Puong thing Euler

Quy nap toan hoc (co ban)

(Gia st ta mudn chitng minh moét ménh dé P dang véi moi n > 1. Phép quy nap toan hoc hoat dong theo
ba bu6c nhu sau:

1. Chting minh ménh dé P ding vé6i n = 1. Day goi 1a budc co sd.
2. Gi4 st ménh dé P ding v6i n = k > 1. Day goi 1a gid thiét quy nap.
3. Chtng minh ménh dé P ding véi n = k + 1 tit gid thiét quy nap & budc 2.

Nhu vay phép quy nap toan hoc (hay mathematical induction, maremaTuueckas uHyKmusi) hoat
dong theo bac thang. T gia thiét quy nap ménh dé P ding v6i n = 1, theo chitng minh ¢ buée 3 thi ménh
dé P ciing ding 6 buéc n = 1+ 1 = 2. Do P dting v6i n = 2 nén ciing diang 6 n = 3. Ct tiép tuc nhu vay
P sé dung v6i moi n > 1. Day 1a sy hiéu qua dang kinh ngac ctia phép quy nap toan hoc.
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(i ) Example 3.2

7 7 1
Chitng minh cong thiic tong quat cho tong 1 +2+ ...+ n’ 14 M

1(1+1)

Véin=1thil= . Nhu vay coéng thic dung cho n = 1. Pay la bude co sG.

k(k + 1)

Gia stt ménh dé ding véin =k > 1. Nghiala 1 +2+... + k = . Day 1a gia thiét quy nap.

Bay gid ta can ching minh ménh dé ding v6i n = k + 1, nghia 14 ta can chitng minh

1424+ ht(bt1)= EFDEFD)

2
Tu gia thiét quy nap ta suy ra
k(k+1
14+2+...+k+(k+1) :%Hlﬁl)
_k(k+1)+2(k+1)
B 2
7(k+1)(kz+2)
= =

Vay la ta da co diéu can ching minh, va cong thitc da dude ching minh dang v6i moi n > 1.

® Remark 3.1

Tty thude bai toan, budc co sé co thé khong phai bit dau tit 1 ma 14 mot sé nguyén duong nao dé khac.

Quy nap toan hoc (manh)
Quy nap toan hoc manh (strong induction) 14 mot phién ban manh hon ctia phép quy nap toan hoc & trén.

Trong phép quy nap toan hoc manh, gid thiét quy nap s& duge thay bing: Gid st menh dé P DPUNG TOI
n=*k>1.

Piém khac biét clia quy nap manh véi quy nap ban dau 1a viec gia thiét quy nap dang véi moi n nhé hon
hoidc bing k va ching ta sé chiing minh ménh dé dtng v6i n = k + 1. Trong khi d6 & quy nap ban dau thi
gia thiét quy nap chi dang véi n = k thoéi.

Tinh ding din clia quy nap manh van gidng nhu quy nap théng thudng, nghia 14 van hoat dong theo bac
thang. Khi ménh dé dang véi n = 1 (buéc co s8) thi chiing minh & budc 3 cho két qui ménh dé P dang v6i
n = 2. Do ménh dé P dang v6i n = 1,2 nén sé ding véi n = 3. Ci tiép tuc nhu vay thi P sé ding vdi moi
n>1.

Tai sao chiing ta can ding quy nap toan hoc manh khi ban chit van gidéng quy nap thong thusng?

Ly do la doi khi ching ta ching minh n = k 4 1 khong dua trén n = k, ma la mot diém nao d6 nhé hon,
nghia 1a trong khoéng [1, k].

©® Example 3.3

Day s6 Fibonacci dinh nghia bsi Fy = F» = 1 va F, o = F,,11 + F,, véi moi n > 1. Chitng minh ring
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cong thitc téng quat cta day Fibonacci 1a

1
F= =

s - (59) ]

Khi n = 1 thi ta c6 F} = 1, ding vdi diéu kién ban dau.

Khi n = 2 thi ta c6 F» = 1, dang véi diéu kien ban dau.

. N 1 1 5 1-
Gid thiet quy nap: gia st v6i moi n = k > 1 ta deu co6 Fy, = % < i f) — ( \/5>

Khi d6, véin =k + 1, ta co

Frp1 = Fyp + Fr—y

Dé y ring
1+v5 . 3+V6_ 6+2/6  1+2V5+ (V)
2 o2 4 4
2
(1+x/5)2_<1+\/5>

22 2

1-+5 1—+/5
tuong tu ta ciing co 2\f +1= ( 2\[> , nén & trén suy ra

o1 (1+V5 B\ 1 (1-8\T (1-vB)
LT AN 2 2 T AT 2

- 1 1+\/5 k+1 1_\/5 k+1
NV 2 - 2

Nhu vay ménh dé ding v6i n = k 4+ 1 va ta c6 diéu phai chitng minh.

O day quy nap manh thé hien & viéc ta cAn gid thiét dang véi n = k va n = k — 1 dé chiing minh cho
n=*k+1.
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Chitng minh bang phan chitng
Gia stt chiing ta co6 diéu kien P va can chiing minh két qua Q. Diéu nay tuong duong véi ménh dé logic
P = Q. Chiing minh bing phan chiing dya trén sy tuong duong clia cAc ménh dé logic, nghia 1a

(P= Q)+ (Q=P).

Khi do, tir két qué Q can chiing minh, ching ta gid st ring dang c6 @, tic 1a pht dinh ctia ménh dé can
chitng minh. Bang cac lap luan logic chiing ta sé suy ra dugc diéu trai véi dicu kién ban dau, tic 1a P. Day
13 ¢ s6 ctia phép chitng minh bang phan chitng.

©® Example 3.4

Chting minh ring v6i moi s6 ty nhién n, néu n® chia hét cho 3 thi n chia hét cho 3.
0 day:

1. Diéu kién, tic ménh dé P, 1a "n3 chia hét cho 3".

2. Ménh dé can chiing minh @ 1a "n chia hét cho 3".
Ta suy ra:

1. Phii dinh ctia ménh dé P 13 "n3 khong chia hét cho 3", titc meénh dé P.

2. Pht dinh ctia ménh dé @ 1a "n khong chia hét cho 3", titc ménh dé Q.

Nhu vay phép phan ching dua ta téi viéc chiing minh: néu sb tu nhién n khéng chia hét cho 3 thi n3
khong chia hét cho 3.

Néu n khong chia hét cho 3 thi n c6 dang 3k + 1 hosic 3k + 2 vdi k € Z.
e néun =3k + 1 thi n® = 27k + 27k? + 9k + 1, khi chia 3 s& du 1. Khi d6 n® khong chia hét cho 3;

e néu n = 3k + 2 thi n® = 27k® + 54k? + 36k + 8, khi chia 3 s& du 2 (vi 8 chia 3 du 2). Khi d6 n?
ciing khong chia hét cho 3.
Nhu vay khi n khong chia hét cho 3 (ménh dé Q) thi n3 cling khong chia hét cho 3 (ménh dé P). Theo
phén chitng ta c6, néu n?® chia hét cho 3 (ménh dé P) thi n chia hét cho 3 (ménh dé Q). Day la diéu phai
chitng minh.
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2.1.4 Bang thuat ngit dai sb

Tiéng Viét Tiéng Anh Tiéng Nga

tap hop set MHOYKECTBO

tap hop rong empty set IIyCTOE MHOXKECTBO
luc lugng (ctia tap hop) cardinality MOIIHOCTD

phép giao tap hop
phép hgp tap hop
phép hiéu hai tap hop
anh xa

don a&nh

toan anh

song anh

ham s6

ham don diéu

(ham s6) dong bién

(ham s6) tdng nghiém ngit
(ham s6) nghich bién

(ham s6) giadm nghiém ngat
ham s chin

ham s6 18

ham cong tinh

ham nhan tinh

ham tuan hoan

da thiic

bac (da thic)

he sb (da thric)

quy nap (toan hoc)

intersection of sets

union of sets

set difference

map

injection

one-to-one map
surjection

onto map

bijection

one-to-one and onto map

function

monotonic function
increasing

strictly increasing
decresing

strictly increasing
even function

odd function

additive function
multiplicative function
periodic function
polynomial

degree

coefficient
(mathematical) induction

IepecevIeHne MHOXKECTB
00bEIMHEHNE MHOYKECTB
PA3HOCTH JIBYX MHOYKECTB
0oTOOparkeHme

HHBEKIUS

MHBEKTUBHOE OTOOPaKeHUE
CIOPBEKITHSA

CIODBEKTUBHOE OTOOPaXKEeHNE
OMeKIs

OMEKTUBHOE OTOOPaKEHTE
B3ANMHO OJHO3HAYHOE OTOOpaKEHUE
dyHKIMS

MOHOTOHHAs (DYHKIINS
BO3PACTAIOIAS

CTPOTO BO3PACTAIONIA
yOBIBaIOIAS

CTpOro yObIBAIOIIAS

qeTHas DYHKIUS

HevueTHAs (DYHKIIHS
JUTNTUBHAS (DYHKIHA
MyJIbTUILUINKATHBHASA (DYHKIIHA
nepuoinyeckas OyHKITIS
MHOTOYJIEH

CTEIEeHD

KO3 PUITIEHT
(MaremaTHYECKAas) UHILYKIUS
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2.2 Ly thuyét nhém

2.2.1 Ly thuyét nhém

Hinh 2.13: Evariste Galois (1811-1832)

Nhoém

Nhém va nhém con

O Definition 1.16 (Nhom)

Mot tap hop G va toan ti hai ng6i x trén G tao thanh mot nhém (hay group, rpynma) néu:

1. Ton tai phan ti e € G sao cho v6i moi g € G thi

lgrxe=exg=y.]|

Khi d6 e dugc goi 1a phan ti& don vi ctia G.
2. Véi moi g € G, ton tai ¢’ € G sao cho

‘g*g’:g'*g:e.‘

Khi d6 ¢’ duge goi 1a phan t& nghich dao cia g.
3. Tinh két hop: v6i moi a, b, c € G thi

‘a*(b*c): (a*b)*c.‘

O Definition 1.17 (Nhém Abel)
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Néu nhom G c6 thém tinh giao hoan, titc 1a v6i moi a,b € G thi axb = bx a thi G goi 134 nhém giao
hoan (commutative group, KommyTaTupHasa rpymnna) hoic nhém Abel (abelian group, aGesnesa
rpynmna).

©® Example 1.12
Xét tap hop s6 nguyén Z va phép cong hai s6 nguyén.
1. Phan titdonvilaOvivéiimoia € Zthia+0=0+a = a.
2. V6i moi a € Z, phan ti nghich déo la —a vi a + (—a) = (—a) + a = 0.
3. Phép cong s6 nguyén coé tinh két hop do dé théa man diéu kién vé tinh két hop.

Nhu vay (Z,+) tao thanh nhom. Luu y do phép cong hai s6 nguyén c6 tinh giao hodn nén day cfling 1a
nhom Abel.

©® Example 1.13
Xét tap hop s6 hitu ti khac 0 1a Q* va phép nhan hai sé hitu ti. Do a,b € Q* nén tich a - b cling khac 0,
do d6 cung thudc Q*.

1. Phan tt donvilalvivéimoia € Q* thia-1=1-a =a.

N 1 1 1
2. V6i moi a € Q*, phan t nghich ddola — via-—=—--a=1.
a a a

3. Phép nhan hai s6 hitu ti c6 tinh két hop do d6 théa man diéu kién vé tinh két hgp.
Tuong tu nhw nhéom (Z, +), nhom (Q*, ) cang 1a nhom Abel.

© Definition 1.18 (Order ctia nhém)

Order (hay mopsiok) clia nhém G 1a lyc lugng (hay sé phan tit, carninality, MomuocTs) clia nhom
d6 va ki hieu 1a |G].

D6i véi nhém ¢6 vo han phan ti, ta quy uée order ctia nhém bing 0, vi du nhu véi hai nhom (Z, +) va
(Q*, ) 6 treén.

Nhém con

© Definition 1.19 (Nhém con)

Cho nhém (G, ). Tap hgp H C G duge goi 1a nhém con (hay subgroup, moarpynna) ctia G néu véi
moi a,be H thiaxbe H.

No6i cach khac, toan ti » dong véi cac phan ti trong H.
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(i ) Example 1.14
Xét nhom (Z, +) nhu trén. Ta xét tap con gom cac s6 chén clia n6
27 =1{...,—4,-2,0,2,4,...}.
Ta thiy rang tong hai s6 chdn van 1a sé chin, nghia 13 phép cong sé nguyén déng trén 27Z.

Do @6 (2Z,+) 1a nhom con cia (Z, +).

Téng quat, moi tap hgp c6 dang nZ déu la nhém con ciia (Z, +).

©® Theorem 1.2 (Pinh ly Lagrange)

Order ctia nhém luén chia hét order ciia mot nhéom con bat ki ctia né.
Nhém vong

O Definition 1.20 (Nhém véng)

Nhom G duge goi 14 nhém vong (hay cyclic group, nukiaudeckas rpynma) néu ton tai phan ti
g € G ma moi phan ti trong G déu dugc biéu dién dudi dang ¢g*. Khi do ta ki hieu G = (g) hoic
G= {gaglanwgn}-

Thong thudng ta quy udc g" = ¢° = e.

D6i v6i nhom (Zy,, +,) xéc dinh phép cong modulo n, ta ki hieu
ig=g+g+...+g.
—_—
ilan
Ta viét
G ={1g,2¢,3g,...,ng}.

Phan tit g duge goi 1a phan tit sinh (hay o6pasyrommuii s;temenT) clia nhom vong G.

Nhu vay, sb lugng phan t sinh ctia Z,, 1a p(n) v6i ¢ 1a ham Euler. Lic nay diéu kien dé phan ti j 1a phan
t1¢ sinh tuong duong véi

<.]> =Ly <= (j,’nl) =1.

O Definition 1.21 (Elementary abelian group)

Nhom vong duge goi 1a elementary abelian (hay npumapras abenesa rpynma) néu bac clia nhom
13 s6 nguyén to.
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Coset

O Definition 1.22 (Coset, 16p ké)

Cho nhém G va nhom con H cia G.

Coset trai ctia H dbi véi phan tt g € G 1a tap hop
gH ={gh:he H}.
Tuong tu, coset phai la tap hgp
Hg={hg:he H}.
T day néu khong noi gi thém ta ngam hiéu 1a coset trai.
Vi du v6i nhém con 27 clia Z, ta thiy ring:
1. Néu g € Z 13 1& thi khi cong v6i bat ki phan t nao clia 2Z ta nhan dugc sb 18.

2. Néu g € Z la chén thi khi cong v6i bat ki phan tit ndo ctia 27 ta nhan dude s6 chin.

Noéi cach khac, coset ctia 27 chia tap Z thanh

04+2Z={..,—4,-2,0,2,4,...},
142Z={...,-3,-1,1,3,5,...}.

RO rang hai coset trén roi nhau.

©® Remark 1.2

Hai coset bat ki hodc rdi nhau, hofic tring nhau.

©® Chitng minh

Néu hai coset roi nhau thi khong c6 gi phai néi. Ta chitng minh trudng hop con lai.

Gia st g HNgH 75 (. Nhu vay ton tai hy, ho € H ma g1h1 = gghg.

Do hfl € H,taco g1 = gghghfl, nghia la g1 € goH.

Ma moi phan t trong g1 H c6 dang g1h nén gih = gghghflh. Do H 1a nhém con cuia G nén hghflh € H.

Tu d6 g1 H C goH. Tuong tu ta cing c6 goH C g1 H. Vay g1H = g2 H.

Normal Subgroup

© Definition 1.23 (Normal Subgroup)

Nhém con H ctia G duge goi la normal subgroup (hay Hopmanbaas nmoarpynmna, nhém con chuan
tac) néu véi moi g € G ta co coset trai tring véi coset phai.

gH =Hg v6imoigé€ G.
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Néu H la normal subgroup ctia G ta ki hieu H <G. Khi d6, véi moi a,b € G thi (aH)(bH) = (ab)H.

O Definition 1.24 (Quotient Group)

V6i nhom G va normal subgroup cta né 1la H.

Quotient Group (hay nhém thuong) duge ki hieu la G/H va duge dinh nghia 1a tap hop céac coset
tuong tng véi normal subgroup H.

G/H ={gH : g€ H).

Ta thiy ring diéu nay chi xay ra néu H 1a normal subgroup.

Quotient Group con duge goi 1a Factor Group (hay nhém nhan ti).

©® Example 1.15

V6i nhém Z va normal subgroup ctia no la 27Z.

Ta thay

Z/2Z. = {0 + 27,1 + 2Z}.

Direct sum of modules

Cé hai dang téng 13 external va internal.

O Definition 1.25 (External direct sum)

Gi4 stt ta c6 cac nhom (G, *), (Ga,*), ..., (Gt,0). Khi d6 externel direct sum ctia cac nhom Gy, ..., Gy
la:

G=G; XGQXGt, (G,D)

Gid st g = (91,92,---,9t) € GVGi g; € G, va ¢’ = (91,65, -..,9;) € G v6i g; € G;. Khi do:

90g" = (91 % 91,92 % G5, -- -, gt 0 gp)-

© Definition 1.26 (Internal direct sum)

Gia stt ta 6 nhom (G, o) va cac nhom con Gy, Gs, ..., Gy cia G. Khi d6 internal direct sum la:
1. Véimoige Gthig=gi0gs0...0g; Vi g; € G;.
2. V6imoid,j mai£j,1<i,j<ttaco

9i©39; =35 ©gi

v6i moi g; € G; va g; € Gj.
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Nhém hoan vi

Nhém hoan vi

Xeét tap hop {1,2,...,n}.

Ta goi S,, 1 tap tat cd hoan vi ciia tap hop trén. Nhu vay S, c6 n! phan ti.

Néu ta lay hoan vi gbc 1a (1,2,...7n), mdi hoan vi déu c6 thé dugc biéu dién bing hai hang nhu sau:

neu

va

thi

T O
T= <T(11) ) TZ”)
okT = (J(Tl(l)) 0(72(2)) U(TTZ”)))

Tap cac hoan vi §,, va toan ti nhu trén tao thanh mot nhom va duge goi 14 nhém hoan vi.

©® Example

Xét nhom hoan vi Ss.

. 123 45
GQ“”‘(43125

Khi d6, dit z = x vy thi

. (1 2345
Va¥y=1\s5 1 4 3 2)

(1) = z(y(1)) = z(5) = 5,
2(2) = z(y(2)) = z(1) = 4,
2(3) = z(y(3)) = z(4) =2,
z(4) = z(y(4)) =2(3) =1,
2(5) = z(y(5)) = z(2) = 3.
Nhu vay
1 2 3 4 5
FEIxY= (5 4 2 1 3)
©® Remark

Trong mot hoan vi, khi biéu dién trén hai hang thi tht ty viét khong quan trong, mién la ddm bao i
tuong tng véi o (i) trén ting cot.
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(i ) Example

—

Xét hoan vi o = (

i
w N

Tacoo(l)=4,0(2) =3,0(3) =1,

(1 23 45\ (34512
= \4 31 2 5/7\1 2 5 4 3)

Q
—
=
Il
[\
<
&
Q
—
(94
SN~—
I
™
Z
=
=
&
<
=
A
Q
SN
o
=
S|
[N
+
»n
I
=]
&
=N
On
=
(o)
=
=
&
=]

Chu trinh doc lap

Xét nhém hoan vi S, va hoan vi o thudc S,,.

Khi d6 ton tai cac tap {i1,42,...,ix} C {1,2,...,n} sao cho o(i1) = ia, o(iz2) = i3, ..., o(ix_1) = o(ix) va
O’(ik) = il.

O Example

1
5

— N

, o 3 4 5
XetS5vahoanV10( 43 2>.
Ta thay rang o(1) = 5, 0(5) = 2, 0(2) = 1. Nhu vay ta c6 chu trinh 1 -5 — 2 — 1.
Tuong tu, 0(3) =4 va o(4) = 3. Nhu vay ta ¢6 thém chu trinh 3 — 4 — 3.

Hai chu trinh trén khong chita phan ti chung nén ching duge goi 1a hai chu trinh déc lap.

©® Remark

Moi hoan vi déu c6 thé viét duge dusi dang tich ctia cac chu trinh doc lap.

Chu trinh ¢6 thé chita mot phan ti, tic o (i) = i v6i moi 4.

©® Example
L 1 2 3 4 5 « N T S T
Hoén vi 0 = 51 4 3 2 nhu trén thi ta c¢6 thé viét lai thanh o = (1,5, 2)(3,4).
©® Remark
Thit ti clia chu trinh trong tich khéng quan trong. Didu nay dé thiy vi cac chu trinh doc lap nhau, do
d6 du viét trude hay sau thi hoan vi vAn nim trong chu trinh do.

Dé giai thich 16 hon, ching ta c6 thé xem mdi chu trinh doc lap nhu mot hoan vi, trong d6 cac phan tit
khong thuoc chu trinh ding yén.

Vi du v6i chu trinh (1,5,2) = (1,5,2)(3)(4) 6 trén tuong duong véi
(1 2 3 4 5
PP=\s 13 4 2)
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va v6i chu trinh (3,4) = (3,4)(1)(2)(5) tuong duong v6i
(123 45\ (513 4 2
P2=\1 24 35)7\5 143 2)
Do do6 tich clia chiing (hay toan tit trén nhom hoén vi) sé& cho ra két qué hoén vi ban dau:

12345_12345*51342
5 1 4 3 2) \6h 1 3 4 2 5 1 4 3 2/

4 P1 P2

Quasigroup

O Definition 1.27 (Quasigroup)

Tap @ va phép toan hai ngo6i x duge goi 1a quasigroup (hay kBazurpynmna) néu véi moi a,b € @, ton
tai duy nhat hai phan ti x,y € Q sao cho

axxr=>5b, yxa=D>.

©® Example 1.20

Moi nhém déu 1a quasigroup.

©® Example 1.21

(Z,—) khong phai 1a nhom nhung 1a quasigroup.

©® Chitng minh

V6i moi a,b, € Z ta tim x, y sao choa —x =bvay —a =0b.

Khi d6 x =a —bva y = a+ b, néi cach khac 1a tdn tai hai phan t¢ duy nhat z, y

©® Remark 1.6

Quasigroup khoéng co tinh két hgp nén ching ta khéng thé dinh nghia phép tinh a™ nhu v6i nhém.

O Definition 1.28 (d-quasigroup)
Xét quasigroup (@, g) véi g 1a anh xa
9:Q'=Q, d=2

dugc goi 1a d-quasigroup va g duge goi 1a toan t& quasigroup.
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Dinh nghia quasigroup ¢ dau bai tuong tng véi d = 2 (vdi g 1a toan ti hai ng6i).

O Definition 1.29 (Bang Latin)

Bang Latin 1a bang gdom k hang va k cot. Ta viét cac s6 tit 0 t6i k — 1 1én bang sao cho mdi hang c6 k
phan t& khic nhau va mdi cot ciing c¢6 k phan ti khac nhau.

Vidy, v6i k = 2 ta c6 bang

0 1
1 0
Vi dy, v6i k = 3 ta c6 bang
0 2 1
1 0 2
2 1 0

M&i 6 duge biéu dién béi bo ba (Tpoiika) (i, j,t) v6i
e ¢ la vi tri hang;
e j la vi tri cot;

o t1a gia tri tai 6 (i,5).

O Definition 1.30 (Homotopy)

Gia st (P, ) va (@, *) 1a hai quasigroup. Khi d6 quasigroup homotopy tit P t6i @ 1a b ba (a, §,7)
biéu dién ba anh xa tit P t6i Q thoéa

a(r) * By) = v(z xy)

v6i moi x,y € P.

O Definition 1.31 (Isotopy)

Khi c4 ba anh xa «, 8 va v déu la song anh thi ta n6i homotopy la isotopy (hay m3oronus).

O Definition 1.32 (Autotopy)

Autotopy la isotopy t6i chinh n6, nghia la P = Q.

® Remark 1.7
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Isotopy 1a quan hé tuong duong.

Q1 ~ Q2 <= Q1 isotopy véi Qs.

© Definition 1.33 (Parastrophe)

Tt toan t ban dau x ta dinh nghia thém nim toan ti khac 1a:

1. Toan t o véi x oy = y x x 13 toan ti ddi clia toan tit *.
2. Toéan tt \ v6i z \ y = z tuong ducng véi y = x * 2.

3. Toan ti doi cta \.

4. Toan tit /.

5. Toan ti doi cua /.

Nhu vay c6 tat cd sau todn t1t quasigroup va ta goi tap céc todn tit d6 la parastrophe (hay conjugation,
napacrpodus).

O Definition 1.34 (Loop)
Loop (hay smyna) 1a quasigroup (Q,*) vdi phan tit don vi e sao cho v6i moi x € @ thi
exT=Txe=T.

Khi d6 mdi phan ti trong quasigroup sé c6 phan tit nghich déo (inverse) trai va phéi tuong tng. Luu y ring
hai nghich ddo khong nhat thiét phai bing nhau.

O Definition 1.35 (Nhém nhan)
Ta dinh nghia phép nhéan (toan tit nhéan)

L.’I::QHQ? LT(y):z*yv
R, :Q—Q, R.(y)=yxm.

mult(Q) = (Ly, Ry : ¢ € Q).

Ta n6i mult(Q) 14 nhém nhan cta quasigroup (hay rpynna yMHOXKeHUT KBa3UIDYIIIIbI).

O Definition 1.36 (Chi sé két hap)
Ta goi bo ba két hgp (hay accommaTusaas Tpoiika) 1a ba phan tit a, b, ¢ € Q sao cho

a*(bxc)=(axb)*c,
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hay tuong duong vé6i

Khi dé chi sé két hgp (hay maaekc acconuarusrocTm) 1a s6 lugng bo ba két hop trong quasigroup.

® Remark 1.8

Muc tiéu clia quasigroup trong mat ma hoc la lam yéu tinh két hgp xuéng. Nhu vay néu quasigroup co
cang nhiéu bo ba két hop thi cang dé bi tan cong hon.

® Remark 1.9

S6 Iuong bo ba két hop clia quasigroup véi order n thi khong nhé hon n.
[TODO| Chitng minh tinh chat nay.

2.2.2 Homomorphisms
Group homomorphism

DPong cau nhém

O Definition 2.3 (Homomorphism, Pong ciu nhém)
Xét hai nhom (G, *) va (H,*) va mot anh xa f: G — H.

Anh xa f dugc goi 1a ddng ciu (hay homomorphism) néu véi moi g, g2 thudc G ta cd f(g * g2) =

f(g1) * f(g2)-

Do g1, g2 1a cac phan tit thuoc G nén toan tit giita chiing 1a . Trong khi d6 f(g1), f(g2) 14 cAc phan ti
thudc H nén toan ti gitta chiing 1a x*.

©® Remark 2.2

1. Goi eg 1a phan tit don vi cia G va ey 1a phan t1t don vi ctia H. Khi d6 f(eg) = ep.

2. V6i moi phan tit ¢ € G, néu ¢! 1a nghich ddo clia g trong G thi f(g~ %) = f(g9)~ "

©® Chitng minh

1. Néu eg la phan tt don vi cia G thi v6i moi g € G tacé gxeg = egxg=g. Talay f ci ba vé va
theo dinh nghia homomorphism thu duge

flgxec) = fleaxg) = f(9) = Fl9) * flea) = f(ea) * f(9) = f(9)-

Déng thiic trén ding v6i moi g € G nén ding v6i moi f(g), suy ra f(eg) la phan ti don vi trong nhom
(H,*) va do do f(eg) =en.
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2. T viéc tim ra phan ti& don vi, ta ciing chitng minh dugc tinh chat nghich dao trén.

Cac loai homomorphism

Tuong ty nhu anh xa, ching ta cé cac loai homomorphism sau

O Definition 2.4 (Monomorphism, Pon cau)

Anh xa duge goi 1a don ciu (hay monomorphism) néu né 1a anh xa one-to-one (don anh). Noi cach
khac, véi moi g1, g2 € G ma g1 # g2 thi f(g1) # f(92)-

O Definition 2.5 (Epimorphism, Toan cau)

Anh xa duge goi la toan ciu (hay epimorphism) néu né 1a 4nh xa onto (toan anh). Noéi cach khac,
v6i moi h € H thi ton tai g € G ma f(g) = h.

O Definition 2.6 (Isomorphism, Ping ciu)

Anh xa dugc goi 1a dang cau (hay isomorphism) néu né la 4nh xa one-to-one va onto (song anh). Noi
cach khac, anh xa nay vita 1a don ciu, vira 14 toan cau.

©® Theorem 2.2 (Pinh li Cayley)

Moi nhém hitu han déu ding ciu (isomorphism) v6i mot nhéom con nao d6 ctia nhom hoan vi.

©® Chitng minh dinh li Cayley

Gia sit ta ¢6 nhom htu han G = {g1, 92, .- gn}-

Vé6i mbi g € G, ta xay dung hoan vi ¢, theo ¢:

919 929 --- 9i --- 9ng g
Ta chon ¢’, ¢ € G. Khi do:
(p/”:< 91 92 gi gn )
g g glg/g/l gQg,gH . gig/g/l L. gng/g//
a9 929 ... 99 ... gnd
y < a9 99 . g9 . gnd >
(919")9" (929")g" ... (9:9)9" ... (9n9")9"
Do
g1 92 ---9 ..~ On .
919" 929" .. 99" ... gnd g
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va,

( 99’ 929 o ggd .. gud >: (")
(19")g" (929")g" - (9:9)9" .. (9n9")g"

nén g = o(g') - ¢(¢9”) nén ¢ la doéng cau (homomorphism).
DPé chiing minh ¢ la song anh, ta chiing minh ¢ la don anh va toan anh.
Gia st p(g) = ¢(¢'). Theo dinh nghia hoan vi thi ¢ = ¢’ nén ¢ 1a don anh.

Gia sit ta ¢6 hoan vi

_ (N g2 ..o Ggn
0= ’ / 7]
(919 929 ... gng )
ta nhan v6i ¢’ thi tim duge hoan vi ngude clia 0. Nhu vay ¢ 1a toan anh.

Két luan: ¢ 1a song 4nh va la déng cau (isomorphism).

O Definition 2.7 (Automorphism, Ty ding ciu)

Anh xa dugc goi 1a tu ddng ciu (hay automorphism) néu né la song 4nh tit n6 1én chinh n6. Ta ki
higu ty dong cdu nhém G 1la Aut(G).

Hat nhan va anh

Xét mot homomorphism f tit nhom (G, *) t6i nhom (H, ).

© Definition 2.8 (Kernel, Hat nhan)

Hat nhan (hay kernel) ctia f 1a tap hgp céc phan tit cia G cho anh 1a ey, ki higu 1a ker f. Noi cach
khac

ker f ={g € G: f(g) = en}.

Nhu vay $ker f$ 1a tap con cta G.

® Remark 2.3

K = ker f 14 normal subgroup ctia G.

©® Chitng minh
D@ chiing minh, ta thiy ring theo dinh nghia homomorphism, véi g1, 9o € K thi f(g1) = f(g2) = en.
Ta c6

f(g1xg2) = fg1) * f(g2) = en xen = en.

Nhu vay g1 * g2 € K nén K la nhém con cta G.
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1

Tiép theo dé ching minh K 1a normal subgroup, ta ching minh ¢gK¢g~! = K véi moi g € G.

Do gKg= ' ={gxkxg~!: k€ K}, lay f mdi phan tit bén trong ta co
Flgxkxg™h) = f(g)x f(k) * f(g™") = fg) xem * f(g™") = flg9) = Fg7),

ma theo tinh chit ciia homomorphism thi

flag Y =flg "= flagxkxg™ ") =flg) = flg) " =emn,

suyra gxkxg ! € K v6imoi g € G, véimoi k € K. Do d6 gKg—' = K va ta c6 diéu phai chiing minh.

O Definition 2.9 (Image, Anh)

Anh (hay image) cia f 1a tap hop tat ca gia tri nhan duge khi bién cac phan ti thuoc G thanh phan
ti thudoc H. No6i cach khac

imf = {f(g) : g € G}.
Nhu vay imf 1a tap con ctia H.
Dua trén hai khai niém nay, chiing ta c6 mot dinh 1y quan trong trong ly thuyét nhom la Pinh 1i thit nhat
vé su dang cau (First isomorphism theorem).
©® Theorem 2.3 (Pinh li thit nhit vé sy dang céu)

Véi hai nhom (G,*) va (H,*). Xét homomorphism f : G — H. Khi d6 imf déng cau (isomorphism) véi
nhom thuong G/ ker f.

©® Chitng minh

Goi G, H la hai nhom va homomorphism f: G — H.
bit K = ker f. Ta xét bién ddi

0:imf — G/K, f(g) — gK

véi g € G.

Ta can chitng minh bién déi nay 1a 4nh xa xac dinh (well-defined, nghia 14 tuan theo quy tic anh anh
xa, mdi phan t1 tap ngudn bién thanh mét va chi mét phan tii tap dich), 14 homomorphism, 1a don
anh va 1a toan anh.

DPau tién ta ching minh anh xa xac dinh. Gia st ta c6 g1 K = g K, do g1 va go thudc cung coset nén
9192 € K, hay f(gy'g2) = en.

Véi f 1a homomorphism, ta co6
Flgrtg2) = Flgr ) f(92) = F(91) ™" f(g2) = em-

Suy ra f(g1) = f(g2). Nhu vay néu f(g1) = f(g2) thi 0(f(g1)) = 0(f(g2))-
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Tiép theo ta chitng minh @ 14 homomorphism. Do K 1a normal subgroup clia G nén véi moi g1, g thude
G thi glggK = (glK)(gQK).

Do f(g192) = f(91)f(g2) nén
0(f(9192)) = 9192 K = (91 K)(92K) = 0(f(91))0(f (92))-

Suy ra 6 1a homomorphism.
Dé thay véi moi g € G ta déu tim duge f(g) va gK tuong tng. Do d6 6 1a toan anh.
Dé chitng minh 6 1a don anh, gia sit g1 K = go K ta co g; 'ga € K nén f(g; 'g2) = e, suy ra

Flar D) (g2) = en = f(91) 7" f(92) = en = fg1) = f(g2)-

Nhu vay 6 14 don anh.

Két luan, @ 1a song anh. Dinh i tht nhat vé sy ddng cdu dudc ching minh.

©® Example 2.5 (Bai tap suu tam tit LAPLAS)

Chitng minh rang GL,,(C)/H =2 R*, v6i H 1a nhom con cac ma tran c6 dinh thiic bang 1.

O Giai
Dé ¥ ring H la nhom con chuin téc ciia GL,(C). Xét anh xa:
f:GL,(C) —» R, f(A) = |det(A)|.

Vi det(A - B) = det(A) - det(B) nén f 1a dong cau nhém. Khi d6 véi moi s6 thuc duong r, ton tai ma
tran A € GL,,(C) sao cho f(A) = |det(A)| = r, vi du nhu

r0 - 0
0 0 1

Nhu vay f ciing 13 toan cau.

O day ker f = H nén theo dinh li thit nhat vé sy ding ciu, ta c6

GL,(C)/H = R¥.

2.2.3 Tac dong nhém
Tac dong nhém

Téac dong nhom (Group Action) cho phép chiing ta dém nhitng cau hinh t6 hgp ma viéc vét can roi loai bd
sé ton nhiéu cong stic cling nhu sai sot.

Cho tap hgp M va nhém G. Ta néi G tac dong trai lén M véi dnh xa:

a:GxM-—>M
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thoa méan hai tién dé sau:
e identity: a(e,m) =m v6i moi m € M va e la phan ti don vi ctia G;
e compatibility: a(g, a(h,m)) = a(gh,x).

Ta thuong ki hiéu a(g, m) bdi g(m) hay tham chi don gian hon 1a gm. Ki higu gm sé duge sit dung tu day
vé sau.

Khi d6 hai tién dé trén tuong duong véi:
e identity: em = m v6i moi m € M;

e compatibility: g(hm) = (gh)m v6i moi m € M va g,h € G.

O Definition 3.1 (Nhém con 6n dinh)

Véi phan tit m € M cho trude, tap hop cac phan tit ¢ € G ma gm = m duge goi 1a nhém con 6n dinh
(hay stabilizer) ctia nhom G. Ta ki hi¢u

Gm={9€G:gm=m]}.

O Definition 3.2 (Quy dao)
Quy dao (hay orbit) cia phan tt m € M 1a tap hgp

G(m) ={gm : g € G}.

® Remark 3.2

Hai orbit ctia hai phan t bat ki ho#ic rdi nhau, ho#c trimg nhau.

©® Chitng minh
Gia st ta 6 my,me € M ma G(my) N G(msg) # 0.
Khi d6 ton tai g1, g2 € G dé gimy = game, suy ra m; = gl_lggmg.

Thém nita, moi phan tit trong G(m;) c6 dang gmy nén gm; = gg; *gama, suy ra G(m;) € G(ms).

Chitng minh tuong tu ta ciing ¢6 G(msg) C G(my) nén G(my) = G(ms).

O Remark 3.3
Tap hop M la giao ctia cac orbit réi nhau. Gid st ta c6 ¢ orbit roi nhau G(mq), G(ms), ..., G(my) thi

M = G(my) UG(ma)U...UG(my).
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©® Example 3.5

Cho nhém 83 ¢6 6 phan ti (1)(2)(3), (1)(2,3), (2)(1,3), (3)(1,2), (1,2,3), (1,3,2).

Xét tap hop M = {1,2,3}. Khi d6, xét timg hoan vi trén, ta co:
G1={(1)(2)3),(1)(2,3)}

va

G(1) = {1,2,3}.

Ta nhan thay G(1) = G(2) = G(3), va |G| = 6 = |G1| - |G(1)].
Hay néi cach khac, |G(m)| = [G : Gy, v6i G, 1a stabilizer ctia phan ti m va [G : G,,] 1a subgroup index

G|

Gl néu la nhém hitu han.

cia G, C G, va bing

©® Definition 3.3

Hai phan tt m,n € M dudc goi la c6 quan hé v6i nhau dudi tac dong clia nhém G néu ton tai phan ti
g € G sao cho m = gn.

Ta ki hieu 1a mGn.

©® Remark 3.4

Quan hé duge dinh nghia nhu trén 14 quan hé tuong duong.

©® Chitng minh

Dé ching minh mot quan hé 1a tuong duong, ta can ching minh tinh phan xa, déi xtng va bic cau.
Péi véi tinh phan xa, moi vector déu c6 quan hé véi chinh né qua phan t don vi e € G.

Déi véi tinh ddi xitng, néu m c6 quan hé v6i n thi ton tai ¢ € G sao cho m = gn. Theo tinh chit nhém
thi ton tai phan tit g~! 1a nghich ddo ciia g trong G. Do d6 g~'m = n. Noéi cach khac n ciing c6 quan
hé v6i m. Nhu vay ta co6 tinh déi xiing.

Déi véi tinh bic cau, néu m c6 quan hé véi n thi ton tai g; € G sao cho m = gin. Tiép theo, néu n co6
quan hé véi p thi ton tai go € G sao cho n = gop, suy ra

m = gin = g1(92p) = (9192)p-

Do g1,92 € G nén g1g> € G. Nhu vay m ciing c¢6 quan hé véi p nén quan hé c6 tinh bic cau.

Vay quan hé dugc dinh nghia nhu trén la quan hé tuong duong.
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B6 dé Burnside

Cac trang thai khac nhau ciia tap hgp M la tuong duong nhau néu chiing nim trong cing lép tuong
duong dudi tac dong cia nhom G.

Céc vi du vé bo dé Burnside va dinh ly Polya duge tham khao tai [7].

©® Lemma 3.1 (B dé Burnside)

Vi nhém G téac dong 1én tap hop M, ta co:

1
te =1a Z‘M‘QL
| |9€G

trong do:
e tg la s6 16p tuong duong ctia tap M duéi tic dong clia nhom G

e |M9| 1a sb diém bat dong ctia tap M dudi tac dong ctia phan tit g, nghia la M9 = {m € M : gm =

©® Chitng minh
Xét tap hop
S ={(g,m) € Gx M :gm=nm}.
Ta dém s6 phan ti ctia S theo hai céach.
Cach 1: dém theo ting phan tit $g in G$.
Vé6i mdi phan tit g, s6 phan tit m € M c¢6 dinh dudi tac dong ctia g 1a [M9|. Khi dé lay tdng cic phan

tt g lai ta duge
S| = 1Mo,
g€eG

Céach 2: dém theo ting phan t& $m in MS.
V6i mdi m, stabilizer
Gm ={9€G:gm=m}
c6 56 phan tit 13 |Gn|. Khi do
Sl =2 |Gl
meM
O trén minh da néi vé mot cong thic 1
G| = |G(m)| - |Gml,
al
|G(m)]

Gi4 stt M ¢6 n orbit la G(my), G(ma), ..., G(m,). Vi mdi orbit G(m;) thl moi m € G(m;) c6 cing kich
thude |G,y |. Khi do

tuong duong véi |G| =

_ Gl _
S Gml= )] Gy = G

meG(m;) meG(m;)
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Cong tat ca quy dao lai ta co

> |Gm| =[Gl + - +|G]=n-|G|.
—_——

meM .
n lan

Két hop hai cach dém suy ra

DM =Y |Gl =n-|Gl,

geG meM

tuong duong véi

1
n= g > M.

geG

0 day n = tg va ta c6 diém phai chitng minh.

Bai toan té6 mau bén dinh ti dién

Cho hinh t& dién déu. Ta t6 bén dinh ctia né bang ba mau xanh, dd, vang. Héi c6 bao nhiéu cich t6 nhu

vay?

Ta can luu ¥ mot diéu, hai cach to 1a tuong duong nhau (giéng nhau) néu tén tai mot phép quay cac dinh

bién cach t6 nay thanh cach t6 kia (vi du nhu hinh 2.14 va hinh 2.15).

Hinh 2.14: Cach to 1

Hinh 2.15: Cach to 2

Nhu hinh trén ta thiy néu chon truc quay la dudng thing ndi trung diém hai canh déi dién (hai diém xanh
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14) thi dinh trén va dinh du6i déi chd cho nhau (xanh va vang), dinh trai va dinh phai d6i chd cho nhau
(xanh va dd).

Ta gidi bai nay nhu sau:

Pau tién ta danh s cac dinh ctia t& dién nhu hinh 2.16.

Hinh 2.16: Panh sb cac dinh ti dién

Ta c6 ba truong hgp bién ddi sau:

Truong hop 1. Giit nguyén mot dinh va truc quay la dudng thang di qua dinh d6 va tam ciia mit d6i dien.

Hinh 2.17: Truong hgp 1

Khi d6 phép quay (ngugce chiéu dong ho) tuong ting hoan vi (1)(2,3,4) (quay 60 do) va (1)(2,4,3) (quay 120
do).
Do ta chon mot dinh ¢ dinh thi ta c6 4 cach chon, va véi mdi cach chon dinh ¢ dinh ta c6 thé quay hai

cach nén ta c6 tong la 8 hoan vi.

Truong hop 2. Ta chon trung diém hai canh dbi nhau va ndi lai thanh truc quay nhu hinh trong vi du. Khi
do6 tuong ung véi hoan vi (1,4)(2,3).

62 Chapter 2. Toan khé6 qua ngudi oi



Math Book

Hinh 2.18: Truong hgp 2

2

Ta cb % = 3 hoan vi.

Truong hop 3. Hoan vi dong nhat (1)(2)(3)(4).

Toém lai, tap hop M & day 1a tap hop 4 dinh cla tii dién, va nhém tac dong lén M 1a nhém con 12 phan ti
cua Sy.

Nhu vay, vi du véi hoan vi (1)(2, 3,4), néu ta mudn sau phép quay gitt nguyén trang thai (hay noi cach khac
la tim MY) thi ta t6 mau dinh 1 tuy ¥, cdc dinh 2 — 3 — 4 chung mau (cling tuy y).

Suy ra ta c6 3 -3 cach t6. Tuong tu véi cac hoan vi dang (1,4)(2, 3).

Nhu vay co tat ca
1
tG:E(1~34+8-32+3~32):15

cach t6 mau khac nhau.

Téng quat, néu c6 k mau thi sé 16p tuong duong 1a

_ 1 4 2 2_i4 2
tG—12(1 E*+8- k%43 k)_12(k + 11%?).

Tac dong nhém lén vector
Xét nhom G va khong gian vector F3, n € N. Khi dé hai vector = va y thudc F5 duge goi 1a quan hé véi
nhau néu ton tai g € G ma = = gy.

Vi dy, xét nhom hoan vi S3. Gia sit cac vector trong F3 c6 dang
x = (11,20, 13) € F5.

Khi d6 vector (1,0, 0) c6 quan hg véi (0,0,1) v6i hoan vi (1,3)(2). Cu thé 1a (z1, 72, 23) ICRION (x3,x2,21).

Tuong tu, vector (1,0,0) cing ¢6 quan he véi (0,1,0) véi hoan vi (1,2)(3).

Thém nita, vector (1,0,0) c6 quan hé vé6i chinh né qua hoan vi dong nhat (1)(2)(3).
Cau hoi dat ra 1a, c6 bao nhiéu 16p tuong duong duéi tac dong ciia nhom S3?

Pé giai quyét van dé nay ta st dung bo dé Burnside.

Nhom Sz ¢6 cac hoan vi

Ss ={(1)(2)(3),(1,2)(3), (1,3)(2), (2,3)(1), (1,3,2),(1,2,3)}.
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Lan lugt xét timg hodn vi. Dau tién, véi (1)(2)(3) thi cac phan tit trong vector ding yén. Do d6 duéi tac
dong ctia hoan vi nay, z1 bién thanh x, x5 bién thanh xs va x3 bién thanh z3. S6 cach chon cho méi x; 1a
2 nén theo quy téc nhan ta c6 23 = 8 cach.

Tiép theo, vdi hoan vi (1,2)(3) thi z1 — x2, T3 — 21 va 23 — x3. Do d6 21 va x5 c6 cing gid tri (ndm cing
chu trinh), thanh ra c6 2 cich chon, z3 cfing c6 2 cach chon nén tong s6 cach 1a 2 -2 = 4. Hoéan vi (1,3)(2)
va (2,3)(1) tuong tu.

Véi hoan vi (1,2,3) thi z1 — z2, 9 — 3 VA X3 — X1 nén x1 = Ta = x3, ¢O 2 cach chon trong trudng hgp
nay. Hoan vi (1, 3,2) tuong tu.

Nhu vay, theo bo dé Burnside, s6 16p tuong duong cac vector trong F3 1a
t(S3) = %(1-23+3-22+2~2):4.
That vay, ta c6 thé chia cac vector thanh 4 16p tuong duong 1a
{000}, {001, 010,011}, {011,101,110}, {111}.

Ngoai nhém S ra con cdc nhém khac ciing tac dong lén cac vector. Mot s6 nhom hay duge st dung la:

1. Nhom general linear: gém cic ma tran kha nghich n x n trén Fy. Tac déng nhéom lic nay 14 phép
nhan ma tran A € GL(n,2) véi vector € Fy, hay A - x.

2. Nhom general affine: gdm céc ma tran kha nghich n x n trén Fa va vector bat ki trong F%. Tac dong
nhém lic nay 1a bién ddi affine A -z + b v6i A € GL(n,2) va b € F3.
©® Remark 3.5
S6 lugng phan tit ctia nhém GL(n, 2) 1a
2" —-1)-(2"-2)..- (2" —2"1).
Vi duy, khi n = 3 thi
|GL(3,2)| = (2° — 1) - (2° — 2) - (2° — 4) = 168

ma tran.

Tac dong nhém lén ham boolean

Ta tiép tuc xét nhom G va khong gian vector F%, n € N. Khi d6 hai ham boolean n bién f(z1,...,z,) va
g(z1,...,z,) duge goi 1a quan hé véi nhau néu ton tai g € G ma g(x) = f(gx) véi moi x € FY.

Ta ciing xét hoan vi S3 1am vi du. Ta ciing lan lugt xét cAc phan ti clia nhém.
Dat fo, fi, ..., fr 1an lugt 1a cac gia tri ham f v6i cac vector = € 3.

Dau tién, vé6i (1)(2)(3), ta co6 bang chuyén vector nhu hinh 2.19.
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| x| 3| f
01010 f
0lo0|1]|H
01 11]0|f
01| 1]|fs
1100 fs
10| 1]f
tl1]o]fs
1| 1|1]f

Ty | wo | w3 | f
01010/ f
olo|1]|Af
01 1]0|f
01 |1]|fs
1100 f
10| 1]f
1ol
1|1 (1] f

Hinh 2.19: Hoan vi (1)(2)(3)

Ta thay rang fo — fo, f1 — fis ..., fr — fr nén c6 8 chu trinh. Vay s6 lugng cach chon 1a 28.

Tiép theo, xét cac hoan vi dang (1)(2,3), ta c6 bang chuyén vector nhu hinh 2.20.

(1)(2,3)

1 | xo | x3 | f
0101 01fo
0101 1] f
0 1] 0/]f
0|1 |1]/fs
1100 fa
110 1| fs
1110 fs
1|11 f

1 | x3 |22 | f
01001
0O 1]0]f
00| 1]f
01 1] 11]/fs
11010 fa
11110 fs
1101 |fs
1111 f

Hinh 2.20: Hoan vi (1)(2,3)

Ta thdy ring fo — fo, f1 = f2 = fi, f3 = f3, fa = fa, s = fo — fs, fr — fr. O déy c6 6 chu trinh nén

s6 cach chon 13 2.

Tiép theo ta xét cac hoan vi dang (1,2, 3) (Hinh 2.21).

2.2. Ly thuyét nhém
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(1,2,3)

1 | xo | x3 | f x| w3 | w1 | f
010/|0|f 010 [0|f
0|01 ]|AhA 01 11]0]f
0|10 fo L1 O] 0 |fs
01 1] fs L 1]0|fs
1100 f 010 |1 ]|Af
110 |1]fs 011 ]|fs
L 1]0|fs 110 | 1]/fs
1 (1] 1]f 1] 1] f

Hinh 2.21: Hoan vi (1,2, 3)

Ta thay rang fo — fo, fi — fo — fa — f1, f3 — f6 = f5 — f3, fr — fr nén & day c6 4 chu trinh. Sé cach
chon 1a 2%

Nhu vay theo bd dé Burnside, s6 16p ham bool tuong duong duéi tac dong ciia nhom Ss 1a

1
t(S3) = 6(28+3-2‘°’+2-24) = 80.

Dinh ly Polya
V6i méi hoan vi trong tap G, ta viét dudi dang céc chu trinh doc lap

(91)(92) - - - (9¢1) (95, 952)(9j5 93a) - - -

t1 ta

Néu ta viét hoan vi dusi dang cac chu trinh rdi nhau, ta goi

Ki hiéu Y nghia

t1 s6 chu trinh c6 do dai 1
to s6 chu trinh co6 do dai 2
tuong tu
tn s6 chu trinh c6 do dai n
Khi do, cycle index (hay chi s6 chu trinh) ctia hoan vi ting cac bién zy, 2a, ..., 2, la
Iy(21, 29, vy 2n) = 270 257 o 2l

©® Example 3.6

Xét hoan vi (1,2,3)(4)(5)(6,7) € Sr.

Ta c6 hai chu trinh do dai 1, mot chu trinh d6 dai 2 va mdt chu trinh do dai 3 va khong c¢6 chu trinh do
dai 4, 5, 6, 7.

66 Chapter 2. Toan khé6 qua ngudi oi



Math Book

Do d6 chi sé chu trinh 1&

2 1.1
I,(z1,22,23) = 2{2323.

©® Remark 3.6
Bat ki hoan vi nao thudc S,, déu thda

© Definition 3.4 (Cyclic index, chi s6 chu trinh)

Chi sé chu trinh cta nhom G la:

1
Po(z1,22,- - ,20) = el Z Iy(z1,22,. .., %n).
geG

Nhin lai vi du vé t dién bén trén, cdc dinh nam trong cung chu trinh can dudc to6 ctiing mau. Tit do ta co
chi s6 chu trinh

1
Pg(z1,29,23) = 1 (z‘l1 + 82123 + 32%) .

Cho mbi z; = 3 ta c6 két qua phép tinh theo bd dé Burnside.

Dinh Iy Polya la mot mé rong cho bé dé Burnside, cho phép chiing ta dém s6 16p tuong duong théa man
diéu kién nhat dinh (vé s6 lugng phan tit).

Vi du véi hinh t& dién nhu trén nhung ta thém diéu kién t6 hai dinh mau vang, mot dinh mau dé va mot
dinh mau xanh.

Ta ki hiéu tap R 1a tap hgp cac trang thai co thé nhan ctia mdi phan t m € M.
R={ry,ro,...,7c}.

O vi du trén thi R = {d6, xanh, vang}.
Ta thay mdi z; trong chi s6 chu trinh bing tong > 7.
reER

©® Example 3.7

Gid st ta t6 mau bon dinh t dién v6i hai mau R = {ry,r2}.
Véi 2; ta thay bang ri + ro.

V6i 29 ta thay bing r? + r3.

Véi 23 ta thay bing r$ +r3.

Khi d6 Pg tuong duong véi

1
75 [(r1+72)* +8-(r+ra)(r} +75) +3- (] +75)°].

2.2. Ly thuyét nhém 67



Math Book

Ta khai trien Pg (luu y 1a & day khong cé tinh giao hoan phép nhéan).

4
(r1+7r2)® =riririry + riririreg + ririrers + r1rirers
+r17er1Ty + T1TeT1Te + r1Terery + r1Terers
+roririry + reriTire + rorirer: + rorirer

+7roraTiT) 4 TorariT 4 ToTer2ry + raTarers.

Minh thay ring c6 16 cau hinh khac nhau tuong tng 16 cich t6 hai mau cho bén dinh. Tuong t
(r1+72)(r} +73) =11 + 113 +rorf + 13
= T1T1TITL + T1T2reTe + TeriTiTy + ToTerars.
Cubi clng 1a
(rf +73)" =i +rir] +riri 473

= T1T1T17T1 + T17T172Te + TaTaT171 + T2T2T2r2.
Viéc khong co tinh giao hoan véi phép nhan lam biéu thiic cong kénh va phiic tap.
Do d6 minh thém mot tap hgp W 1a vanh giao hoan, va xét anh xa w : R — W véi:math:w(r_ i) = w_ .

Khi d6 néu thay r; bdi w; vao bén trén biéu thic sé rat dep:

1
Pa(wi,ws) = — [(w1 +w2)* 4 8(wy + wa)(wi +wd) + 3(w] + w3)?] .
12

Khai trién va thu gon ta co

1
Pa(wn,we) = 15 [12w] + 12w3ws + 120w} + 12w w3 + 12w)]

4 3 2,2 3 4
= w; + wiws + wjws + wiw; + wy.

O day, dinh 1y Polya néi réing, sé mil clia w; thé hién s6 luong phan ti ctia tap M nhan gia tri 7;, va he
s6 trude mdi toan hang 1a sd 16p tuong duong tuong tng véi s6 lugng phan ti clia tap M nhan cic gia
tI‘i Ti.

Noi céach khac:

e c6 1 16p tuong duong ma 4 dinh nhan mau rq;

c6 1 16p tuong duong ma 3 dinh nhan mau r; va 1 dinh nhan mau ro;

¢6 1 16p tuong duwong ma 2 dinh nhan mau r; va 2 dinh nhan mau ro;

¢6 1 16p tuong duong ma 1 dinh nhan mau r; va 3 dinh nhan mau ry;

c6 1 16p tuong duong ma 4 dinh nhan mau rs.

Quay lai van dé t6 bdn dinh ti& dién v6i ba mau xanh, dd, vang. Tim sb cach t6 hai dinh mau vang, mot
dinh mau dé va mot dinh mau xanh.

bit
w(vang) = x, w(dd) = y, w(xanh) = z.
Ta co:

Po=—[(x+y+2)' +8 - (z+y+2)(® +y° +2°) +3- (® +y° +2°)°].
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Nhu vay dé bai tuong tng viéc tim hé sb ctia hang ti z2yz trong biéu thic trén. Két qua 1a 1.

2.2.4 Vanh
Vanh

O Definition 4.1 (Vanh)
Cho tap hop R, trén d6 ta dinh nghia hai toan tit cong (ki hiéu 1a +) va nhan (ki hidu 1a x).
Khi do, (R, +, X) tao thanh vanh (hay ring, konbmo) néu

1. (R,+) la nhom Abel.

2. (R, x) c6 tinh két hop véi phép nhan: véi moi a,b,c € R thia x (b X ¢) = (a X b) x c.

3. Tinh phan phdi ctia phép cong va phép nhan: v6i moi a,b,c € R thi (a+b) xc=axc+bxc.

Toém lai, (R, +, x) 1a vanh néu n6 la nhém Abel dbi v6i phép cong va co tinh két hop véi phép nhan.

Ta thudng ki hi¢u Og (hodc ngén gon la 0) 1a phan tit don vi ctia phép cong (R, +) va goi 1a phan tii trung
hoa.

Khi d6 phan ti nghich ddo ctia phép cong goi 1a phan ti¥ déi va dugce ki hiéu 13 —a, chi phan ti déi cla
phan ti a.

©® Remark 4.1

Phép nhan & day khong nhat thiét co6 phan ti don vi, hay phan tit nghich ddo nhu trong dinh nghia
nhom. Trong trudng hgp nay (R, x) goi 1a semigroup (hay nita nhém).

© Property 4.1 (Tinh chét citia vanh)
1. V6imoia € Rthiax0gr =0g X a=0g.

2. V6i moi a,b € R thi (—a) x b= —(a x b).

©® Chitng minh
DPé chiing minh hai tinh chat trén ta diing dinh nghia vanh.
1. Véi moi a € R, ta co
ax0g=ax (0g+0gr)=ax0g+axO0g.
Rt gon a x Or hai vé ta c6 a x 0g = 0r. Tuong ty cho Or X a = Og.
2. Vi (—a) + a = 0pg v6i moi a € R, nhan b hai vé va dung tinh chit dau suy ra

(—a)xb+a><b:OR><b=0R.

Chuyén vé ta c6 (—a) x b= —(a x b).

2.2. Ly thuyét nhém 69



Math Book

© Definition 4.2 (Vanh véi don vi)
Néu c6 phan tit 1g # 0 € R sao cho véi moi r € R ta déu co6
lpxr=rxlg=r
thi 1z duge goi 1a phan ti& don vi ddi v6i phép nhan va R duge goi la vanh véi don vi (hay ring

with identity, koabo ¢ eguHuIeit).

Ta ki hiéu 1z (hodc ngén gon 1a 1) 1a phan tit don vi d6i v6i phép nhan (R, x).

Tit phan tit don vi déi v6i phép nhan ta c6 khai niem dic s (hay sé dic trung, characteristic) ctia vanh
v6i don vi.

O Definition 4.3 (Characteristic)

Xét truong R v6i phan tit don vi 1a 1 va phan tit trung hoa 14 0. S6 duong p nhd nhét sao cho

1+1+...+414+1=0

p lan

duge goi 1a déc sb (hay characteristic, xapakrepuctuka) ctia R.

O Definition 4.4 (Vanh giao hoan)
Néu ta c6 tinh giao hoan dbi véi phép nhan, nghia la v6i moi a,b € R déu thoa
axb=>bxa,

thi ta n6i R 1a vanh giao hoan (hay commutative ring, KoMMyTaTuBHOE KOJIBLIO).

2.2.5 Trudng

Trudng

©® Definition 5.1 (Trudng)

Cho tap hop F' va hai toan ti¢ hai ngoi trén F' 1a phép cong + va phép nhan x. Khi do6 (F,+, x) 1a
trudng (hay field, mosis) néu

1. (F,+, x) la vanh giao hoan véi don vi.

2. V6i moi phan ti f # O, ton tai nghich ddo f~! clia f déi véi phép nhéan, nghia la
fxft=f"txf=1p

No6i céch khac, (F, x) la nhom Abel. Trén trudng ta thuc hign duge bon phép tinh cong, trir, nhan, chia.

O Example 5.1

70 Chapter 2. Toan khé6 qua ngudi oi



Math Book

Cac tap hgp sau vé6i phép cong va nhan la trudng.
1. Tap hop s6 thuyc R.
2. Tap hdp céac s6 phiic C.
3. Tap hop cac s6 dang a + bv/2 vé6i a,b € Q.

Nhitng truong trén duge goi 1a trudng vo6 han vi ¢6 vo sd phan ti.
Ngugc lai, chiing ta ciing cé cac truong hitu han.

Trudng hiru han

Trudng hitu han modulo nguyén tb

Cho p 1a s6 nguyén t6. Khi do6 tap hgp cac sd du khi chia cho p cung vé6i phép cong va nhan modulo p tao
thanh truong.

©® Chitng minh

Xét tap hop cac sd du khi chia cho p 1a

S=1{0,1,...,p—2,p—1}.

Ta thiy ring v6i moi a,b € S thi a +b (mod p) va a-b (mod p) déu thuoc S.
1. Vi0+a=a+0=a (mod p) v6i moi a € S nén 0 1a phan ti don vi cia phép cong.

2. Véimoia € S, tacoé (p—a)+a=a+ (p—a)=0 (mod p) nén phan tit nghich dao ciia a ddi véi
phép cong lap—a € S.

3. Phép cong modulo c6 tinh két hgp.
4. Phép cong modulo ¢6 tinh giao hoan.
Nhu vay (S, +) la nhom Abel.
Tiép theo, ta thiy ring phép cong va nhan c6 tinh phan phdi trén modulo.
Doéng thoi phép nhan modulo cling ¢6 tinh két hgp. Do d6 (S, +, ) 1a vanh.
1. Phan tit don vi ctia phép nhan 1 1.
2. Phép nhan modulo c6 tinh giao hoan.

3. Do moi phan t& thuoc S déu nguyén t6 cing nhau vé6i p nén luon ton tai nghich do ctia phan ti
khac 0 trong S.

Két luan: (S,+,-) 1a truong.

Ta thudng ki hiéu trudong nay 1a GF(p) (GF la viét tit ctia Galois Field dé tudng nhé ngudi co dong gép
quan trong trong ly thuyét nhom).
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Trudng hiru han modulo da thirc

Xét cac da thitc véi hé sé6 nguyén

f(2) = anz™ + an_12" "+ ...+ agz® + a1z + ao.

Ta thiy ring phép cong va nhan hai da thic tao thanh mot vanh giao hoan vé6i don vi 1a da thic f(x) = 1.

Thém nita vanh nay c6 vo s6 phan ti. Ta can mot phuong 4n dé sé phan ti 1a hitu han, va ddong thoi la

truong.

Véi p 1a s6 nguyén t6 va n 1a sd nguyén duong. Minh xét cac da thitc c6 bac téi da la n — 1 v6i hé sé nam
trong tap hop cac sé du khi chia cho p. Nhu vay minh c6 p™ da thitc nhu vay.

(i ) Example 5.2

Véi p = 3 va n = 2. Khi do6 cac da thiic co thé co 1a

{0,1,2, 2,z + 1,2 + 2,22, 22 + 1,2z + 2}.

Tuong tu véi viec modulo cho mot s6 nguyén t6, & day minh xét phép céng va nhan trén modulo mét da
thite t6i gian (irreducible polynomial) ¢6 bac n (vi khi modulo mot da thidc bac béat ki cho da thitc bac n ta
¢6 da thic bac nhé hon n).

Déng thoi he s6 clia da thitc tit phép cong va nhan cling duge modulo p (ndm trong GF(p)).

Véi truong hgp p = 3 va n = 2 & trén minh c6 thé chon da thitc modulo 1a m(x) = 22 + 22 + 2.

Sau day la bang phép cong hai da thic bac nh6 hon 2 trong modulo m(x).

0 1 2 T xz+1 T+ 2 2x 20+ 1 | 2o+ 2
0 0 1 2 T z+1 T+ 2 2x 20+ 1 | 2z +2
1 1 2 0 rz+1 x + 2 T 20 +1 | 20+ 2 2z
2 2 0 1 T+ 2 T z+1 2¢ + 2 2x 2 +1
T ap z+1 T+ 2 2x 20+ 1 | 2o+ 2 0 1 2
z+1 z+1 T+ 2 x 20 +1 | 204+ 2 2x 1 2 0
T+ 2 T+ 2 T r+1 | 20+ 2 2x 2+ 1 2 0 1
2x 2x 2c+1 | 2x+4+2 0 1 2 T z+1 T+ 2
20 +1  2x+1 | 20+ 2 2x 1 2 0 r+1 T+ 2 T
20+ 2  2x+2 2x 2+ 1 2 0 1 T+2 T z+1
Tuong tu, sau day la bang phép nhan hai da thitc bac nhé hon 2 trong modulo m(z).
0 1 2 az z+1 T+ 2 2x 20 +1  2x+4+2
0 0 0 0 0 0 0 0 0 0
1 0 1 2 az z+1 T+ 2 2x 20+1 2x+2
2 0 2 1 2x 20 4+2 | 2z +1 T T+ 2 r+1
x 0 2x z+1 2x 2+ 1 1 2x + 2 2 T+ 2
z+1 |0 xz+1 |224+2 | 2xz+1 2 48 T+ 2 2x 1
z+2 |0 xz+2 | 2x+1 1 T 2x + 2 2 z+1 2x
2x 0 2x T 20+2 | x+2 2 z+1 1 20+ 1
20 +1 |0 2x+1 | z+2 2 2x r+1 1 2+ 2 x
20 +2 |0 2242 | z+1 T+ 2 1 2x 2 +1 T 2
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Ta thay ring bang phép nhan ddi xing qua dudng chéo chinh. Diéu nay ching té phép nhan c6 tinh giao
hoan. Thém nita ¢ mdi hang hosic cot khac 0 déu c6 9 phan ti khac nhau.

Ideal

© Definition 5.2 (Ideal)

Xét vanh (R, +, x). Mot tap con I ctia R dugc goi 1a ideal trai (hay left ideal, sieBbiit maean) néu:
1. (I,4) la nhém con cua (R, +).

2. V6imoir € R, v6imoi x € I thi rx € I.

Ta dinh nghia tuong tu vé6i ideal phai, khi d6 xr € I. T day vé sau néu khong noéi gi thém nghia 14 minh
xét ideal trai.
O Definition 5.3 (Principal Ideal)
Néu I = a vé6i a la phan tit nao do trong R thi I dugc goi 1a principal ideal (hay ideal chinh, rnaBabIit
uaean).

No6i cach khac, néu c6 mot phan tit trong R "sinh" ra duge I thi I 13 principal.

O Definition 5.4 (Maximal Ideal)

Néu I 1a mot ideal ctia R va khong ton tai tap con I’ ma I C I’ C R (tap con thyc thuy) thi I duge goi
la maximal ideal (hay makcumasnbHbIil ugead).

©® Remark 5.1

Xét vanh s6 nguyén Z. Khi d6 moi ideal ctia Z déu la principal.

©® Chitng minh

Gia st ideal I clia Z c6 phan tit duong nhé nhat 1a n.
Theo dinh nghia ctia ideal thi v6i moi g € Z ta c6 gn € I.

Néu phan t a € I, theo phép chia Euclid taco a = gn+7 vé6i 0 < r <n, ma a € I vd gn € I nén
r=a—qnel.

Tuy nhién phan tit duong nhé nhat thuoc I 1a n, do d6 r = 0.
No6i cach khac moi phan t a € I déu c6 dang qn véi g € Z.

Vay moi ideal déu la principal.

® Remark 5.2
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Ideal I ctia Z 14 maximal khi va chi khi I = nZ vé6i n 1a sé nguyén to.

©® Chitng minh

Ta ching minh chiéu thuan, chiéu nguge tuong ty. St dung phan chiing, ta gia st n 1a hop s6. Khi do
n =mning vi n1 = ny > 1.

Khi d6 nZ C n17Z C Z, suy ra ideal khong phai maximal. Ta c6 diéu phai chitng minh.

©® Theorem 5.1

Goi R 1a vanh giao hoan véi don vi. Khi d6, néu I 1a ideal ctia R thi R/I 1a trudng khi va chi khi T 1a
maximal ideal.

©® Chitng minh
Ta chiing minh diéu kién can va diéu kién du.

Piéu kién can. Ta co6 I 1a maximal ideal. Ta thay ring a + I # 0 khi va chi khi a € I, vinéu a € I thi
ton tai —a € I. Theo dinh nghia vanh thi aR ciing 13 ideal nén I 4 aR la ideal, ma a € I vaa € I +aR
nén suy ra I C I +aR.

Ta lai ¢6 I 1a maximal nén I +aR = R, do d6 ton tain € I va b € R sao cho n+ab= 1. Tém lai 1a ton
tai nghich d&o ctia phép nhan, do d6 R/I 1a trudng.

DPiéu kién da. Véi R/I la trusng. Ta gid st I khong 14 maximal ideal. Khi do6 ton tai I’ sao cho
IcI'CcR.

Khi d6 ton tai phan tdt a € I’ vaa ¢ I ma a+ 1 # 0. Do d6 (a+ I)(b+I) = 1+ I, suy ra ton tai
nelcl'sasochoab=1+n. Via,beI'nén1el’ tixdo1e R nén I’ khong phai maximal.

(5 ) Example 5.3

Xét tap hgp Z 1a vanh giao hoan véi don vi. Néu n 13 s6 nguyén t6 thi nZ 1a maximal ideal (da ching
minh & trén).

Khi do tap Z/nZ la truong hitu han modulo nguyén t6 gom cac phan ti {0,1,...,p — 1}.

Ring kernel va ring homomorphism
Xét vanh (R, +, x). Khi do:
e véimoia€e R,ax0=0xa=0;

o (—a)xb=—(axb).

O Definition 5.5 (Ring homomorphism)

Xét hai vanh 1a (R, +, x) va (Rg,H,®) va anh xa f: Ry — Rs.
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Anh xa f dudc goi 14 homomorphism trén hai vanh néu f 13 homomorphism trén phép cong va phép
nhan, nghia la:

e v6i moi a,b € Ry, f(a)B f(b) = f(a+b);
e v6imoi a,b € Ry, f(a)® f(b) = f(a xb).

O Definition 5.6 (Hat nhan)
Hat nhan (hay kernel, sgpo) cua f 1a
ker f ={z:x € Ry, f(z) =02}

v6i 02 13 phan tit trung hoa ctia Rs.

©® Theorem 5.2

ker f 1& mot ideal cta R;.

©® Chitng minh
Ta c6 f(01) = 02 theo dinh nghia homomorphism. Do d6 véi moi a € Ry va v6i moi b € ker f thi
f(a)® f(b) = f(a) ® 02 = 02 = f(a x b).

Do d6 a x b € ker f, suy ra ker f 1a ideal trai cia R;.

Tuong tu cho v6i moi a € Ry va v6i moi b € ker f thi
f() ® f(a) =02 = f(bx a),

suy ra b X a € ker f nén ker f ciing la ideal phai ctia R;.

Két luan: ker f 1a ideal ctia R;.

2.2.6 Ly thuyét Galois

Tai lieu tham khao trong phan nay lay tur sach [8] va khoa hoc Math 4120 [9] (bai gidng Visual Group
Theory).

Extension Fields

Extension Fields

O Definition (M§ rong trudng)

Truong E duge goi 1a mé rong trudng (hay extension field) ciia truong F néu F 1a truong con clia
E. Khi @6 F dugc goi la trudng co sG (hay base field) va ki hieu F' C E.
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©® Example
Trudng nao nhé nhat chia Q va v/2?
Pap an 1a truong
Q(V2) ={a+bv2:a,b € Q}.

Viéc chiing minh Q(v/2) 1a truong kha don gian, phan ti nghich ddo d6i véi phép nhan ctia a + bv/2 1a

—9b
- V2

a2—2b2+a2—2b2 ’

©® Example
Truong nao nhd nhat chita Q va i (& day i 1a don vi 4o, i2 = —1)?
Dép an 1a truong

Q@) ={a+bi:a,beQ}.
Tuong ty, & day phan t& nghich ddo ddi véi phép nhan clia a + bi 1a

a + m
7.
a?+0v%  a? 4 b?

O day Q(v/2) va Q(i) déu la mé rong ctia Q va déu la tap con ciia C. Tuy nhién hai truong nay khong phai
tap con cia nhau.

Nhu vay, bing viec mé rong Q véi v/2 ta co truong Q(v/2).
Tuong ty, bing viéc mé rong Q véi i ta co truong Q(7).

Vay truong nao chita Q, /2 va i?

©® Example
Trudng chia ca Q, /2 va i 1a tap hop

Q(V2,i) = {a+bV2+ci +dv2i:a,b,c,d e Q}.

Trudng trén c6 thé suy ra tir logic sau. Ta da c6 Q(4) chita Q va i. Ta mudn thém v/2 vao trusng Q(7) nén
ta s& muén mé rong Q(4) 1én Q(4)(v/2).

Khi d6 Q(i)(v/2) tuong tu sé c6 dang
Q(i)(V2) = {a+ BV2:a,8 € Qi)}.
No6i cach khac a =a+bi va f =c+ di, a,b,c,d € Q, nén ta co
a+BV2=a+bi+cV2+dV2i, a,bcdeqQ.
Khi do ta viét

Q) (V2) = Q(v2,1) = {a+bV2 + ci + dV2i : a,b,c,d € Q}.
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©® Remark
1. Q(v/2) la trudng con ctia R nhung Q(i) khong phai.
2. Q(i) nhoé hon C rat nhidu (khong chiia v/2).
3. Q(v/2) chita tat ca nghiém ciia da thic f(z) = 22 — 2 trén Q. Do d6 Q(v/2) duge goi 1a trudng
phan ra cta da thic f(x).

Biéu dién quan hé giita cac trudng qua lattice

O phan trude, Q(v/2) 1a md rong clia Q va véi hai phan tit a, b € Q xac dinh mot phan ti a+bv/2 € Q(v/2).

Doa+bv2=a-14+b-v/2nén {1,v/2} 1a co s (hay basis) ciia Q(v/2). Co s chita hai phan tit nén ta noi
bac ctia mé rong don (hay degree) tir Q lén Q(v/2) 1a 2.

Tuong tu, mé rong tit Q lén Q(4) cing c6 bac 1a 2 véi co s 1la {1,4}.

Ta ki hiéu bac ctia mé rong don 1a
[E: F].
Nhu vay ta ciing cac truong Q(v/2), Q(v/3) va Q(v/6) 1a cac md rong don bac 2 ciia Q (Hinh 2.22).

Q(v2) Q(V6) Q(V3)

Q
Hinh 2.22: M rong truong Q len Q(v/2), Q(v/3) va Q(v/6)

Do v6 = /2 - v/3 dan ta t6i cau hoi, truong nao nhé nhat chia ca V2 va /3?7
Thuec hién tuong tu véi Q(v/2,4) & trén ta co trudng

Q(V2,v3) =Q(V2)(V3) = {a+bV2 + V3 + dV6 : a,b,c,d € Q}

1 truong nhé nhét chita ca /2 va /3.
O day, Q(v/2,v/3) 1a mé rong bac 4 ciia Q véi co s6 1a {1,v/2,v/3,V6}.

Bing viéc mé rong tit Q(v/2) 1én Q(v/2,v3) = Q(v/2)(V/3) ta ciing co day 1a md rong bac 2 (tuong ti chiing
minh phia trén cho Q(v/2,)). Nhu vay mé rong tit Q(v/3) lén Q(v/2,/3) ciing 1a md rong bac 2.

Vay md rong tit Q(v/6) léen Q(v/2,v/3) 1a bac may? Dé xac dinh ta can ching minh nhan xét sau

©® Remark

Q(V2,v3) = Q(v/2 + V/3), trong d6 Q(v/2 + v/3) 1a trudng nhé nhat chita Q va V2 + /3.
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© Chiing minh

Ta chitng minh Q(v2, v3) C Q(vZ + V3).

Do v/2 + /3 nén nghich dao ﬁ =v3-v2€Q(V2+3).
Khi d6, 2 (V2 +v3) £ 1 - (V3— v3) € Q2 + V3).

Vé trai sé bing v/2 hodc v/3. Nhu vay v2,v3 € Q(v2 + v3).
Phép nhan trén truong cho ta v/2 - v/3 = v6 € Q(v2 + V/3).

Nhu vay véi moi a,b,¢c,d € Q ta co6 a+ bv/2 + ¢vV/3 + dvV6 € Q(\/§ + \/5) Didu nay tuong duong véi
Q(v2,v3) c Q(V2 + V3).

Nhung ma Q(v/2 + v/3) 1a trudng nhé nhat chita Q va 2 + /3, va Q(v/2,v/3) 1a truong nhd nhét chia
V2 va /3, kéo theo chita cd v/2 + /3 nén Q(ﬂJr \/5) = (@(\/5, \/5)
Ta c6 Q(v6) = {a+bV6 : a,b € Q}. Khi do
Q(W6)(V2+V3) = {a+B(V2+V3): a,B € Q(V6)}. (2.1)
DPiat a = a4+ bV/6 va B = ¢+ dv/6, nhu vay mdi phan ti trong Q(v/6)(v/2 + v/3) co dang

a+bV6 + (c+V6)(V2+V3) =a+ (c+3d)V2 + (¢ + 2d)V3 + bV/6
=d' +VV2+ V3 +d V6,
véia—a,c+3d—V,c+2d—c vab—d.

Bién ddi nay tuong duong véi hé phuong trinh tuyén tinh

1 0 0 O a a

00 1 3 bl |V
00 1 2 c| | ¢
01 00 d d

Ma tran trén kha nghich trén Q, do d6 Q(v6)(vV2+v3) = Q(v/2, v3). O dang bidu dién (2.1) ta suy ra mé
rong tir Q(\/é) lén Q(\/§7 \/3) 1a md rong bac 2.

So dd md rong trudng bay gid nhu sau

Q3 V3)
2 9 2
Qv2) QVE) Qv3)
2 2 2
Q
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Splitting Field

O Definition (Trudng phan ra)
Xét truong F va da thitc khac hing
P(T) = apz™ + ap_12™ 4.+ a1z +ap

trén Flz], 6 day a; € F véimoii=1,2,...

Truong md rong E cia truong F duge goi 1a trudng phan ra (hay splitting field) ctia p(x) néu ton
tai cdc phan tit as, s, ..., a,, thuoe E sao cho E = F(ag, as,...,a,) va

p(x) = (= on)(z —az) - (z — an).

Khi d6 ta noi da thic p(z) € F|x] phan ra (split) trong F néu né phan tich thanh cdc nhan tit bac nhat
(tuyén tinh) trong E[z].

N6i ndém na, néu da thic c6 hé s6 trong mot trudng F nao do (tiic thuoe Flz]) thi cic nghiem ctia n6é nim
trong mot trudng 16n hon chita F.

©® Example

Da thic f(z) = 22 — 2 trén Q[z] khong c6 nghiem trén Q. Tuy nhién Q(v/2) 1a trudng chita Q va cac
nghiem ctia f(x) 1a £v/2. Vi vay Q(v/2) 1a trudng phan ra ciia f(z).

©® Example

Da thitc g(x) = 2? + 1 trén Q[z] khong c6 nghiem trén Q. Tuy nhién g(x) c6 hai nghiem la +i va Q(7)
chita cd Q va +i nén Q(¢) la mot truong phan ra cia g(x).

O day, bac clia da thic f(z) = 22 — 2 bing véi bac clia md rong trudng tir Q len Q(v/2).

Tuong tu, bac clia mé rong truong tit Q len Q(v/3) bang bac da thiic g(x) = 22 — 3, va bac ciia mé rong
truong tit Q lén Q(+/6) bing véi bac da thiic h(z) = 2 — 6.

O trén ta da ching minh bac clia mé rong truong tir Q(v/2) léen Q(v/2, v/3) 1a 2, didu nay tuong tng véi bac
ctia da thic

k(x) = (2% — 2)(2® — 3) = 2* — 52 + 6.

Téng két lai, néu F la trusng phan ra ctia F trén da thic f(z) € F[z] thi bac ctia md rong trudng tir F lén
E bing vdi bac cta f(x).

Tit s6 do mé rong trudng bén trén ta cé so dd véi da thitc tuwong tng.
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Vay con mé rong tit Q(v/6) thanh Q(v/2,v/3)? O trén ta da chiing minh ring day la md rong bac 2. Vay
chiing ta can tim mot da thitc bac 2 c6 hé s6 trong Q(v/6) ma khong c6 nghiem trong Q(v/6).

Quay lai mot chut, ta da mé rong Q(v/6) lén Q(v/2,+/3) v6i su trg gitup clia phan tit v/2 + /3. Tit day ta
6 thé xay dyng da thiic

m(z) =2 — (V2 +V3)? =2 — 5 — 2V6.

Da thiic m(x) c6 hé s6 trong Q(+/6) nhung khong c6 nghiem trong Q(v/6), ma trong Q(v/2,v/3). Ta co6 dicu
phai chiing minh.

Field automorphism

® Remark

Tap hop tat ca ty dang cdu (automorphism) trén trudng F 1a nhém véi toan tit 1a hop ctia cac ham. Ki
hieu 1a Aut(F).

©® Chitng minh

D& thay néu o va 7 la ty déng cau trén F thi o7 va 0! ciing 1a tu ding cau trén F (déu la song 4nh).

Anh xa ddng nhét hién nhién 1a ty ddng cAu nén sé 1a phan ti don vi clia nhom.

® Remark

Goi F 1a mé rong truong ctia F. Khi d6 tap hgp tit cd tu ding cAu trén E ma ¢ dinh phan ti ciia
F tao thanh mot nhom, nghia 14 tap hop tat ci cac ty dang ciu o : E — FE sao cho o(a) = a v6i moi
«a € F tao thanh mot nhom.

©® Chitng minh

Tit nhan xét & trén thi tap hop tat ci ty déng ciu trén F tao thanh mot nhém Aut(E). Nhu vay dé
chting minh nhan xét nay thi ching ta chi can chi ra tap hop tat ca tu diing cdu clia F ma cb dinh phan
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t trong F' 1a mot nhom con clia Aut(E).
Goi o va 7 1a hai tu ding cau ctia E sao cho o(a) = a va 7(a) = a v6i moi « € F.

Khi @6 o(7(a)) = o(a) = a nén anh xa hgp o7 ciing nim trong tap cic tu dang cau trén F ma cd dinh
phan ti trén F.

Ngoai ra, 0~ 1(a) = a va anh xa dong nhat c6 dinh moi phan ti trén E. Nhu vay tap tat cd tu dang cau
trén £ ma c6 dinh moi phan tit trong F 1a nhém con ciia Aut(E).

O trén ta ki hieu nhom tat ca céc ty ddng cau trén E 1a Aut(E). Bay gio ta sé dinh nghia nhom Galois.

O Definition (Nhém Galois)

Goi E 1a mé rong trudng ciia . Ta néi nhém Galois (hay Galois group) ctia E trén F' 13 nhém tét
ca ti ddng cAu clia F ma cb dinh phan tii trén F, nghia la

G(E/F) ={0c € Aut(E) : o(a) = a v6i moi o € F}.

Néu f(z) 1a da thic trong F[z] va E 1a truong phéan ra cta f(z) theo F thi ta dinh nghia nhom Galois clia
f(z) theo G(E/F).

©® Example

Lién hgp ctia sé phiic xac dinh bsi 4nh xa quen thudc

oc:a+bi—a—b
1a mot ty ddng cAu trén tap cac sé phitc C. ViR C C va
ola)=0c(a+0i)=a—0i=a

nén anh xa o thuoc G(C/R).

©® Example
Xét cac truong Q C Q(v/5) € Q(v/3,v/5). Khi d6 véi a,b € Q(+/5) thi anh xa
ola+bV3)=a—b/3

1a ty ding ciu trén Q(v/3,v/5) ma cb dinh Q(V/5).
That vay, gid st a = s+ tV5 va b= u + vV/5 véi s,t,u,v € Q. Khi d6

ola+bV3)=a—bV3=s+tV5— (u+vV5)V3 = (s — uV3) + (t — vV3)V5.
Ta ¢6
a+bv3 = (s +uv3) + (t +vV3)V5 € Q(V5)
khi va chi khi s + uv/3 € Q va t + vv/3 € Q. Noi cach khac u = v = 0. Nhu vay
o(a+bV3) =o(s +tV5) = s + tV5.
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Phan tit s + tv/5 € Q(v/5) nén o ¢ dinh cac phan tit trén Q(v/5).

Tuong tu ta ciing c¢6 anh xa

m(a+bV5) =a—b/5
la ty ding cau trén Q(v/3,v/5) ma cb dinh Q(v/3).
Tuy nhién anh xa hop p = o7 khong cb dinh ca Q(v/3) 1an Q(V/5).

Chiing ta ciing chitng minh duge ring {id, o, 7, u} 1a nhom Galois ciia Q(v/3,v/5) trén Q vi cac anh xa do
¢6 dinh phan ti thuoc Q (khong chita cin).

Nhu vay nhom Galois ctia Q(v/3,v/5) ¢6 4 phan tit, tiic 1a |G(Q(v3,v5)/Q)| = 4. O trén phan truong phan
ra minh ciing da chi ra riing [Q(v/3,v/5) : Q] = 4 nén § day

G(Q(V3,v5)/Q)| = [Q(V3,V5) : Q] =

Mot diéu nita la truong Q(v/3, v/5) ciing chinh 1a khéng gian vector trén Q véi co s6 1a tap {1,v/3,/5,V15}.
Tap nay ciing c6 4 phan ti.

Mot cau héi ty nhién duge dat ra & day: viéc s6 lugng phan t ciia cac tap hop ¢ day bang nhau 1a ngiu
nhién hay cé 1y do?
©® Remark

Cho E 14 mot md rong trudng ctia F' va f(x) 1a da thitc trén Fz]. Khi d6 méi tu déng cau trong G(E/F)
xac dinh mot hoan vi cac nghiém cta f(z) trén E.

©® Chitng minh
Dat
f(z) = ap + a1z + agx® + - - - + apz"

va gid st @ € E 1a mot nghiem ctia f(x). Khi d6 véi tu ding ciu o € G(E/F) ta c6

a(
o(f(a))
=o(ag +aa+ asa® + -+ ana™)

o(ag) + o(a1a) + a(a2a2) + -+ o(aa™)

o(ag) + o(ar)o(a) + o(az)o(a?) + - - - + o(ay)a(a™).

Trong d6 hai dong cudi 1a tit dinh nghia ctia tu déng cau. Thém nita o(a*) = o(a)* va do 0 € G(E/F)
nén o(a;) = a; v6i moi 0 < i < n. Nhu vay co thé suy ra

0 =ap + aro(a) + azo(a)® + - - - + ayo(a)”,

no6i cach khac o(«a) cling 1a nghiém cia f(z).

Cho E 14 md rong trudng cta trudng F. Hai phan ti o, 8 € E dudc goi 1a lién hgp trén F' néu ching co
ciing da thiic t6i tiu. O day, da thitc t6i tiéu duge hiéu la da thiic c6 bac nhé nhat nhan a va 3 lam nghiem.
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Vi dy, trén truong Q(v/2) thi hai phan ti v/2 va —/2 1a lién hgp trén Q vi chiing déu 1a nghiem ciia da thitc
t6i gidn % — 2.

©® Remark

Néu a va § lién hgp trén F thi ton tai dang cau o : F(a) — F(j3) sao cho o dong nhét cdc phan ti trén
F.

Khi d6 ta c6 dinh li quan trong sau vé sd phan tit clia nhém Galois. Phan ching minh hién tai minh bo qua
vi can mot vai b dé kha dai.

©® Theorem

Dat f(x) 1a da thic trén Fz] va gid st E 1a truong phan ra cta f(x) trén F. Néu f(z) khong c¢6 nghiem
boi thi

G(E/F)| = [E: F).

2.2.7 Bang thuat ngit ly thuyét nhém

Bang 2.1: Y nghia thuat ngit
Ki hiéu Y nghia

S, Nhoém ddi xting n phan ti

ker f Hat nhan (kernel) clia anh xa f

imf Anh (Image) ctia anh xa f

Dang cau nhom (group isomorphism)
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Bang 2.2: Bang thuat ngit

Tiéng Viét Tiéng Anh Tiéng Nga
nhém group rpynna
nhém con subgroup MO/ PYIIIA

nhom d6i xtng
nhoém hoan vi
chu trinh

chu trinh doc lap
dong cau nhom
don cau

toan cau

déng ciu

tu ddng cau

hat nhan (dong cau)
anh (dong cau)
tac dong nhém
vanh

vanh vdi don vi
vanh giao hoan
truong

truong hitu han
mé rong truong
truong phan ra

symmetric group
permutation group
cycle

independent cycles
group homomorphism
monomorphism
epimorphism
isomorphism
automorphism
kernel

image

group action

ring

ring with identity
commutative ring
field

finite field
extension field
splitting field

CAMMETPHUYHAd I'PYIIIa

IPYIIa MOCTAHOBOK
IIUAKJT

HE3aBUCHUMbIE ITUKJIbI
rOMOMOP}U3M T'PYIIIL

SIPO

JleficTBUE IPYyMIL
KOJIBITO
KOJIBIIO C eIuHUIEe

KOMMYTaTUBHOE KOJIBIIO

I1oJjie
KOHETHOE IIOJIe

2.3 Hinh hoc

2.3.1 Hinh hoc giai tich
Theo dong lich s

Hinh hoc xuét hién tit thoi xa xua, xuat phéat tit nhitng nhu cau thuc té nhét ciia con ngudi 1a do dac dé
phan chia dat dai, xay dung, canh tac, ... T d6 con ngudi da c6 nhan thitc rat sém vé quan hé song song
va vuong goc gitta hai duong thing.

Mot cach hinh &nh (ma that ra hinh hoc 1& mén hoc vé hinh &nh) thi hai duong thing song song khong cit
nhau dit ¢6 kéo dai ching ra vo tan. Céac dudng thing song song luén c6 nhiéu diéu tha vi, cd § mat phing
Euclid 1an trong khong gian. Pau tién phai ké dén dinh ly mang tén triét gia vi dai ctia Hy Lap: Thales.

Thales cua Miletus

Thales ctia Miletus duge cho ring sinh vao khoang ndm 624 Truéc Cong nguyén (TCN) va mat nim 547
TCN tai Miletus (Thd Nhi Ki ngay nay)'.

I https://mathshistory.st-andrews.ac.uk/Biographies/Thales
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Hinh 2.23: Thales ctia Miletus

Ong duge xem 1a nha triét hoc dau tien khi khong cb géng gidi thich ty nhién bing than thoai hay cac thé
lyc siéu nhién nhu trude. Trudng phai triét hoc do éng sang lap, trudng phéai Milet, cho ring moi vat co
ngudn gbc tit nude. Nha triét hoc ndi tiéng Aristotle danh gia ring Thales 14 ngudi sang 1ap ra triét hoc
duy vat so khai.

Trong toidn hoc, Thales dugc biét t6i v6i dinh Iy mang tén dng vé cic dudng song song. Dinh 1y Thales dugc
phét biéu nhu sau:
©® Theorem 1.3 (Pinh ly Thales)

Trong mot tam giac, dudng thing song song v6i mot canh chin trén hai canh con lai cac doan thing
tuong ung ti 1é.
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E AN

B C

Hinh 2.24: Pinh Iy Thales trén mit phang

Theo dinh 1y Thales, néu $EF$ song song véi $BC$ thi ta c6 $dfrac{AE}{AB} = dfrac{AF}{AC} =
dfrac{EF}{BC}$ ({numref} thalesl").

Khong dimg lai ¢ mat phdng, khi mé rong lén khong gian dinh ly Thales ciing cho chiing ta mot két qua
quan trong khi néi t6i cac mat phéng song song nhau.
©® Theorem 1.4 (Pinh ly Thales trong khéng gian)

Trong khéi chép, mit phing song song mat ddy chin cac canh ndi tit dinh hinh chép téi cac dinh ciia
mit phing day cac doan théng tuong tng ti le.

Hinh 2.25: Dinh ly Thales trong khéng gian

Theo dinh ly Thales, néu mit phing $(ABCD)$ song song v6i mat phing $(A'B'C'D')$ thi $dfrac{SA}{SA'}
= dfrac{SB}{SB'} = dfrac{SC}{SC'} = dfrac{SD}{SD'}$ ({numref}" thales2").

Pythagoras cua Samos

Khi nhic t6i vudng goc, chiing ta thudng nhé t6i dinh 1y ngay nao duge hoc & thsi hoc sinh: dinh ly
Pythagoras. Dinh 1y nay néi vé quan hé gitta do dai cAc canh trong mot tam gidc vuong. Dinh ly tuy don
gidn nhung c6 ¥ nghia rat quan trong trong dsi séng va khoa hoc clia con ngudi sudt chiéu dai lich st Day
ciing 1a tién dé cho dinh 1y mang tinh lich st ctia nhan loai: dinh 1y cudi cung clia Fermat.
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Hinh 2.26: Pythagoras clia Samos

Pythagoras ctia Samos ciing 1a nha triét hoc Hy Lap cd, dudc cho ring sinh vao khoang nam 570 TCN va
méat nam 490 TCN?.

Ong duge hoc tap tit nha triét hoc Thales va ciing c6 nhidu dong gop cho sy phat trién ciia toan hoc, thién
viin hoc va am nhac. Tuy nhién khac véi thay minh, trudng phai triét hoc ctia éng cho riing nhing con s6
14 ngudn gbc ciia van vat va stit dung nhitng con s6 dé giai thich nhiing hién tugng khoa hoc. Tit day, cac ly
thuyét vé am nhac dudc ra doi, cu thé 1a cac moi lien hé vé tan sb véi su rung ciia day nhac cu.

Ong 13 mot trong nhing ngudi hiém hoi cho phép ca phu nit di hoc ¢ 16p clia minh vao thoi dy. Diéu do
gitip pho bién toan hoc néi riéng va kién thitc néi chung t6i nhiéu tang 16p nhan dan. Tuy nhién 6ng ciing
c6 mot hoi kin rat tha vi. Nhu da néi & trén, trudng phai triét hoc Pythagoras c¢6 ging giai thich ngudn gbc
van vat bing nhitng con s6. Diéu nay da din ho t6i nhitng kham pha dong troi vao thoi dy.

Mot trong nhitng kham pha dé 1a vé sy ton tai clia s6 vo ti dya vao dinh 1y mang tén éng. Lich st d& chi
ra rang trudc Pythagoras, ngudi Babylon va Ai Cap da tim ra rat nhiéu bo sé nguyén $(a, b, ¢)$ théa man
$a"2 + b"2 = ¢"2$ 14 do dai ba canh tam giac vuong. Dinh ly Pythagoras ma ngay nay chting ta biét dugc
phét biéu ring:

©® Theorem 1.5 (Pinh ly Pythagoras)

Trong mot tam gidc vuong, binh phuong do dai canh huyén bing téng binh phuong do dai hai canh goc
vuong.

2 https://mathshistory.st-andrews.ac.uk /Biographies/Pythagoras/
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Nhu vay néu goi do dai canh huyén la ¢, do dai hai canh goéc vudéng lan lugt 1a a va b thi $a~2 + b"2 =
¢~ 28 ({numref}" pythagorasl").

-

a

Hinh 2.27: Dinh 1y Pythagoras

Néu a = b = 1 thi sao? Khi d6 binh phuong do dai canh huyén $c~2 = 2$. Tuy nhién khong thé tim ra mot
s6 hitu ti nao dé binh phuong lén 14 2 cd. Phat hién nay 14 mot chan dong déi véi thoi Pythagoras va éng
yéu cau tat ca thanh vién trong hoi phai gitt kin bi mat vé sy phat hién nay. Tuy nhién théng tin van lot ra
ngoai va truyén thuyét ké ring ong da xit toi chét cho thanh vién ctia hoi khong tuan thi.

Pythagoras da duwa mot khai niém cyc ki quan trong trong toédn hoc, goi 1a ching minh (hay proof,
JloKazaTeabeTBo). Dé chitng minh mot ménh dé 1a ding, chiing ta can cAc ménh dé (thudng don gian hon)
dung trude do. Bing cac phép suy luan thich hgp dua trén cac ménh dé dung trude do, ching ta cd thé két
luan ring ménh dé can chitng minh la dang. Phép ching minh c6 thé goi 1a "xuong séng" ctia toan hoc, vi
néu khong c6 mot phép chitng minh dtng ddn thi mot meénh dé khong thé duge xac dinh duge 1a c6 dung
hay khong. Trong truong hgp ctia Fermat, khi 6ng dua ra dinh 1y Fermat nhung khong kém ching minh (vi
1& sach qua chat nén khong viét 16i gidi dugc) thi ching ta khong thé biét dinh ly Fermat c6 ding hay khong

(7).

Néu viéc suy luan dya trén cic ménh deé, hodc dinh ly, da ding trude do, thi phai c6 mot lic nao do viée nay
dimng lai. Chiing ta khong thé suy nguge t6i vo han lan duge. Do @6 chiing ta can nhing ménh dé luén dung
nhung tinh ding din ctia n6 duge kiém nghiem trong thyc tién. Ching duge goi la tién dé (hay axiom,
akcuoma). Nhan vat tiép theo duge dé cap t6i sé dan ching ta t6i he thong tién dé 1am nén tang cho hinh
hoc.

Euclid cha Alexandria

bung vay, Euclid 1a ngusi dit nén méng cho hinh hoc véi bo sach ndi tiéng Elements clia minh. Trong bo
sach nay dé cap t6i nhitng tién dé, dinh Iy lam nén tdng cho bd mén hinh hoc va vAn con ¥ nghia cho téi
tan ngay nay. Nhitng gi viét trong dé khong qua xa la v6i nhitng gi dude gidng day trong nha trudng.
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Hinh 2.28: Euclid ctia Alexandria

Euclid ctia Alexandria sinh vao khodng nam 325 TCN va méat vao khodng nam 265 TCN®. Thong tin vé ong
khong c6 nhiéu. Nhung chi méi bo sach Elements ciing di dé ngudi doi sau cho riing 6ng la ngusi c6 anh
huéng nhat trong 2000 nam lich st phat trién ctia toan hoc.

Nim tién dé co ban ciia hinh hoc dude 6ng phat biéu trong bo Elements duge phat biéu nhu sau:
1. Qua hai diém bat ki luén vé duge mot dudng thing
. Pudng thing c6 thé kéo dai vo han vé c hai phia

2
3. Ta c6 thé xac dinh mot dudng tron bing tam va ban kinh clia né
4. Moi goc vudng déu biang nhau

5

. Néu mot duong thing cit hai dudng thing khién tdng hai goc trong ciing phia nhé hon hai vuong thi
hai dudng thing do6 chic chin sé cit nhau tai mot diém nao do

Tién dé s6 5 1a rac rdi va phitc tap nhat. N6 khong thue sur ty nhién va c¢6 nhidu sy vuéng mic. Day chinh
la tién dé cho sy ra ddi ctia hinh hoc phi-Euclid hon 1500 ndm sau.

Bo Elements ciia Euclid bao gom 13 quyén. Trong d6 dé cap t6i rat nhiéu van dé ciia hinh hoc, tit nhiing
phan tit don gidn nhat cau tao nén hinh hoc 1a diém, doan thing, dudng thing, t6i nhitng hinh hoc 16n hon
nhu hinh chi nhat, hinh tron, da gidc, mit phdng. Tham chi éng ciing da cé nhing ddu chan & hinh hoc
khong gian nhu hinh chép, hinh cau, hinh nén ([2], [10]).

3 https://mathshistory.st-andrews.ac.uk/Biographies /Euclid /
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Phuong phap toa do trong mit phang

Cudc cach mang trong hinh hoc xay ra khi nha toan hoc lang tit René Descartes phat minh ra hé toa do
va tit d6 moi ddi tugng hinh hoc c6 thé duge biéu dién bdi cac phuong phap dai s6 nhu phuong trinh, ding
thire.

Hinh 2.29: René Descartes (1596-1650)

Danh muc thuat ngit va ki hiéu

DPau tién chung ta thdng nhat cac thuat ngit cling nhu ki hieu duge st dung ké tir day.

Piém 1a don vi co ban ctia hinh hoc. Bat ki ddi tuong hinh hoc nao cing 1a mot tap hop diém. Piém duge
ki hiéu bdi chit in hoa, vi du nhu A, By, Bo.

Puong thang di qua hai diém phéan biét cho trude. Pudng thing co thé kéo dai vo han vé hai phia. Pudng
thdng dugc ki higu béi chit in thudng hodc chit Hy Lap trong ngodc don, vi du nhu (d), (A).

Poan thang chi phan duong thing nim giita hai diém va ban than hai diém do.
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Ntta dudng thang chi phan dudng thing n¥m mot phia ctia mot diém trén dudng thang va chi kéo dai vo
han vé phia dé.

Vector la doan thing c6 huéng. Véi diém dau 1a A va diém cubi 1a B thi vector tit A téi B duge ki hieu la
AB. Dé chi mot vector khong can biét diém dau va diém cudi ta diing chit thuong in dam, vi du nhu a.

Goc gitta hai vector OA va OB 1a goc ZAOB va ki hiéu la (Wl, O?)

Tuong tu d6i v6i vector @ va b thi goc gitta ching ki higu 1a (a, b).

Vector trong mit phang

Trong hé toa do Oxy vdi tam O va hai truc Ox (truc hoanh) va Oy (truc tung) vudng goc nhau, dit
O = (0,0) 1a toa do clia tam O.

Tiép theo, moi diém trong mit phing Euclid di lién véi cap s6 (x, y) chi toa do ciia diém do. Vidu A = (1,3),
B = (4,1).

Hinh 2.30: Toa do ctia diém trong mat phing

. . p —
Toa do ciia diem cing 1a toa do ctia vector tit O tdi diem d6. O Hinh 2.30 thi OA = (1,3) va OB = (4,1).
Toa d0 cta vector AB khi d6 sé 1a

AB = OB — OA = (4,1) — (1,3) = (3, -2).
Ciing theo Hinh 2.30 thi ta thay AB=0C = (3,-2).
Nhu vay, néu ta c6 hai diém A = (z4,y4) va B = (vp,yp) thi toa do vector @ 1a
AB = (25— 4,y — ya).
Tich vd hudng ctia hai vector a = (x1,y1) va b = (z2,y2) duge dinh nghia la
a-b=u1x1x2 +y1yo.

Ta ciling c6 thé ki hiéu tich vo huéng 1a (a, b) nhung minh sé khong ding ki higu nay.
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Ta ki hiéu ||a|| 1a do dai (chuan Euclid, Euclid norm) ciia vector a. Trong hé toa do Descartes vuong goc,
theo dinh 1y Pythagoras, do dai ctia vector 1a do dai canh huyén tam giac vuéng (Hinh 2.30). Nhu vay, do
dai doan théng AB véi A = (x4,y4) va B = (zp,yp) la

AB = H/@H =V(zp —xa)? + (ys — ya)*.
Khi d6 cosin goc gitta hai vector a va b 1a

a-b _ T1%2 + Y192
lall -6l /22 + 7 - /22 + 43

Néu goc gitta hai vector bang 90 do thi hai vector dugc goi 13 vuéng goc nhau. Khi do tich vo huéng a-b = 0.

cos(a, b) =

Phuong trinh dudng thing trong mit phing

Theo tién dé& Euclid, mot dudng thang duge xac dinh khi biét hai diém phan biet thudc dudsng thing do.
Trong hé toa do, chiing ta c6 hai cach tim phuong trinh duong thing.

St dung vector phap tuyén. Vector phap tuyén clia dudng thing 1a vector vuong goc véi moi vector co
phuong la dudng thing d6. Gia st v = (a, b) 1a vector phap tuyén ctia dudng thing di qua diém My = (9, yo).
Khi d6 duong thing di qua qua My nhan v lam vector phap tuyén 1a tap hop diém M = (x,y) trén mat
phéng sao cho v - MoM = 0. Piéu nay tuong duong véi

ey
v-MoM =a-(z—z0)+b-(y—yo) =0.

St dung vector chi phuong. Vector chi phuong ctia dudng thing la vector co6 phuong song song véi
dudng thing do. Gia sit v’ = (a’, ') 1a vector chi phuong ciia duong théng di qua diém My = (x¢,yo). Khi
d6 duong théng di qua My nhan v’ lam vector chi phuong la tap hop diém M = (x,y) trén mit phang sao
cho v’ cting phuong v6i MyM. Piéu nay tuong duong véi

T—To Y~ Yo

—_—
/
UHMOM<:>T2 b

1. Cé hai cach biéu dién khi khai trién ra déu co6 dang ax + by + ¢ = 0 véi ¢ 1a hing s6. Pay dudc goi 1a
dang tdng quét clia phuong trinh dudng thing.

T—%o Y—Yo
a VY
3. Dang chinh tic ciia phuong trinh dudng théng con c6 mot tac dung dic biet khac
T—Xo Y—Yo
a Y

véi t € R. Khi d6 toa do M = (z,y) c6 thé duge biéu dién dusi dang

2. Céch viét

duge goi 1a dang chinh tic ctia phuong trinh dudng thing.

=1

, teR.

T =x9+at
y=1yo+0t

Day dudc goi 1a phuong trinh dang tham s6.

Chiing ta ch ¥ ring néu duong thing song song véi mot trong hai truc toa do thi vector chi phuong clia n6
sé ciing phuong véi vector don vi (1,0) hodic (0,1). Do d6 khong thé viét dudi dang chinh tic duge (khong
thé chia cho 0) nhung c6 thé viét dudi dang tdng quat hozic dang tham sb.
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Khoang cach giita diém va dudng thing

Nhic lai mot chit kién thiic co sé. Khoang cach tit mot diém A nim ngoai dudng thing (d) 1a do dai doan
thang AH v6i H € (d) sao cho AH nhd nhat (Hinh 2.31).

Khi d6 H dugc goi 1a hinh chiéu clia A lén duong thing (d) va AH 1a khoang cach tir A t6i (d). Do AH
la doan théng c6 do dai ngdn nhat, didu nay xay ra khi AH L (d).

A

(d)

-
H I
Hinh 2.31: Hinh chiéu va khoang céach téi duong thing

Nhu vay, dé tim hinh chiéu ctia diém A lén duong thang (d), ta dung dudng thang di qua diém A va vuoéng
goc véi (d).

Gia sit phuong trinh duong thing (d) vé6i vector phap tuyén v = (a,b) 1a (d) : ax + by + ¢ = 0.

Goi (d') 1a duong thang di qua A = (29, y0) va vuéng goéc véi d. Do v 1a vector phap tuyén clia (d) nén v
1a vector chi phuong ctia (d'). Khi d6 phuong trinh dang tham s6 ctia (d') 1a

= t
T=mo +a , teR.
y=1yo+ bt

Goi H 1a hinh chiéu ctia A lén (d). Khi d6 H 1a giao diém ctia (d) va (d'). Vi H € (d’) nén toa do ciia H c6
dang (zo + at,yo + bt) véi t ndo d6 thuoc R. Chung ta s& di tim ¢ nay.
Vi H € (d) nén ta thay toa do ciia H vira tim duge vao phuong trinh ctia (d) thu duge

axg +byo + ¢
Nhu vay 1a ta da tim dugce t tir d6 xac dinh duge toa do cta H.

Tt day ta tinh duge khodng cach tit A t6i (d), hay noi cach khac 1a do dai doan thing AH. Tacoé A = (x0,yo)
va H = (z¢ + at,yo + bt) nén /ﬁ[ = (at,bt), suy ra

AH = HEH = /(at)? + (bt)2 = |t|\/a? + b2

axg + byo + ¢ 5 lazo + byo + ¢|
—|_GroT o T/ p2 — 19T0 T %Yo T €|
’ l12+b2 as + 0,2+b2

Pao ham

Phép tinh vi tich phan da dugc con ngusi nghién citu tit lau. Cau chuyén vé ai 1a ngudi phat minh ra phép
tinh vi tich phan: Newton hay Leibniz, dugc coi 14 mot trong nhitng vu tranh cai dang xadu hd nhét lich st
toan hoc. Nhung ho cling da dé lai mot manh dat mau mé cho toan hoc vé sau.
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Co hoc va su ra ddi cia dao ham

Truong phai Newton st dung dao ham nhu céng cu khao sat van téc tit quang dudng. O bac trung hoc
ching ta biét ring van téc trung binh bing quang duong chia thoi gian. Tuy nhién diéu dé chi dung cho
chuyén dong thing déu. Néu quang dudng la mot ham sé phu thudc thai gian (quang dudng 1a s(t) véi
t 1a thai gian) thi diéu d6 khong ding nita.

Do quang duong phu thudc thoi gian nén cé thé 1a van téc ciing phu thuoc thai gian? Hop li day. Nhung
v6i mdi mot gia tri thai gian ¢ cho ta mot vi tri s(¢) trén truc s6, con van tdc thi khong thé phu thuoe mot
gi4 tri thoi gian duge. Ro rang vat phai di chuyén mot quang dudng tit thoi gian tg t6i ¢1 thi méi co6 van
téc trén quang dusng doé chi?

Cach tiép can 6 day la, chung ta cho su thay ddi thoi gian, titc hieu At = t; — to, rat nhé. Khi do vat di tir

t1) — s(t 3 2
w. Do At rét nhé, hay tién
1—to
vé 0, thi van téc gan nhu xay ra vao ding mot thai diém. Do do6 van téc lic nay duge goi 1a van tde tiic
thoi. D6 cling chinh 1a y nghia co hoc va sy ra doi clia dao ham theo truong phai Newton.

s(tg) t6i s(t1), vay la chiing ta c6 thé tinh van tdc véi cong thiic v =

Y nghia hinh hoc ciia dao ham

Xét ham s6 y = f(z) lién tuc trén khoang (a,b) chita diém .

Goi M’ = (z,y) 1a mot diém thuoc ham s6 y = f(z). Khi d6 dao ham ciia f(z) tai zo 1a gidi han

lim f(@) = flxo) _ lim f(zo+ Az) — flxo) _ lim ﬂ
) T — X Az—0 Ax Az—0 Az

Xét Hinh 2.32, ti s6 Ay/Ax 1a tangent ciia goc hgp béi truc hoanh Oz va dudng thang M M.

Y

Yo

H‘

Hinh 2.32: He s6 goc (truong hop 1)

Tiép theo, xét Hinh 2.33, ta thay duong thang M M’ ngay cang tién sat lai véi dudng cong. Nhu vay, khi
Az tién t6i 0 thi dudng thang MM’ cit dudng cong tai hai diém cang sat nhau. Dén khi hai diém dé tring
nhau, duong thdng MM’ chi di qua ding mot diém thudc dudng cong va khi d6 MM’ tré thanh tiép tuyén
ctia dudng cong tai diém M = (2o, o).
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Hinh 2.33: Hé s6 goc (truong hop 2)

Khi d6 f’(z0) la tangent ctia goc hgp bdi MM’ va truc hoanh Oz, hay noi cich khac 1a hé s6 géc (hay
, . A -
yiioBoit koaddunumenr) clia dudng tiép tuyén. Thém nta f'(zg) = A—y = Y7% hen phuong trinh
T xT— T

duong tiép tuyén di qua M = (z9,y0) 1a
y = f'(z0)(z — 20) + Yo

Tich phan
Tich phan 1a khai niém quan trong trong giai tich. Sau diy sé trinh bay cach tinh tich phan theo tdng

Riemann.

Tich phan va phan chia dién tich

Xét phuong trinh ctia mot dudng cong y = f(z) > 0 trén doan [a; b].

Theo dinh nghia, tich phan tit a téi b 1a dién tich phan hinh phing giéi han béi dudng cong y = f(z), truc
hoanh Oz va hai truc ding z = a, z = b.

O Hinh 2.34, dién tich phan t6 mau xam 1a tich phan tir —2 t6i 2 ctia ham s6 f(z) = —x2 + 4.
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2 1 12
Hinh 2.34: Tich phan tit —2 tdi 2 ciia f(x) = —2% +4

Chiing ta c6 thé tinh dién tich hinh chit nhat, hinh thang, hinh vuéng. Vay c6 cach nao dé tinh dién tich
mot hinh giéi han béi cdc dudng cong bat ki khong?

Co6 day! Chung ta sé tinh xap xi bing tdng dién tich cic hinh chit nhat.
Vi du v6i ham 86 f(z) = —2% + 4 & trén, ta chia doan [a;b] thanh n phan bing nhau
a=20 <21 < ...<Xp_1 < Ty =0>.

—a

Trong d6 x; 11 — x; cb dinh va bing

Déi véi Hinh 2.35 ta xap xi bang 7 hinh chi nhat. D6i véi Hinh 2.36 ta xap xi bing 15 hinh chit nhat. Dbi
v6i Hinh 2.37 ta xap x{ bang 31 hinh chit nhat.

Hinh 2.35: X&p xi dién tich bdi 7 hinh chit nhat
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Hinh 2.36: Xap xi dién tich bdi 15 hinh chit nhat

Hinh 2.37: X&p xi dién tich bsi 31 hinh chit nhat

Cang diing nhiéu hinh chit nhat, téng dién tich ctia chiing cang gan véi dién tich can tim, hay la tich phan
can tim.

a . NP 5N .-
v6i n 14 s6 doan. Chieu dai

2 ~ R . b—
O ba hinh trén, mdi hinh chi nhat trong @6 c6 chiéu rong bing nhau la

b_
1 f(a) véia; = a+ ——i,i=1,2,...,n (bién sau).

b—a

Cu thé hon, hinh chit nhat tit 2;_; t6i x; s& c6 chiéu dai 1a f(z;) va chidu rong la . O day luu v ring

viéc chon chidu dai khong bat buoc phai chon bién sau. Chiing ta hoan toan c6 thé chon chiéu dai 1a f(z;_1),
hodc max f(z), min f(x) trén doan [x;_1;;].

Khi d6, tong dien tich ciia cac hinh chit nhat 1a

Z(ﬂ% - %’4) : f(xz) = Z b= af(fﬂi)'

n
i=1 =1

Khi s6 lugng hinh chi nhat ting lén t6i vo han thi tong dién tich sé tién t6i dien tich chinh xac ctia hinh
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can tim, hay néi cach khac 1a tich phan. Do d6 két qua sé 1a

n

b
b—a b—a
dr = li i)y Ti= .
[ s I T
J -

Vi du tinh tich phan qua tc“;ng Riemann

Vi duy, tinh tich phan tit —2 t6i 2 clia ham s6 f(z) = —2% +4 & trén.

2
b ) = 4( <2+4z> +4>
n n
4( 4+16162+4>
n n
_G4 (i
n\n n2)’

n(n+1)
—

Tacob=2via=—2nén

n
Tinh tong i tit 1 t6i n ta c6 » i =
=1

n(n+1)(2n + 1).

n
Tinh téng 2 t 1 t6i n ta co 2 =
g > :

=1

Tu day ta suy ra

64 (i 4> 64 = . 64 = ,
n(n‘n) 0 o
=1 !

64 n(n+ 1) 64 n(n+1)(2n+ 1).

n? 2 n3 6
64 64 -2 32

Khi n tién t6i vo cuc thi biéu thic trén tién t6i 2" 6 — 3 b4y chinh la gia tri cua tich phan
2

/(—x2 +4)dz.

-2

Ba dudng Conic

Ba duong Conic bao gdm ellipse, hyperbol va parabol.

Ellipse

O Definition 1.37 (Ellipse)

DPudng ellipse 1a tap hop cac diém sao cho téng khoang cach tit no t6i hai diém c6 dinh 1a hing sb.

Noi cach khac, véi hai diém cb dinh Fy va Fs, tap hop cac diém M sao cho
MF1 + MF2 = 2(1,

v6i a 1a hing s6 tao thanh duong ellipse.
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O tren he toa do, néu ta chon Fy va F nim trén Oz va déi xing qua Oy, tic 1a Fy = (—¢,0) va Fy = (¢, 0)
véi ¢ > 0, thi cac diém M = (z,y) nim trén ellipse thoa

MF, +MF, =+/(z+¢)2+ 42 +/(z — )2 +y* = 2a,

tuong ting v6i bién ddi thanh phuong trinh

Pit b2 = a® — ¢ thi phuong trinh ciia ellipse tré thanh
2 2

L !
a b2

Phuong trinh nay goi 1a phuong trinh chinh tic.

4
22 42
Hinh 2.38: Ellipse véi phuong trinh % + 9= 1
Trong phuong trinh
2 2
S |
a b2

thi a 14 khoang cach tir tAm t6i hai bién trai hosc phai, nén a 1a dd dai ban truc 1én.
Tuong tu, b 14 A6 dai ban truc nho (khoang cach tit tAm t6i hai bién trén dudi).
T cach dat b2 = a? — ¢? tuong duong véi c® = a? — b? thi ¢ goi la tiéu cu cia ellipse.

Céc diém Fy va F, goi la tieu diém cia ellipse.

2 2

Vdividutrén%—&—%zlth‘la:&b:& Tasuyrac=4 (luuylaa,b >0vac>0).
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Céc dinh nam & cac toa do (—a,0), (a,0), (0,b), (0, —b).

Cac tiéu diém nim & (—c,0), (c,0).

® Remark 1.10

Khi ¢ = 0, ttic 14 hai tiéu diém tring nhau, ta c6 dudng tromn.

c
Tam sai cta ellipse la e = — < 1.
a

Hyperbol

© Definition 1.38 (Hyperbol)

DPudng hyperbol 14 tap hop céac diém sao cho gia tri tuyét dbi hieu s6 khoang cach tit né t6i hai diém cb
dinh 1a hing sb.

Noi cach khac, v6i hai diém cb dinh Fy va Fs, tap hop cac diém M sao cho
|MF1 — MFQ‘ = 20,7

v6i a 14 hing s6 tao thanh dudng hyperbol.

O trén he toa do, néu ta chon Fy va Fy nim trén Oz va dbi xting qua Oy, tic 1a Fy = (—¢,0) va Fy = (¢,0),
thi cac diém M = (x,y) nidm trén hyperbol théa

[MFy = MBy| = [\/(z+c)* +y> = /(z — )2 +y?| = 2a,

tuong ting v6i bién ddi thanh phuong trinh

bit b2 = a® — ¢? thi phuong trinh cia hyperbol tré thanh
2?2

2 ot

Pudng hyperbol cit truc Oz tai hai diém A; = (—a,0) va Ay = (a,0).
Tiéu diém ctia hyperbol & Fy = (—¢,0) va F» = (c,0).

» b b
Puong hyperbol c¢6 hai tiém can 14 duong thing y = —x va y = ——=x.
a a

Tam sai ctia hyperbol 1a e = ¢ > 1.
a

Parabol

O Definition 1.39 (Parabol)

Pudng parabol 1a tap hop cac diém cach déu mot diém cb dinh va mot dudng thang cd dinh.
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Hinh 2.39: Parabol v6i phuong trinh y = —22 + 4

Nghia 14, v6i diém c6 dinh F va dusng thang c6 dinh (d), parabol la tap hgp cac diém M sao cho
MF = d(M, ()

v6i d(M, (d)) 1a khodng cach tit M t6i dudng thang (d).

Phép doi toa do cho phép ta doi mot hinh parabol c6 dinh & bat ki diém nao vé gbc toa do.

Tic 1a, khong méat tinh tdng quét, ta chi can xét cic parabol dang y = ax? 1a du.

Diém cb dinh & trén dude goi la tiéu diém. Pudng thing cb dinh & trén goi la dudng chuin.

Parabol c6 tinh dbi xiing nén tiéu diém nam trén Oy. Dt toa do clia tiéu diém 1a F = (0, f).

Pudng chuan ndm ngang nén ta cé parabol la cac diém M = (x,%) sao cho

MF = /22 + (y— )2, d(M,(d) =y + f,

truong hop M triing véi dinh nén diéu kién ciia parabol xay ra tuong duong véi M cach déu tieu diém va
dudng chuan, nghia la dudng chuan c6 dang y = —f.

Do @6 /22 + (y — f)2 = y + f. Binh phuong va bién ddi ta thu gon duge f = %.

Thudng thi ta dat p = f, khi d6 phuong trinh parabol tré thanh z2? = 4py.

Day 1a dang chinh tic ctia parabol véi truc doi xitng doc.

Tam sai ctia parabol 1a e = 2 =1.

Phép bién hinh

Trong thyc té chiing ta hay gip cic van dé vé viéc di doi mot hinh nao dé sang mot vi trf khac trong mit

phéng, khéng gian va phai ddm béo gitt nguyén mot s6 quan hé nhat dinh. Trong d6 co ban nhét va duge
itng dung rong rai 1a phép doi hinh va phép dong dang.

Phép dai hinh
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© Definition 1.40 (Phép doi hinh)

Phép doi hinh tit hinh # thanh hinh #’ 14 mot anh xa f bién mdi diém thuoc hinh H thanh diém thuoc
hinh H’ sao cho khoang céch gitta hai diém bat ki trong H bao toan khi qua #'.

Noi cach khac, véi moi diém A, B € H, anh xa f bién A thanh A’ va B thanh B’, nghia la A’, B’ € H’, thi
A'B" = AB.

Mot s6 phép doi hinh co ban 14 ddi hinh theo vector (ddi theo mot huéng nhét dinh), déi xing qua truc, d6i
xing qua tam, quay quanh tam hodc quay quanh truc nao doé.

Phép ddi hinh theo vector

Phép doi hinh theo vector @ # 0 (phép tinh tién) bién diém A thanh diém A’ sao cho AA’ = 7.
Dé thay day 1a phép doi hinh vi v6i moi A, B bién thanh A’, B’ ta co

— — —

AB = A'A+ AB+ BB,

ma ta co

— —
AA=—-F=-BB

nen
—
A'B = AB.

Vector bing nhau thi do dai ciing bing nhau. Ta cé diéu phai ching minh.

Hinh 2.40: Tinh tién theo vector $vec{a}$

Phép dbi xirng qua dudng thing cb dinh

Cho duong théng cb dinh (d).

Phép dbi xing qua dudng théng (d) bién diém A thanh diém A’ sao cho AA’ cit (d) tai trung diém AA’ va
dudng thang di qua AA’ vuéng goc véi (d).
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Hinh 2.41: D&i xitng qua dudng thing (d)

Phép d6i xitng qua tam cb dinh

Cho diém c¢b dinh O.

P 2 p 2 — .
Phép doi xting tam O bién diem A thanh diém A’ sao cho O—1>4 = —0OA’. Noi cach khac O 1a trung diem

doan thing AA’.
Phép quay quanh tam cbé dinh

Cho diém c¢b dinh O.

Phép quay (mic dinh la nguge chidu dong hd) quanh tdm O theo mot goc cd dinh ¢ bién diém A thanh
diém A’ sao cho

i ——
(O_}l, OA") = .

Trén mit phing ching ta c6 thé biéu dién phép quay dudi hé toa do nhu sau.
Gié st vector O—1>4 c6 do dai la » va hgp v6i truc Oxr mot goc a.
Khi do, gia sit toa do cla OA = (x,y) thi ta co

T =TCcosq,

y =rsina.

Néu ta quay vector nay quanh goc toa do, nguge chiéu kim dong hd mot goc ¢ thi thuc ra goc (méi) hop
béi vector OA” va truc Oz 1a a + .
Do d6
2’ = rcos(a+ o),
y = rsin(a+ ).
Khi khai trién ra

a2’ = rcosacosp — rsinasing = xcosp — ysin g

y = rsinacosy + rcosasinp = ycos p + sin .
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Dé& thay, phép quay bao toan khodng cach tit tam O t6i diém dé. Nghia la OA = OA’.

o Y4

B 1

Phép bién hinh trén mat phing toa d6

Goi A = (z,y) 1a toa do ban dau ciia diéem va A’ = f(A4) = (2/,%) 1a toa do diém A’, 1a két qua ciia phép
bién hinh f lén diém A.

Chung ta lan lugt xét cac phép bién hinh da liet ké & trén va chuyén vé phép nhan ma tran.

Céc phép nhan ma tran cho phép ching ta hop cac phép bién ddi lién tiép thanh mot bién ddi lén.

Gia stt A7 1a ma tran ng v6i phép tinh tién, Ar 1a ma tran Gng véi phép quay.

Khi d6 v6i phép nhan ma tran, néu ta mudn thyc hién lién tiép phép tinh tién va phép quay thi ta co
Ar- Ap.

Hop cac phép dai hinh khong ¢6 tinh giao hoén, cting nhu phép nhan ma tran. Do @6 thit tu thuc hién phép
doi hinh khac nhau thi thi ty nhan ma tran ciing khac nhau.

Mot yéu cau vé phép bién déi tuyén tinh 1a khéng c6 vector tu do, nghia la bién ddi c6 dang

vGi A 14 ma tran n x n.

Phép ddi hinh theo vector

) -y
bat v = (a,b) 1a vector tinh tién. Khi d6 AA" = ¥ sé tuong duong véi

d—w=a, y-y=bh
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hay tuong duong véi ¢’ =z +avay =y+0b.

Dé thiy ring két qua co thé viét & dang:
' 10 T a
()=6 06+ 6)

Tuy nhién ching ta can mot bién déi tuyén tinh khong co vector <Z>

Liic nay, thay vi sit dung ma tran 2 x 2 thi ta chuyén thanh 3 x 3 va cong thitc trd thanh:

' T

1 0 a
y =10 1 b]-|y
1 0 0 1 1

1
Ma tran | 0 14 ma tran tinh tién (translation vector) twong ting v6i phép tinh tién diém A = (x,y)
0

|l o~ o
— o Q

theo vector ¢ = (a, b).

Phép d6i xiing qua duong thing cb dinh
Tuong tu viec tim toa do hinh chiéu cia mot diém lén mot duong théng cho trude, & day chung ta tim hinh
chiéu rdi 1ay dbéi xing diém ban dau qua tam la hinh chiéu.

Goi (d) : ax+by+c = 0 1a dusng thing bat ki. Goi M = (a7, ya) 1a diém can lay déi xiing va N = (zn,yn)
la diém d6i xing ctia M qua dudng thing (d).

Goi I = (x7,ys) 1a hinh chiéu ctia M 1én (d). Khi d6 I 1a trung diém ctia doan thang MN va M N L (d).

Do duong thang MN L (d) va duosng thang (d) c6 vector phap tuyén 1a v = (a,b) nén v 1a vector chi phuong
ciia dudng thing M N.

Nhu vay duong thing M N c6 phuong trinh tham s

teR.

r =xp +at
y =ym+bt’

Do I € MN nén z; = xp + atg va yr = yar + btg. Vi I € (d) nén thay toa do diém I vao phuong trinh
duong thang (d) ta co

azxy + by + ¢

t b bt =0=ty=—
a(zy + ato) + b(yn + blo) + ¢ 0 2102

Nhu vay toa do diém I 1a

ary +byy +c b2z — abyy — ac

rr =2y +atg =Ty —a

a2 + b2 a2 + b2 ’
B 4 bt = baxM+byM+c - —abz s + a’ynr — be
Y1 =Ym 0=Ym a1 02 = 2 102
Vi I la trung diém M N nén
5 2(b%x s — abyys — ac) b —a? 2ab 2ac
TN =227 —xp = — Ty = —5—=XpN — — ,
N reaM a? + b2 M= 2™ @ ™M e
5 2(—abxps + a’ypr — be) 2ab n a? — b2 2bc
= —_ = _ = — x _——
YN Y1 —ym a2 + b2 Ym 2L tMT e Ym =3 T2
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Nhu vay ta ciing c6 thé biéu dién phép ddi xiing truc bing phép nhan ma tran

b? — a? 2ab 2ac
TN a2 + b2 7a2+b2 7a2+b2 T
yn | = 2ab a’® —b? 2bc Ny
1 a? + b? a? 4+ b2 a? + b2 1
0 0 1

Phép d6i xirng qua tam cb6 dinh

Theo dinh nghia & trén, gia st tAm O c6 toa do (a,b). Diéu kién OA—0A tuong duong véi:
r—a=—('—a), y—a=—(g —b)
hay tuong duong véi
¥ =—x+2a, Yy =-—y+2b

Tuong tit bén trén, ta mudn mot phép nhan ma tran ma khong cong thém vector ngoai. Ta c6 phép nhan

x’ -1 0 2a x
y]1=10 -1 20]-|y
1 0 0 1 1
-1 0 2a
Nhu vay, ma tran | 0 —1 2b | 1a ma tran ddi xing qua tam O = (a, b).
0 0 1

Phép quay quanh tam cb dinh

Tit cong thite clia phép quay quanh tam la gbc toa do:
'\  [cosp —sing\ (z
y' ) \singp cosy y)’

ta thay ring trong cac phép bién ddi trén ta can ma tran 3 x 3 thay vi 2 x 2 nén phép quay ciing can ma
tran 3 x 3 dé co6 thé hgp véi cac phép bién hinh khéc.

x! cos¢g —sing 0 T
y | =|sing cos¢ 0)- |y
1 0 0 1 1

cos¢p —sing 0
Nhu vay ma tran | sing cos¢ 0| thé hien phép quay quanh tam O 1a gbc toa do.
0 0 1

2.3.2 Pudng doan thoi

LJi néi dau

bong luc dé tac gid viét bai nay 1a sau khi doc vé sy ra doi phép tinh vi tich phan ciing vu tranh cai dang
xau hé trong lich st toan hoc giita Newton va Leibniz, ciing v6i bai toan ciia Johann Bernoulli.

Bai viét nay dugc tham khao nhidu ngudn'?. Pay 14 tai lisu hoc tap c4 nhan. Tac gid hy vong ring bai viét
nho nay sé giup ich duge cho cac ban hoc sinh, sinh vién dam mé toan va vat 1y (mac du tac gid khong phai
dén 1y hihi).

I Miguel A. Lerma, A simple derivation of the equation for the brachistochrone curve, URL -https://sites.math.northwestern.edu
“mlerma/papers-and-preprints /brachistochrone.pdf

2Lé Quang Anh, Gia dinh Bernoulli: mot dong ho Todn hoe, trang 7, ULR - https://rosetta.vn/lequanganh
gia-dinh-bernoulli-mot-dong-ho-toan-hoc
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B6i canh lich s

Thé k¥ 17 da ching kién mot drama co thé goi 1a dang xau hd nhat lich sit toan hoc. Hai nha toan hoc ¢
anh hudng rat 1én lai vieéng vao mot vu kién tung va tranh cai kho coi dé xem ai 1a ngudi phat minh ra phép
tinh vi tich phan. Vang, chiing ta dang néi dén Newton va Leibniz. Vao thdi diém d6 c6 mot nha toan hoc
xuat sic thudc mot dong ho ciing gom rat nhiéu nhan vat xuat sic da dua ra mot bai toan dd cho cic nha
toan hoc trén thé gidi. Bai toan do da ching minh duge wu thé vugt troi trong phuong phap vi tich phan
ctia Leibniz.

Nha toan hoc xuat sic do6 1a Johann Bernoulli, thudc dong ho Bernoulli ndi tiéng. Bai toan do duge phat
biéu nhu sau:

Cho hai diém A va B nam trong mat phing thing ding P (A cao hon B). Hay xac dinh dudng
noi hai diém A va B va ndm trong mit phdng P sao cho mot diém chi chiu trong luc chay tit A
dén B trong thoi gian ngin nhét.

Ching ta da biét ring dudng di ngan nhat giita hai diém 1a doan thing néi hai diém d6. Tuy nhién trong
bai toan clia Johann Bernoulli thi dai lugng ngin nhéit can tim khong phai khoang cach gitta hai diém ma
1 thoi gian di chuyén giita hai diém. Muc tiéu can lam & bai toan nay 1a x4c dinh dudng di (hay quy dao)
thoi gian ngin nhat d6. Do do bai toan nay dude goi 1a bai toan duwdng doan thdi (hay brachistochrone
curve).

Dé giai bai toan nay ching ta can mot dinh luat ciing vé thoi gian ngdn nhat. D6 1a nguyén ly thoi gian
ngan nhat ciia Fermat va mot hé qua ctia n6é 1a dinh luat Snell-Descartes.

Binh ludt Snell-Descartes

P Y
—————————————— Yo P'(0,91)
3 o)
I (&3]
¥ .
1 R(z,0) 22 x
(65) i
V2 i
Y- === — - - - ‘
Q'(0,y2) Q

Hinh 2.42: Dinh luat Snell-Descartes

Nguyén ly thoi gian ngén nhat ctia Fermat phat biéu ring

Khi 4nh sang truyén tit moi trudng ndy sang moi trudng khac thi né luon truyén di theo dudng
nhanh nhéat.
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Hé qua clia nguyén 1y ciia Fermat 13 dinh luat Snell-Descartes ma ching ta thudng thiy & chuong trinh vat
1y & pho thong dudi dang dinh luat khic xa 4nh sang
sin oy _n

sinas v

vOi a1 vA g 1an lugt 14 goc hop béi tia vao va tia ra véi phap tuyén tai diém t6i, v, va vo 14 van téc truyen
trong moi trudng ¢ nva trén va ntta dusi Oz (Hinh 2.42).

Dbé chiing minh dinh luat trén, ta thay ring vy 1a van téc khi di chuyén tit diém P t6i diém R nén thai gian
t1 di tir diém P t6i R 1a

_IPR| _ V- n)t R

U1 U1

tq

Luu y ring tia sang khong truyén t6i goc toa do O(0,0) ma truyén t6i mot diém R(x,0) 1a vi diém bit dau
1a P(z1,y1) va 4nh sdng truyén di theo dudng nhanh nhat (theo nguyén ly Fermat) nén khong c6 gi dam
béo rang no sé truyen téi O(0,0).

Tuong tu, thoi gian t, di tir diém R t6i Q 1a

QI _ =)
V2

V2

Két hgp hai phuong trinh ctia ¢, va t, lai thi téng thoi gian di chuyén tit P t6i Q biéu dién theo x 1a

Ve—e 7+ el
V1 Vo '

T(m) =t +it=

Pao ham theo z ta co

r — I Xr — X9

T (z) =

vV (@ —21)2+ 9y v (x—x2)2+y§.

. N - — 2 . N
bé y ring © > z1 nén x — z1 = ||PP’|. Tuong tu x2 — z = [|QQ’||. P& tim cyc tri ta cho dao ham bang 0

roi tinh dao ham cap 2. Ta c6

PP Q] i i

SN & Sin o
T'(z) =0 & - e — -T2

wl PRl w|RQ| D
Nhu vay Sy smas Pao ham cép 2 tuong ting 1a
U1 V2
2 2
T//(x) — yl y2 > 0.

+
vi((z—a1)? +y7)  va((z = 22)> +43)
Do d6 x thoa T'(x) = 0 & trén la cyc tiéu va dinh luat Snell-Descartes duge chitng minh.

BPudng cong Cycloid

Pép an cho bai toan ma Johann Bernoulli dat ra 1a dudng cong cycloid. Sau day sé trinh bay cach giai bai
toan ma Johann Bernoulli phat biéu.
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Y

Hinh 2.43: Pudng cycloid

Phuong ctia van téc tic thoi tai mot diém khi mot vat di theo mot quy dao dudng cong 1 tiép tuyén véi

dudng cong tai diém d6. Khi d6 goc a trong dinh luat Snell-Descartes sé c6 lién hé véi hé sb6 goc ciia tiép
. . . 7r B . .

tuyen v6i duong cong. Noi rd hon, goc hgp bdi tiep tuyeén va truc Oz 1a o + 3 va hé s0 gbéc cla tiep tuyen

la tan (a + g) = % (Hinh 2.43).

1
Tac()tan(aJrz):fcotavalJrcotQa: —5— nén
2 sin“ o
1 dy\?
— :1+cot2a:1—|—<y> .
sin® « dx

Gia sit toa do ctia A 1a (w9, o). Khi mot diém di chuyén tit A t6i B, goi (x,y) 1 toa do ctia diém d6 trén
duong cong. Theo dinh luat bao toan co nang thi

1
mgyo = 5”“’2 + mgy,

véi v 14 van toc titc thoi tai diém (z,y) va mgy 1a thé ning tai diém d6. Nhu vay ta co

v = 2g9(—y + o).

v N Z N . N P . A
Theo dinh luat Snell-Descartes thi 1a mo6t hang so khi nam trong ciing moéi truong. Do d6 ton tai so r
sin «
2
2 4. v N c1s2 . - N o oA .
o dinh sao cho —5— = 4gr. Tt hai biéu thic cua v? va — 5— O trén ta c6
sin® « sin® «

v =2¢9(—y + yo) 1+(dy)2 = 4gr
sina AR dz = &g
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Suy ra

(dy> _ T (2.2)

dr)  yo—vy

Téi day ta thiy ring bac cla dy va dx 6 vé trai 1a gidng nhau, trong khi vé phai chi c6 y ma khoéng co z.
Do @6 "bét chuéc" cach ddi bién ctia duong tron, dit

x=ab + bcost
y=c+dsinf

Véi a, b, ¢, d 1a cac sb thuce can tim, 6 1a goc hop bdi Oy va doan thing néi tam O va diém trén dudng cong
(theo goc o). Luu y rang khi thay 6 = 0 va 6§ = 7/2 vao hai phuong trinh trén ta phai thu duge hai diém
trén hai truc toa do.

LAy vi phan hai phuong trinh trén ta co

dxr =a—bsinfdo,
dy = dcos 6 df.
Thay vao phuong trinh (2.2) ta duge

d? cos? 0 B 2r _1_2r—y0—|—c+dsin9
(a —bsinh)2  yo—c—dsinf  yg—c—dsinf

Do cos?f = 1 —sin? @ = (1 — sin@)(1 + sin#) nén ta mudn chon a va b c6 thé rat gon duge cho tit sb.

Trudng hop 1. a = b, ta thu duge

d*(1 +sinf)  (2r —yo+c) +dsind

a?(1 —sin ) (yo —c) —dsinf

Ta sé mubn ddng nhat heé s6 tu do va hé sb trude sin @ dé dé tinh toan sau nay. Do d6 mot cach chon don
gidn 1a 2r —yg + c=d va yo — ¢ = d. Suy ra r = d. Thu gon phuong trinh ta dugc

d*(1+sinf) 1+sind
a2(1 —sinf) 1 —sinf’

Nhu vay a? = d? nén a = d hoiac a = —d. Ta xét trudng hop a = d, truong hdp a = —d ciing cho két qua
tuong tu (khong théa man).

Tacoa=b=d=rvac=yyg—d=1yo—r. Phuong trinh dudng cong trong toa do cuyc sé la
x =1(0 + cosb),
y=(yo—r)+rsind.

Vé6i 6 =0 thi (z,y) = (r,yo — 7). V6i 0 = 7/2 thi (z,y) = (77/2,y0).

Té6i day ching ta c6 thé thém b6t mot hang sé dé "kéo" céac toa do vé truc.

Ta dua toa do khi § = 0 vé Oy thi 2’ = x — r. Tuong tu toa do khi § = 7/2 sé vé Oz nén y' = y — yo. Nhu
vay toa do (mdéi) cho hai truong hop 6 1a (0, —r) va (7r/2 — 1,0) nhung vi r 14 s6 duong (ban kinh) nén
(0, —r) nim duéi truc Oz, khong phtt hgp vé6i hinh vé.

Trudng hop 2. a = —b, ta thu dugc

d*(1 —sinf)  (2r —yo+c) +dsind

a?(1 + sin6) (yo —c) — dsinf
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Tuong tu, dé dong nhat va rat gon hé s6 cho hop véi bén vé trai ta chon 2r —yg +c = —d va yo — ¢ = —d.
Suy ra d = —r. Thu gon phuong trinh ta dugc

d?*(1 —sinf) 1 —sind

a2(1 +sinf) 1+sinf’

Nhu vay a® = d2 nén a = d hoic a = —d. Ta xét trudng hop a = —d.
Khidoa=-b=—-d=rvac=1yy+d=yy—r. Phuong trinh dudng cong trong toa dd cuc sé la
x =r(0 — cosb),
y=(yo—r)—rsind.
Véi 6 =0 thi (z,y) = (—7r,y0). V6i 0 =x/2 thi (x,y) = (r(7/2 —1),y0 — 2r).
Té6i day ta ciing thém bét mot hing s6 vao hoanh do va tung do dé "kéo" cac toa do vé truc.

Ta dua toa do khi # = 0 vé Oy thi 2’ = x+r. Tuong tu ta dua toa do khi § = 7/2 vé Oz thiy' = y—yo+2r.
Khi d6 toa do (méi) 1a (0,2r) va (wr/2,0). Diéu nay pha hgp vdi yéu cau bai toan va tuong duong véi
phuong trinh trong toa do cuc

x=7r(0—cosb)+r=r(1+60—cosb)
y=(yo—r)—rsind — (yo — 2r) = r(1 —sin6)

vmogagg.

Day chinh 1a két quéd can tim. Thém nita vi tri ban dau cta vat 1a (0,yg) va toa d6 theo phuong trinh la
(0,2r) nén suy ra yo = 2r.

Phuong trinh phu thudc thai gian

Trong phuong trinh dudng cong c6 sy tham gia ctia ban kinh r ¢6 dinh va géc quét 6. Chiing ta can mbi
lién hé gitta cac phuong trinh theo thoi gian.

Nhéc lai, van tbc tic thoi tai mot diém co phuong tring véi tiép tuyén véi dudng cong tai diém d6. Do

dy)? dz)? .
do v = % xac dinh van tdc titc thai véi quang duong 1a (dy)? + (dz)? 1a binh phuong khodng

cach trong mat phang. Ti day suy ra

v? = (f;;)z + (Z)z =12 cos? (if)Q +72(1 + sin 6)? (23)2
2
= 2r%(1 +sin ) (Zf) .
Tt bén trén va yo = 2r ta c¢6
v? =2g(yo — y) = 29(yo — 7 + 7sind) = 2gr(1 + sin 9).
Suy ra
2r?(1 + sin 0) <CZ£)2 =2gr(l +sind),

hay

doN\?> g do q
(dt) —r:>dt—\/;—const.
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g
r
trinh phu thudc thoi gian ciia duong cong cycloid 1a

Nhu vay 6 = t = wt. O day t 1a thoi gian tinh tir lic bit diu tha vat tit didm A. Cudi cing phuong

x =r(1 + wt — coswt),
y =r(l —sinwt).

Trong d6, r 1a ban kinh ¢6 dinh (bing nita do cao ban dau y clia vat), w = 9 13 thn s6 goc, 1o la do cao
r

ban dau clia vat (tung do diém A).

2.3.3 Hinh hoc affine

Khong gian affine

Cho V 13 mot khong gian vector trén truong F va A 1a mot tap khac rng ma cac phan t& clia nd goi la
diém.

Gia st ta c6 anh xa ¢ sao cho:
p:AXA—=V, (M,N)+— ¢o(M,N)

théa hai diéu kien sau:
1. Véi moi diém M € A va vector ¥ € V, ¢6 duy nhat mot diem N € A sao cho p(M, N) = 4.
2. Véi ba diém M, N, P bat ki ta co
@(M,N) + (N, P) = o(M, P).

Khi do, ta néi A 1a mot khéng gian affine. Néu ta néi day du thi A 1a khong gian affine trén trudng F
lién két véi khong gian vector V béi anh xa lién két .

Khi do, V duge goi 1a khéng gian vector lién két véi A (hay khong gian nén ctia A) va ki higu la A

Anh xa ¢ dugc goi 14 4&nh xa lién két. Ta ki hieu (M, N) = M N. Khi dé hai diéu kien trén dugc viét lai
thanh:

1. Vé6i moi didm M € A va vector & € A thi ton tai duy nhat mot diém N € A sao cho Mﬁ = 7.
2. Véi ba diém M, N, P bat ki ta co

MN + NP = MP.

Biéu thtc ¢ diéu kien 2 duge goi 1a hé thitc Chales. Hé thitc nay dong vai tro quan trong trong cac dai
lugng c6 hudng (vector, goc dinh hudng, ...).

Néu F = R thi ta goi 1a khong gian affine thuyec.

Néu IF = C thi ta goi 14 khong gian affine phric.

Néu can nhan manh trudng F thi ta goi 1& F-khong gian affine.
Kf hieu mot khong gian affine 1a (A, A, o).

Ta c6 thé ghi tit la A(F) hoic A.

Néu A 1a khong gian vector n chidu thi ta noi A 1a khong gian affine n chidu va ki hieu 1a A". Khi do

dim A = dim A.
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© Example 3.8

He toa do trong khong gian R? ma chtung ta hoc & phé thong. Khi do:
1. A=IR3la tap hop tat ca diém trong khong gian.

2. Ala tap cac vector trong R3. Vé mit hinh hoc thi vector tit didm A t6i diém B 1a mii tén c6
huéng ti A t6i B.

©® Example 3.9
Goi V la khong gian vector trén trudng F. Anh xa
p:VxV=>V, (4,0) = eU,0)=v—1u

théa mén dinh nghia vi:

1. V6i moi vector @ € V va w € V, ton tai duy nhat vector ¥ sao cho (i, v) = W, tuong duong véi
U — U = W, hay ¥ = 4 + .

2. Véi ba vector @, ¥, @ bat ki thuoc V ta cod

(i, ) + @(T, ) = T — il + @ — § = & — T = (¥, ).

O Vi du 3.9,V 1a khong gian vector lién két véi chinh né nén ta noi ¢ xac dinh mot cau trac affine chinh
tAc trén khong gian vector V, hay V la khéng gian affine véi ciu tric affine chinh tic.

Tinh chét ctia khéng gian affine. Véi moi diém M, N, P, QQ bat ki thuoc A ta co:
1. MN = 0 khi va chi khi M = N.
9. MN = —NM.
3. MN = PO khi va chi khi MP = NO.
4. MN = PN - PM.

Pay 1a cac cong thiic co ban dude hoc & phd thong va & day cling 4p dung.

Phéng
Mot s6 khai niem & phd thong dudi dang phang:
1. Diém la 0-phing.
2. Puong thing la 1-phing.
3. Mit phing 1a 2-phéng.
4. Khong gian ba chiéu la 3-phéng.
Chting ta sé dinh nghia phing 1a md rong cho céc khai niém trén.
Pau tién ching ta can mot vai nhan xét tit hinh hoc phd théng.

Trong mit phing R?, mdi duong thing duge xac dinh khi biét mot diém thuoc né va mot vector chi phuong
¥. Khi @6 duong thing di qua diém M, va nhan ¥ lam vector chi phuong 14 tap cac diém M € R? sao cho
T S . 1 IS s - -
MMy = av v6i a € R. No6i cach khéc 1a vector M M ciing phuong véi vector .
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©® Remark
Trén mit phing, duong thing di qua diém My va nhan ¥ lam vector chi phuong la tap hgp
—
d={M cR?: MMy = a -7 v6i a € R}.

Trong khong gian R3, tuong tu, mot dudng thang xac dinh khi biét mot diém thudc né va mot vector chi
phuong ctia né.

©® Remark
Trong khong gian R3, dudng thang di qua diém M, va nhan ¢ lam vector chi phuong la tap hgp
—
d={M eR?>: MMy = a -7 véi a € R}.
Chiing ta da biét ¢ pho thong rang, qua ba diém khong thang hang c6 duy nhat mot mit phing di qua. Ba

diém khong thing hang thi tao thanh tam giac, gid st 1a M, N va P. Ta lay hai canh lam hai dudng thing
cho mat phing. Khi d6 mat phing trong khong gian duge xac dinh béi diém M va hai vector M N va M ﬁ

©® Remark

Mot miit phing trong R3 xac dinh khi biét mot diém My thudc né va mot cap vector @, ¥ ctia nd. Khi
d6 mat phang la tap hop

e
p={MecR®: MMy=a @+ 8-9v6ialcR}
Ta dinh nghia téng quat cho phing

O Definition (Phang)

Cho (A, A, ) 1a mot khong gian affine, M 1a mot didm thuoe A va @ 1a mot khong gian vector con ciia
A. Tap hop

—
a={MeA: MM, € d}
duge goi phang (hay plane) di qua My v6i khong gian chi phuong @, hodc phuong d.

Néu dim & = m thi ta néi o 1a phing m chiéu hay m-phing va viét dim o = m. Nhu vay dima = dim &.

Trude day ching ta goi diém, dudng, mat phang, nhung khi s6 chiéu cao hon thi ching ta khong thé "ché" tit
vung mai duge. Khi d6 ching ta quy vé khai niem phéng, 1-phing 14 duong thing, 2-phéng 1a mit phing.

Siéu phang (hay hyperplane) la tén goi ctia phiing c6 dbi chiéu 1a 1, tic 1a néu sb chiéu ciia khong gian
14 n thi s6 chiéu cta siéu phang la n — 1.

O Remark

1. Néu o la phing di qua diém M thi M € a va véi moi P, @ thuoc « ta co ]@ = Mé _MDP thudc
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a.
2. 0-phing 1a tap chi gdbm mot diém. Do d6 ta c6 thé xem mot diém 14 mot 0-phing.

3. biém M, trong dinh nghia phing c6 vai tro tdng quat, nghia 1 moi diém My trong o c6 y nghia
nhu nhau trong dinh nghia phing.

4. Gia sit a la phing di qua M véi phuong @, 3 1a phang di qua N vé6i phuong 5 Khi d6 a C 3 khi
va chi khi M € f va @ C 8. Suy ra a =  khi va chi khi P € 8 (ho#ic Q € o) va & = f5.

5. Néu a la phang v6i phuong @ thi « 1a khong gian affine lien két v6i @ béi anh xa lién két

Paxa X a—a.

Vi vay ta c6 thé xem phang 1a khong gian affine con.

Pé xac dinh mot khéng gian vector thi ta chi cin mot co s ctia n6. Do do dé xac dinh phuong a cua
m-phang o thi ta ciing chi can biét mot co s6 1a du.

Do mot khéng gian vector c6 thé cé nhiéu co sé khac nhau, mot m-phing chi c6 mot khong gian chi phuong
duy nhéat nhung c6 thé c6 nhiéu co s khac nhau.

DPoc 1ap affine va phu thudc affine

O Definition (Pac lap va phu thudc affine)
Hé m + 1 diém
{A4p, A1,..., A}

v6i m > 1 cia khong gian affine A dudc goi 1a déc lap affine néu hé m vector

{A0A17 AOA27 ©oo 7A0A’m}

ctia A la mot he vector doc lap tuyén tinh.

Ngudc lai, he diém khéng doc lap affine dude goi 14 phu thudc affine.

1. Tap chi gdbm mot diém Ag duge quy udce 1a luon doc lap affine.

2. Trong dinh nghia diém Ay binh ding nhu céc diém khac vi hé vector

{AoA1, Ag, Ar, ..., AgAr}

doc lap affine thi hé vector

{AiAo, AjAi 1, AiAir, ... AiAn}

cing doc lap affine.

©® Chitng minh
Xét t6 hop tuyén tinh

I =XAoAL + AaAgAs + -+ + ApAgAm = 0.
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Do hé vector dgc lap tuyén tinh nén A\; = Ao = --- = \,,, = 0. Khi d6, bién déi I ta co

—  — — s — —_ s —
I=X(AjA1 — A;Ap) + A2 (AAs — AjAg) + - + Nim1 (A A1 — AjAp)
— — s — s —
+ XN AoA; + hip1(AiAipr — A Ag) + -+ A (A A — A Ap)
= MAAL + XA A + -+ A AA,

—
— A1+ + Am) A Ag

0
= MAA] + XA As+ -+ A AiA, =0

v6i \; = -+ = A, = 0. Nhu vay hé vector mdi ciing doc lap tuyén tinh.

3. He diém {Ao, ..., A,,} phu thudc affine khi va chi khi hé vector

{AoAr, -+, AgAn}
phu thuéc tuyén tinh.

4. Hé con ctia mot hé doc lap thi doc lap, nhung hé con ctia mot hé phu thudce chua chic phu thuoc.

® Theorem

Trong khong gian affine n chiéu A", v6i 0 < m < n + 1 thi luén ton tai cac hé m diém doc lap. Moi he
gdom hon n + 1 diém déu phu thuoc.

Giao ciia cac phang. Bao affine

Cho {a; : i € I} 1a mot ho khong réng cac phang trong khong gian affine A.

©® Theorem

Néu () a; # 0 thi ) a; 1a mot phéng c6 phuong 1a () a;.
iel iel iel

©® Chitng minh

Vi N a; # 0 nén ton tai diém M thudc () a;, nhu vay M € a; v6i moi i € I.
il iel

Néu ta c6 diém N € () a; thi N € o; v6i moi i € I. Suy ra MN € & v6imoi i I. Tit do
i€l

meﬂd}@ﬂai:{NEA:WEH&},
iel iel iel

nghia 1a () a; la phing di qua M véi khong gian chi phuong 1a () @;.
iel iel

O Definition (Phing giao)
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Phéng () a; trong dinh 1i trén dugc goi 1a phing giao clia cic phing «;.
il

Tt dinh nghia ta thiy ring () a; 14 phang 16n nhat (theo nghia quan hé bao ham) chita trong tat ca cac
el
phéng a; véii € I.

©® Definition

Cho X 1a mot tap con khac réng clia khong gian affine A. Khi d6 giao ctia moi phéng chita X trong A
sé 1a mot phing, goi 1a bao affine ctia X. Ki hieu 1a (X).

Bao affine (X), theo quan hé bao ham, ctia tap X 14 phang bé nhat chita X.

O Definition (Phing téng)

Cho {a; : i € I'} 1a mot ho khong réng cac phing. Bao affine ciia tap hgp | o; duge goi 1a phing téng
i€l
(hay téng) clia cac phing a;. Ki hieu 1a 3 o;.
i€l

Phéng tdng 14 phang bé nhat (c6 sé chiéu nhé nhat) chita tat ca o; véi i € I. Khi I 1a tap hitu han, gia sit
I={1,2,...,n} thi ta viét

a1 +ag + -+ ay hay Zai
i=1

dé bieu dién tong clia cac phang «;.

©® Remark
Néu X 1a mot he hitu han didm
X = {MOaMl,"'aMn}

thi téng Mo + - - - + M,, 1a phing c6 s6 chiéu nhé nhat di qua céc diém nay. O day ta xem mdi diém M;
14 0-phing. Hon nita

dlm(MO + M1 AP oceaF Mn) = rank(MOMl, ey MoMn)

Do dé néu hé diém { My, ..., M,} doc lap thi

‘dim(M0+M1+-~-+Mn):n.‘

©® Theorem

Cho a va 3 13 hai phang. Néu a N 3 # 0 thi v6i moi diém M thudc o va v6i moi diém N thuoc 8 ta co
M N =a+ .
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Ngudc lai, néutacédiémMEavadiémNe,BsaochoMﬁ:&+Ethiaﬂﬂ#@.

©® Chitng minh

Giad st anN B # 0. Khi dé ton tai diém P € aN B. V6i moi diém M € o ta co Mﬁ € a, tuong ty v6i moi
diém N € 8 ta c6 PN € . Suy ra

MP+PN=MN=da+§.
hi a6 M = Gt Gvdid e &

Ngugc lai, gia sit c6 diém M € a va diém N € § sao cho MN = &+E. Khi
va ¥ € B. Piéu nay xay ra néu ton tai duy nhat diém P € a sao cho M B — i, tuong tir ton tai duy nhét
diém Q € f sao cho Q—N} = .

Khi do, v
MN = it+5=MP+QN = MP - NG.
Chuyén vé va d6i dau ta co

MP = MN + NG = MQ

nén P = Q. Nhu vay a NS # 0 vi c6 it nhat mot diém P = Q thudc giao ciia hai phing.

©® Theorem
Gid st o va A3 1a hai phéng véi phuong 1an lugt 1a @ va 5. Khi do:
1. Néu an g # 0 thi
dim(a + 8) = dima + dim 8 = dim(a N B).
2. Néu an B =0 thi

-,

dim(a + 8) = dim« 4+ dim 8 = dim(a@ + §) + 1.

©® Chitng minh céng thic 1

Néu a N B # 0 thi theo Pinh lj 3.2 ta c6 aN B 1a mot phing c6 phuong @ N E
Lay didm M € N 3 va goi ~ 1a phang di qua M véi phuong 7 =& + 3. Ta cd o C v va B C 7.
Ngoai ra néu 6 phéng + chita o va B thi M € 4/ va phuong clia v/ phai chita @ va 3. N6i cach khéc ta
oy C .
Nhu vay ~ 1a phing nhé nhét chia o va §, tic la v = a + 5. Do d6
dim(a 4+ 8) = dimy = dim ¥
= dim(@ + ) = dim @ + dim §
=dima + dim g < dim(a N B).
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© [TODO] Chitng minh céng thic 2

[TODO]

Vi tri tuang dbi

O Definition (Vi tri twong dbi giita hai phing)

Hai phéng o va 8 dudc goi 1a cat nhau cap r néu a N B 1a mot r-phéng.

Hai phang o va B dugc goi 1a chéo nhau cap 7 néu aN B = () va dim(@ N B) = r.

Hai phiang o va B dugc goi 14 song song (v6i nhau) néu @ C B hoac E C a.
& J

©® Example

Xét khong gian ba chiéu R3.

1. Hai duong thang "cit nhau" 1 hai 1-phang cit nhau cap 0 (tai mot diém). Téng ctia ching 1a mit
phéng duy nhat xac dinh bdi hai dudng thang do.

2. Hai mit phing "cit nhau" 1a hai 2-phéng cit nhau cap 1 (duong thang chung). Tdng ciia ching
1a toan bo R3.

Theo Pinh lj 3.4, trong R? khong ton tai hai mit phing chéo nhau cap 0 hodc 1.

® Theorem

Cho hai phéng song song o va 3. Néu anN B # 0 thi o C B hoidc 8 C a.

©® Chitng minh
Do « va 8 ¢6 diém chung nén theo Dinh lj 5.2 a N B 1a mot phing c6 phuong @ N 5.
Do « song song 8 nén a C ﬁ hoac 5 C a.

NéuadCcSthidanf=a,suyraanB=a, hay a C S.

Tuong tu, néu 8 C @ thi 8 C .

® Theorem

Qua mot diém M c6 mot va chi mot m-phing song song véi m-phang « da cho.

©® Chitng minh

Goi 8 1a m-phang di qua diém M véi phuong a.
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Khi do _@ lé_'phéng m chiéu song song véi a. Néu B’ cling 1a m-phang di qua A va song song véi a thi
suy ra 3 = 3 (va ciing bang @).

Do 3 va B’ c6 diém chung nén theo Pinh lij 3.5 ta c6 g = .

©® Theorem

Trong khong gian affine n chiéu A" cho mot siéu phang a va mot m-phing 8 véi 1 <m < n—1. Khi do
a va f hogc song song, hodc cit nhau theo mot (m — 1)-phéng.

Muc tiéu va toa do affine

O Definition (Muc tiéu affine)

Cho A™ 1a mot khong gian affine n chiéu. He

{Oagl7€27"-a€n}

gdm mot diém O € A™ va mot cd s§ {€1,...,é,} cla A" duge goi 1a muc tiéu affine (hay muc tiéu)
cua A"
biém O duge goi 1a gbce, cac vector €; duge goi l1a vector cd sé thi i véii=1,2,...,n.

Gié stt {0, €;} 1a mot muc tiéu ctia khong gian affine A™.

. — L2 a.x £ T o o
Khi do6 véi moi diem M € A™, vector OM € A™ nén ta c6 bieu dién tuyén tinh ciia OM qua co s6 {€;}:

n

—
OM = wé;.
i=1
. . g PEEIEPS P . 4 £ . — ., ~ 2. e 9 = <.
Khi d6, nhic lai kién thic dai s6 tuyén tinh, vector OM c6 toa A0 (x1,...,x,) dbi v6i co s6 {€;}, z; 1a cac
phan t& thuoc F véii=1,...,n.
BO (z1,...,x,) dude goi 1a toa dd cia M trong muc tiéu {0, €;}, va x; duge goi 1a toa dd thw i. Ki hieu

Gia st M ¢6 toa do (z;) va N ¢6 toa do (y;) thi dbi véi muc tieu {0, €} ta co

Day 1a toa do cua MN trong muc tiéu {0, €;}.

©® Remark
Gia stit tréen A™ da chon duge muc tiéu ¢ dinh {0, €;}. Xét anh xa
w: A—=F" M — (x;)

véi (z;) 1a toa do ctia M trong muc tiéu. Khi d6 ¢ 1a song 4nh va méi diém duge dong nhat véi mot
phan t ciia F™. Ltic nay ching ta da dai s6 héa hinh hoc.
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©® Remark

Xét muc tiéu affine {0, €;} ctia A™ va goi E; € A la cac diém sao cho OF, = ¢,.

Khi d6 he diém {O, Ey, ..., E,} doc lap affine. Ngugc lai, mot hé diém gom n+1 doc lap {O, By, ..., E,}
doc lap affine xac dinh mot muc tiéu affine {O, €;} véi €; = OF;.

Theo dinh nghia ta c6 O = (0,...,0) va E; = (0,...,0,1,0,...,0) v6i s6 1 & vi tri 4.

©® Remark

Siéu phang di qua n diém doc lap O, E, ..., E;_1, Eii1, ..., E, dudc goi 1a siéu phing toa do thi i.
Dé& thay M thuoc siéu phéng toa do thi ¢ khi va chi khi ; = 0 v6i x; 14 toa do tht ¢ ciia M.

Céng thirc d6i muc tiéu
Gié st trong khong gian affine A" ¢6 hai muc tiéu {0, &;} va {O’, &}}.
M&i diém M sé c6 toa do khac nhau ing v6i mdi muc tiéu (z;) va (). Ta can tim moi lién he giita ching.

Do €; 1a co s cia khong gian vector nén moi vector trong khong gian vector c6 thé biéu dién duéi dang to
hgp tuyén tinh ctia cac vector trong co s, nhu vay

3

2 —
OO = i€

i=1
véi b; € F.
Biéu dién céac vector trong co s§ €; bdi td hop tuyén tinh cdc vector trong cd s8 é;:

€ = c11€1 + 1262 + - - + c1n€p

— - -
€y = C21€1 + €222 + - -+ + c2n€p

—y — - -
€, = Cn1€1 + Cpo€s + -+ + Cpnp

hay viét ngin gon 1a
n
€ = § Cij€j
i=1
veit=1,2,...,n.

Diém M c6 toa do trong hai muc tiéu trén lan luot 1a (z;) va (z}), nghia la

n n
— . —
OM = E z;€;, O'M = E ziel.
i—1 i=1
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Ta c6

=1
n n
— /
= E b;e; + E ;€
=1 =1
n n n
— !
= E b;e; + E x; E Ci;€;
i=1 i=1  j=1
n n n
!
= g b;e; + g x; E CjiT;
i=1 i=1 j=1
n n
!/ —
= E E Cjixj +b1 €;
i=1 \j=1
O day minh bién doi
n n n n n n
/ - — — /
E €Z; E :Cijej = TiCij€j = E €j Cij Ty,
i=1 j=1 1=1 j=1 j=1 1=1

n
va dé dong bo véi tong phia trude 14 > b;€; thi minh ddi j thanh i va j thanh i nén sé co

=1
n n n n
SED SIS TS e
=1 Jj=1 1=1 Jj=1
Khi do
n
i Z ¢ji%; + bi
i=1
v6ii=1,2,...,n. Diéu niy tuong duong véi

1 =cnah +enxh 4+ el + b
Ty = 12T + Cooh + - + Cpol, + bo
Tp = C1n&] + Conly + + + Cpn®h + by
Chung ta c6 thé viét dusi dang ma tran la
(1, @) = (2}, ...,20) - C+ (b1,...,bp)

v6i C' 1a ma tran

Ci1 Ci2 -+ Cin

C21 C22 -+ Copn
C =

Cnl Cn2 *°° Cpn

Hé phuong trinh tuyén tinh c6 nghiém khi det C # 0.

Céc cong thiic trén duge goi la cong thiic ddi toa do (hay cong thitc d6i muc tiéu) va ma tran déi toa do C
ti muc tiéu {O, €;} sang {O’, &;}.
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Phuang trinh cia m-phang

Phuong trinh tham s6

Cho A" 1a mot khong gian affine n chidu véi muc tiéu {O, €;} cho trude, va a la mot m-phang di qua diém

M véi phuong @ sao cho 0 < m < n.

Gia st
n
i=1
va {d1,...,0n} la mot co s6 cia & véi

n
aj:E a;j€, jJ=1,...,m.
i=1

Diém P c¢6 toa do (z;) ddi v6i muc tieu {0, €} thuoc a khi va chi khi Mﬁ € @, tic 1a ¢o6 cac s6 t; € F sao

cho
m
MP = >t
=1
Ta co
n n n
i=1 =1 =1
Ta ciing c6
m n
m = th&j = th Za”ez
j=1 j=1 =1
n m
= Z thaij €;
i=1 \j=1
m

Hé phuong trinh trd thanh

1 = anti + aioty + -+ aimt;m + b1
To = a1ty + agaty + - - + Aamtm + b2

Ty = Ap1t1 + apoto + -+ - + Apntm + bn
hay dué6i dang ma tran la
(@1, n) = A~ (trse )+ (b1, ba).
Khi d6 ta c6 thé viét phuong trinh tham sé dudi dang vector

T =118y + todo + -+ tyydm + b.

Céc cong thitc trén tuong duong nhau va duge goi 14 phuong trinh tham sb ctia m-phéng «, con céc phan

tt t; v6ij =1,...,m dugc goi la cac tham so.
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[TODO] Phuong trinh téng quat
Tam ti cu va ti s6 don
Cho ho diém
(M, Ma, ..., My} C A
va ho he 86 {\1, A2, ..., A} v6i X € F thoa diéu kien
A=A+ X4+ A, #0.
Khi d6 véi diém O tiy y clia A" ta ¢
5 (MO + 2,008, + -+ 1,001,
1a mot vector xac dinh ciia A™. Do d6 ton tai duy nhat mot diém G € A" sao cho
O@z%(ho—f\ﬂ)—&-)\zo—]\/f;—I—-“—l-)\nO—Mi).

Khi d6 diém G duge goi tam ti cu ciia ho diém {M;, Mo, ..., M, } gdn v6i he s6 {A1, A, ..., An}.

©® Theorem

Diém G 1a tam ti cy ctia ho diém {M;, Ma, ..., M, } gan véi hé s6 {A1, A2, ..., A, } khi va chi khi G théa
man hé thuc

|

MGM; + MoGMs + - -+ \,GM,, = 0.

S

©® Chitng minh
Tu dinh nghia tam ti cy ta co
0C = % (MOM; + 200, + -+ + X, 001,
- % [)\1 (O?JrG—J\/II) + Ao (O_c>:+G—M§) 000 (O@JrG—MZ)}

Mt A+, 1 —_— —
= ML LT GG + - (MG + GO+ + GO,

ma Ay + Ao +---+ A, = X nén tdi gidn OG hai vé ta c6 didu phai chiing minh.

©® Remark
Tu dinh li trén ta cing ching minh duge hai hé qua sau:

1. Tam ti cy khong phu thude diém O duge chon ma phu thuoc ho diém {M;, My, ..., M,} va ho hé
bé {/\17 )\2, 5005 )\n}

2. Khi thay ho he 86 {\1, Aa, ..., An} bdi {kA1, kX, ..., kX,} v6i k # 0 thi tam ti cy khong thay ddi.
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O Definition
Tam ti cy G clia he diém {M;, Ms, ..., M,} gin v6i ho hé s6 {\1, A2, ..., A, } ma
A== = A, =1

thi G dugc goi 1a trong tam ciia he diém.

Khi d6, v6i moi diém O € A™ ta co

hay

O Remark

Moi hé m diém c6 trong tam khi va chi khi dsic s6 (characteristic) ctia truong F phai khac m.

Khi F = R hoic C thi moi hé hitu han diém déu c6 trong tam.

©® Theorem

Tap hop tat cd cac tam ti cut v6i ho cac hé s6 khac nhau ciia hé diém {My,...,M,} trong khong gian
affine A" chinh 1a phing

OJZM1—|—M2++Mn

Anh xa affine

©® Definition

Cho hai khong gian affine A va A’ trén cing trudng F va anh xa ¢ : 4 — A’ sao cho v6i moi M, N € A
ta co

F(M)f(N) = (MN)

thi f dudc goi 1a &nh xa affine lién két véi .

Anh xa ¢ duge goi 1a anh xa tuyén tinh lién két hay anh xa nén ctia anh xa affine f.

Theo dinh nghia, mdi 4nh xa affine chi c6 mot anh xa tuyén tinh lién két. Tuy nhién mot anh xa tuyén tinh
¢6 thé lien két v6i nhidu anh xa affine.
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(i ) Example

Anh xa dong nhat Id4 : A — A, f(M) = M véi moi M € A ctia khong gian affine 14 mot anh xa affine.
Anh xa tuyén tinh lién két véi Id4 chinh 1a anh xa dong nhét Id i cta A

©® Example

Anh xa hing f : A — A’ bién moi diém ctia A thanh mot diém cd dinh nao do6 cia A’ 1a mot anh xa
affine. Anh xa tuyén tinh lién két f ctia f 13 anh xa khéng O, bién moi vector thanh vector 0.

©® Example

Phép chiéu song song: trong khong gian affine n chiéu A" cho m-phéng a va (n — m)-phang 8 sao cho
ang={0}.

Dua vao dinh If vé s6 chiéu ctia phing téng ta ching minh duge ring o N B # 0. Do @N 3 = {0} ta suy
ra a N 3 1a 0-phéng, tic 1a giao ciia o va B 1a tap chi c6 mot diém.

Gid stt M 1a mot diém bat ki ciia A™. Goi o/ 1a m-phang di qua M va song song a, goi 3’ 14 (n—m)-phéng
di qua M va song song v6i B. Theo lap luan trén, o’ va 8 giao nhau tai mot diém duy nhat 1a Mg, tuong
tu B cit o tai mot diém duy nhét 1a M,. Cac 4nh xa

Pa: A" = a, M — M,
va

pg:An%B, M—)Mg

lan luot dude goi 1a phép chiéu song song lén phéng a theo phuong B va phép chiéu song song lén
phing B theo phuong a.

Ta goi « 13 co 56 va B 1a phuong chiéu clia phép chiéu p,.
Ta goi 8 1a co s6 va a 1a phuong chiéu ctia phép chiéu pg.
Ta s& ching minh p, 14 anh xa affine.
©® Chitng minh
Tit gia thiét @ U S = A, goi pag 1a phép chiéu lén thanh phan thi nhét
P& - A= a.

V6i moi M, N € A ta cod

Hon nta
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T day suy ra p, 1a anh xa lién két v6i pgz. D@ thay (?) po va pg c6 tinh chat

P2 = Pas P = PB, PaPp = PpPa =h

v6i h 1a 4nh xa héng, bién moi diém thanh giao didm cla o va 5.

©® Definition

Néu 4anh xa affine f 14 mot don anh thi ta néi f 14 don cau affine. Tuong tu cho toan cau affine va
ding ciu affine.

Khi A= A’, titc la f : A — A thi ta n6i f la mot tu dong ciu affine (hay automorphism) ctia A.
Néu c¢6 mot dang cau affine tit A vao A’ thi ta n6i A va A’ dédng cau affine v6i nhau va ki higu 1a A = A’

Quan hé ding ciu gitta cac khong gian affine 13 quan hé tuong duong va hai khong gian affine déing cau khi
va chif khi chiing ¢6 ciing s chiéu.

©® Theorem

Cho f: A— A’ la anh xa affine. Khi do

1. Néu f la don cau, toan cau hodc ding cau affine thi 4nh xa lién két:math:vec{f} theo thit tu 14 don
cAu, toan cau va ding cau tuyén tinh.

= (pH

2. Néu f la ddng cau affine thi 4nh xa nguge f~' : A’ — A ciing la ding cau affine va =

©® Theorem
Néu f: A— A vag: A — A" la cc anh xa affine 1an lugt lién két v6i cac 4nh xa tuyén tinh f va g
thi g o f 1a 4nh xa affine lién két véi G o f, tic 1a

s
gof=gof.

©® Theorem

Cho f: A — A’ la anh xa affine lién két véi anh xa tuyén tinh f. Khi do

1. Néu a la mot phing trong A v6i phuong @ thi f(a) la mot phiang trong A’ véi phuong f(&) va
dim f(a) > dim . Trong truong hgp f 1a don cau thi dim f(a) = dim a.

2. Gia sit o/ 1a mot phang trong A’ véi phuong @'. Néu f~!(a’) khac rdng thi f~1(a’) 1a mot phuong
trong A v6i phuong f~'(a’).

2.3. Hinh hoc 127



Math Book

Su xac dinh anh xa affine

Anh xa tuyén tinh hoan toan xac dinh néu biét dugc anh ctia mot co sé. Anh xa affine ciing vay, né hoan
toan xac dinh néu biét dugc anh ctia mot muc tiéu.

©® Theorem

Cho A va A’ 1a cac F-khong gian affine, ¢ : 4 — A’ 1a anh xa tuyén tinh, M € Ava M’ € A". Khi do
ton tai duy nhat mot anh xa affine f : A — A’ sao cho f(M) = M' va f = .

Noi cach khéac, anh xa affine hoan toan xac dinh khi biét anh xa tuyén tinh lien két va mot cip diém tuong
ing.

©® Remark

Néu dim A = dim A’ va ¢ 1a ding ciu tuyén tinh thi f 1a mot ding ciu affine.

© Corollary

Cho A va A’ 1a hai F-khong gian affine, {O,¢€},...,¢€,} 1a muc tiéu cua A, O’ € A" va {e),...,€,} la
mot hé vector trong A’. Khi d6 ton tai duy nhit mot dnh xa affine f : A — A’ sao cho

f(0)=0', va f(&) = ¢

véimoit=1,...,n.

Noi cach khac, 4nh xa affine hoan toan duge xac dinh bdi &nh ctia mot muc tiéu.

Hon nita, néu dim A = dim A’ va {é,,...,&,} 1a mot co s& ctia A’ thi f 1a mot dang ciu affine.

2.3.4 Hinh hoc phi Euclid
Gidi thiéu

Euclid 1a mot trong nhitng nha toan hoc vi dai nhét lich st loai ngudi, ngudi da viét quyén Elements, trinh
bay cidc ménh dé lam co s cho hinh hoc, goi 1a cac tién de.

Chung ta luén can mot chiing minh dé khéng dinh hoiic bac bd bat ki ménh dé toan hoc nao. Thong thuong,
viéc chitng minh ménh dé s& dya trén cac ménh dé da ding trudc d6. Tuy nhién dé thiy ring viéc truy
nguge nhu vay khong thé thyuc hién vé han ma phai t6i mot "diém neo" nao d6, nghia la cac ménh dé ding
khong can chitng minh. Cac ménh dé do chinh 1a céc tién dé. Tuy nhién cac tién dé phai dung, it nhat 1a
duge kiém nghiém trén thyc tién.

Cac tién dé Euclid c¢6 nam tién dé chinh. Trong sb do6 co tién dé thi 5, viét s6 La Ma thanh tién dé V, 1a
rac roi va thiéu tu nhién nhéat:

Néu hai duong thing tao ra véi mot dudng thing thi ba cit ching hai goc trong cung phia co
tong nhoé hon hai goc vudng thi khi kéo dai hai dudng thing d6 vé phia iy dén mot lac nao do
ching sé phai cit nhau.
Tién dé nay co6 hai diém ki quai.
DPau tién 1a n6 kha dai dong. Cac tién dé thudng la nhitng diéu hién nhién ma ta thiy dudc va la cd sé cho
hinh hoc. Do d6 tién dé thuong ngin gon, chi rd mot hien tugng.
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Vi du:
e qua hai diém phan biét trén mit phing chi vé dugec mot duong thing:
e duong thing kéo dai vo han vé hai phia;
e moi goc vudng déu bing nhau.

biém ki quai thi hai 1a tién dé nay kha réi rAm va ching ta can can than suy xét y nghia ctia n6. Trong
khi do, nhwr da noi & trén, tién dé chi ra nhitng quan sat thyc tién va 1a co sé cho hinh hoc (hosic bat ki linh
vige toan hoc khac). Do d6 tién dé can don gian, d& nim bat.

Diéu thi vi 14 hé théng tién dé ctia Euclid da ding vitng 2000 nim ma khong c6 van dé gi. Cac nha toan
hoc thoi d6, méi lan gip cac van dé vé hinh hoc, sé tham khéo céc tai lieu do Euclid dé lai. Con c6 thong tin
ring nhitng nghién cttu ddm nghi ngd hodc phan dbi he tién dé Euclid s& bi cidc nha khoa hoc xung quanh
bac b, kha gidng véi toa an di gido thai Trung C6.

Tuy nhién, ba nha toan hoc kigt xuit da xay dung nén hinh hoc phi Euclid déc 1ap nhau. Hinh hoc phi
Euclid khéng bac bé hinh hoc Euclid, ma chtng b6 trg cho nhau, lam day da cac khia canh hinh hoc.

Phan nay minh tham khéo tit series IlyTn x reomerpun Jlobauesckoro. Trong tiéng Viét tén series nghia 13
"Puong t6i hinh hoc Lobachevsky". Series gom 6 phan nhung minh chf tham khio 5 phan dau. Phan cubi
la [TODO] sau nay nghién citu thém.

Su ra ddi hinh hoc phi Euclid

Tién dé V c6 vé r6i rdm va dai dong. Do d6 nhiéu nha toan hoc ciing nghi ring, c¢6 khi nao day 14 mét dinh
Iy chtt khong phai tién dé khong? Nhu vay ho da cb ging ching minh tién dé V bing céc tién dé con lai.
Két qua 13 ho ... that bai.

Nha toan hoc ngudi Nga Lobachevsky c6 mot cach tiép can khac. Ong nay kiéu: "Hmm, gid sit minh thay
tién dé nay bdéi phtt dinh ctia n6 roi di chitng minh cac dinh Iy hinh hoc thi ¢6 khi ndo phat sinh mau thun
khong nhi?". Nghia la ong Ay gitt nguyén tat ca tién dé Euclid trit tién dé V, va thay tién dé V thanh pht
dinh ctia no, r6i di chitng minh céc dinh ly hinh hoc va hy vong tim ra mau thudn toan hoc nao do.

Két qua 1a Lobachevsky d@a that bai (trong viéc tim ra mau thuén).
Ong da ching minh hang chyc dinh 1y ma khong phat hién diéu gi bat thudng.

Néu vay, phai chang hinh hoc phi Euclid khi thay tién dé V béi phii dinh clia no, ciing chit ché nhu hinhh
hoc Euclid?

Phan sau minh sé& dé cap t6i hinh hoc phi Euclid trong hé toa do, cu thé 1 cdc mit cong trén nén tang hinh
hoc Lobachevsky.

Tich vd hudng trong khéng gian Euclide

Véi hai vector @ = (x1, z2,23) va y = (y1,Y2,¥3), tich vd huéng ctia hai vector duge dinh nghia 1a
(z,y) = z1y1 + T2y2 + T3Ys.
Do dai ctia vector @, ki hiéu la ||z| va duge tinh bdi cong thic
]| = V().
Khoang cach giita hai diém A = x = (z1,22,73) va B =1y = (y1,%2,¥3) 1a

AB =d(z,y) = [z - yl|
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P06 dai duong cong trong khong gian Euclide

Trong bai viét vé tich phan dudng minh da tim coéng thitc tinh do dai dudng trén mit phing Euclide. Khi
d6, néu dudng cong v xac dinh cac toa do bdi tham sb ¢, nghia la

V(t) = {x =l

y=y(t)

thi do dai duong cong tit tg t6i 1 (ttc la tg <t < t1) 1a tich phan

to)= [ ar= / VA T d? = / V@O + WO

Tuong ty, dbi véi duong cong trong khong gian Euclide Oxyz c6 toa do 1a ham s theo tham s6 ¢, nghia 1a

= z(t)

2
=
~~
S~—
I
I
|
IS
IS
~—

thi do dai dudng cong tu to t6i t1 14 tich phan

t1
l(y)z/dl:/ Vdx? + dy? + dz2.
ol to

O day mot bidu thic quan trong sé dude st dung xuyén sudt vé sau la

dl = +/dz? + dy? + dz2,

nhung chiing ta sé binh phuong dé dé tinh toan

|di? = da?® + dy? + d=*. |

Néu chting ta c6 nhidu tham sd thi sit dung cong thitc dao ham riéng. Gia st © = x(u,v) va y = y(u,v) thi

Oz ox

dr = %du—k%dv:...
dy = %du+%dv:...
dz = %du—k%dv:
Khi do
di? = (a(u,v)du + b(u, v)dv)* .
Mat cau

Mat cau la tap hop céc diém cach mot diém c¢d dinh mot khoang khong déi trong khong gian.
Mat cau tam O(zg, yo, z0) v6i ban kinh r 1a tap hop cac diém M (z,y, z) théa phuong trinh

(z—20)* + (y —90)* + (2 — 20)* = r*.

Chiing ta s& dua tam mat cau vé goc toa do 0(0,0,0) dé thuan tien tinh toan vé sau. Phuong trinh sé tré
thanh

x2+y2+22:r2.
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Mot cach khac dé biéu dién cdc diém ctia mat cau la st dung toa do cau, nghia la biéu dién toa do (x,v, 2)
thong qua hai tham s6 (6, ¢) (6 day khong c6 r vi ban kinh da ¢6 dinh roi). Khi do, toa do sé c6 dang

x = rsinfcos ¢
y=rsinfsing
z =rcosf,

trong d6 0 < 0, ¢ < 27.

Khoang cach giita hai diém trén mit cau

Trén miit phing, khoang cach giita hai diém 1a d6 dai phan duong thdng nim gitta hai diém d6. Tuy nhién,
trén mat cau thi khong phai 13 dudng thing ma chung ta thuong biét nita.

St dung cong thitc vé do dai duong cong bén trén c6 thé xac dinh duge khodng cach giita hai diém trén mit
cau (trong toa do cie) la

dx =rcosfcos¢ df — rsinfsin ¢ do
dy = rcosfsing df + rsinf cos ¢ do
dz = —rsin@ df

Tu day ta suy ra
di? = da® + dy? + dz* = r2(d#* + sin® 6 d¢?).

Vi dy, minh mudn tinh do dai duong xich dao, 1a vong c6 do dai 16n nhat trén mit cau, tng véi 0 = m/2 va
0 < ¢ < 2m, theo cong thiic trén

7
in—=1, df8=0
sin o , ,

I(vy) = /dl = /r\/02 + sin?(7/2) dp? = /027r rdg = 2mr.

Pudng thing trén mat cau

Mbi miit phdng néu cit mit cau sé duge mot "duong". Pudng d6 1a tap hop cac diém théa man hé phuong
trinh

2 +y?+22=1
ax +by+cz=0.

O day lay duong tron don vi va mat phang di qua gbc toa do cho don gidn, (a,b,c) 1a cac s6 ¢6 dinh.

Khi d6 hé toa do cau sé la

T = cos¢pcost —singsintcost
y = sin ¢ sint cos 6
z =sintsinf.
Trong d6 0 va ¢ cb dinh, con ¢ thay ddi tit 0 t6i 27 trén vong tron cit.

Trén mat cau khong ton tai hai dudng song song.
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Phép chiéu lap thé

Phép chiéu lap thé (Stereographic projection, Crepeorpaduyeckas npoeknusi) 1a phép chiéu mét
cau lén mit phing.

O hinh trén, xét mit ciu
P2y (z-1)%=1

va mit phing z = 0.
Chon diém ciie bac 1(0,0,2) lam tam phép chiéu. Khi d6, phép chiéu lap thé bién mdi diém P thuoc mat

cau thanh didm P’ thudc mit phéng chiéu sao cho I, P va P’ thing hang. Néi cach khac, P’ 1a giao diém
ctia dudng théng I P va mit phing chiéu.

0 B

Trong trudng hop nay, khi chiéu mot vong tron song song miit phang lén mat phing ta duge hinh tron. Lic
ndy, goéc ¢ sé khong thay déi khi chiéu lén mit phing, nhung ban kinh sé thay ddi, khong phai 14 ban kinh
mat cau ban dau.

DPé tim ban kinh hinh tron ¢ mit phing chiéu, trong tam gidc vuong IOB ta co

ZICA

OB:IO-cotZIBO:IO-cotAIOA:IO-cot( >:IO~cotg.

Mot cong thiic lugng gidc quen thudc

9 1+4cos2a . 4 1 —cos2a
cos’a=———, sin“a= ———,
2 2
suy ra
2 cos?a  (1+4+cos2a)/2 1+ cos2a
cot” o = = = .
sinfa (1—-sin2a)/2 1 - cos2a
Nhu vay

cotg— /14 cosf
2 V1-—cosf
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va thay IO = 2 vao ta c¢o
/14 cosf
r=2 1—c039:OB
¢ =¢
14 cac tham sb ciia anh trén mit phing qua phép chiéu lap thé. Toa do ctia diém trén mit phing chiéu la
{u =rcos¢ =r(f)cosd
v =rsing’ = r(0)sin ¢.
0 trén, binh phuong d6 dai dudng cong trén mat cau dudc tinh theo vi phan
di* = dz? + dy? + dz?
va & toa do cau la
di? = df? + sin® ¢ d¢>

véir = 1.

Bay gio ching ta tim cach thay df va d¢ tit két qua phép chiéu lap thé vao binh phuong vi phan dudng
cong. DBé lam diéu do6 thi can biéu dién nguge lai 6 theo r, con ¢’ = ¢ nén khong can xét toi.

Ta co
5 1Jrcos€:> 0 r274<:>0 r2 —4
r=24—-: cosf = = arccos .
1 —cosf r2 4+ 4 r2 4+ 4
A . 1 )
Lic nay, dao ham ctia arccos(z) = Vi nén minh suy ra
—x
1 24\’
- (Tg ) ar
r2 —4\? ré+4
- <r2 +4)
1 2r(r? +4) —2r(r? — 4)
-1 : (r2 + 4)2 dr
g VP47 —4p

———dr
(r2+4)-V16r?
Binh phuong hai vé suy ra

1
6 dr?

de®> = —— dr?.
(TZ _|_4)2

Tuong tu, véi sin? @ d¢? thi ta thay bidu dién cosd theo r bén trén vao

r2 —4)2 162
-

20 29 __
sin“ 0 = 1 — cos 9_1_<r2+4 CEWIEY

Nhu vay ta co

16

2 _
ar” = (12 4 4)?

(dr? +r? d¢?).
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O trén ching ta mudn doi toa do (r, ¢) sang toa do (u,v) véi

2_ .2 .2
U =1TCcoso rt=u*+v
, = u
v =rsin¢ ¢ = arctan "
va

1
di? = 0 5 (du® + dv®).

(u? + 02 +4)

Cau héi. Anh cia cac duong thing trén mat cau (cic vong tron 16n) 1én mat phing 1a gi?

Tra 18i. D6i véi cdc dudng khong di qua cyc bac (diém I) thi anh 13 hinh tron, con cac dudng di qua cuc
béc thi anh 1a dudng thing di qua gbc toa do.

[TODO] Tim phuong trinh ctia hinh chiéu.

Khéng gian gia Euclid

Trong khong gian Euclid, tich vd hudng ciia hai vector @ = (x1,z2,x3) va y = (y1,¥2,¥3) 1a
R® : (@, y) = 2191 + 212 + T3ys.

Trong khong gian gia Euclid, tich vd huéng sé 1a
Ry : (2, y) = —z11 + T2y + w3y3.

Nhu vay, do dai vector ||z||? = (x,x) trong khong gian gid Euclid c6 thé 1a s6 am.

Gia cau (Pseudosphere)

D& thay rang do mit cau la tap hop céac diém céach diém cb6 dinh mot doan khong ddi r nén cling tuong
duong véi mat cau la tap cac vector c6 do dai bang r, nghia la

S ={x: (x,x) =r’} C R

Bay gio ta dinh nghia gia ciu 1a tap cac diém théa phuong trinh

—2? 4+ y® + 27 = —r?,

hay tuong duong 1a
L*={z: (x,x) = —r*} CR}.
Dé tham s6 hoa gia cau ching ta can théng nhat he théng toa do trong khong gian gid Euclid R¥:
1. Tich vo huéng trong R} 1a
(®,y) = —T1y1 + T2y2 + T3Y3.
2. Do dai vector (chuan Euclid) van la tich vo huéng ctia chinh n6
]| = (z, z).

3. Vi phan do dai dudng cong
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di* = ||(dz, dy, dz)|| = —dz® + dy* + dz*.
Tiép theo chiing ta sé biéu dién gia cau trong toa do cuc
x = coshu

L? = { y = sinhucosf

z = sinhusin @

0 day cac cong thiic ¢6 vé hoi la vi khong phai cac ham lugng gidce (trigonometric functions) nhu ching ta
hay gap, ma la cac ham hyperbol (hyperbolic function) duge dinh nghia nhu sau:

T _ ,—x T —x
sinhx = %, coshx = %
Nhu vay ta c6 thé tim duge cac vi phan

or or

dzx aud“+ae df = sinhu du
0 0

dy = Y + Y 46 = coshu cos  du — sinh usin § df
ou 00
0 0

dz = & du + £ 46 = coshusinf du + sinh w cos 6 df
ou 09

Nhu vay ta co

| = —da® + dy? + d=* = du® + sinh® wdo), |

G day luu y 1a

(eu + e—u)2 _ (eu _ e—u)Q _ 4€u€—u
4 4

cosh? u — sinh?u = =1.

Tuong ti, bay gid, vong tron 16n trong khong gian gia Euclid 14 giao gitta mit phang va gia cau, tic 1a
(2?2 + 2 +22=-laz+by+cz=0}

v6i a, b, ¢ c6 dinh.

Phép chiéu lap thé trén gia cau

Khi chiing ta cat gid cau v6i mot mit phang (1at cat), vi du z = 0, chiing ta sé thiy mot dudng hyperbol.
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Hinh trén 1 phép chiéu 1én mit phéang 2 = 0 va chiing ta dang nhin tit trén xuéng (theo huéng z = 0).

Ki hiéu phép chiéu lap thé tam S bién diém P trén gid cau thanh diém o(P). Liic nay ching ta sé thiét lap
anh xa o : (z,7,2) — (u,v) v6i (z,y, z) € L? 1a diém thudc gia cau.

Trong trudng hop nay cac thong sé6 ban dau 1a
S = (_15 07 O)a
P =(x,y,2),
P S S
o(P) = (u,v).

DPau tién phuong trinh tham s6 ctia dudng thang SP 1a
r=z(t)=—-1+ (z+ 1)t
y=y(t) =yt
z=2z(t) =zt

Dudng thang SP cit mat phang z = 0 tai 2(¢o) = 0, nhu vay

1 Y z
-1 Dtg =0 = t) = —— — to) = .
+ (= + 1)to 0= T (y, 2)(to) <x+1’x+1>

Lic nay toa do (u,v) chinh 1a (y, 2)(¢o), ndi cach khac

y=(z+1u
,2)(to) = (u,v) =

(v,2)(t0) = (u,0) {Z(Hl)v

Bay gio thay nguge y va z vao biéu thiic gia cau (hyperbolic) ta duge
2yt =—1
— 24 (z 4+ D)%+ (24 1)%% = -1
— 22 (D + ) +1=0
— 2?2+ (20 + )W+ +1=0
(u? +0* = 1D)2? +2u* + 0%z + (u* +02 +1) =0

Xem day 1a phuong trinh bac hai theo x, tinh delta ta c6

A=W 4+0?)? = (W +0v* - 1) +0?+1) = (u? +02)? = (W +0H)* - 1) = 1.

Nghiém ctia phuong trinh bac hai khi dé 1a

—(u?+0v?)+1
T2 =—75"_"5
u? +v4—1
Nhu vay
1 1+ u? + 02
1 =-1, 29 =
1 ) 2 1—U2—’U2
Nghiém tht hai cho phép biéu dién y va z theo u va v:
1 1+u2+f02+1 2
€T = =
1—u2 -2 1—u2—92
1+ u? +0?
rT=—7
1—u2 -2 5
u
— = 1 =
y=(z+1u T
v
= W=—""
z=(zx+ 1w R
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Bay gio chung ta da co thé tinh duge do dai hinh chiéu. Pau tién ta vi phan cac bién z, y va z theo u va v:

Ox Ox 4w du + 4v dv
de = —du+ —dv= ————
T B u+6vv (1 —u?—0v2)?
Oy oy, 2(1+u?—v?) duw
dy = %dqu %dvf - _U2)2du+ - _U2>2dv
0z 0z duv 2(1 — u? +v?)
dz = %du—i—%dv— (1—u2—v2)2du+ =2 — o2y

Khi d6 binh phuong vi phan dudng cong di? 1a
(1 —u? =) di? = (1 —u? —v*)* - (—dx? + dy* + d2?)

= —(dudu+ 4 dv)® + (2(1 +v* — v?) du + 4uv dv)2 + (duv du+ 2(1 4+ v* — u?) dv)2
= (—16u? + 4(1 4+ u* — v?)? + 16u?v?) du?
+ (=32uv + 16uv(1l + u? — v?) + 16uv(l — u? + v?)) dudv
+ (—160* + 16uv? + 4(1 — u® + v?)?) dv?
=4(1 —u® —v*)? du® + 0 dudv + 4(1 — u® — v?)* dv?

Nhu vay thu dugc

4

2 _
di* = (17u27v2)2(

du® + dv?).

Cach xay dung cha Poincare

Xét duong thing z2’. Puong thing za’ chia mat phéng lam hai phan, ta goi 1a nia trén va nia dudi.
Bay gio ta xay dung cic d6i tugng phi Euclid sau:

1) Piém phi Euclid 1a tit ci diém & nita mat phing trén chia bdi z2’ nhung khong tinh cac diém trén

zx’

2) Pudng thang phi Euclid 1a moi nita dudng thing vuong goc véi zz’ va nita dudng tron tam nim trén
xz’ khong tinh cac diém nim trén za’.

3) Nita mat phéng trén chia béi duong thing za’ duge goi 14 mit phang phi Euclid.

Céch xay dung nay théa man cac tien dé Euclid (trit tién dé V):

e qua hai diém phan biét chi vé duge mot dudng thing: véi hai diém A va B bat ki thude mit phéng phi
Eulicd, néu $AB perp xx'$ thi ta vé duong thing $AB$, ngugc lai ta vé dudng trung tric cia $AB$
cat za’ tai I va vé duong tron tam I, ban kinh $IA$. Nhu vay cac duong thing duge xac dinh duy
nhat

e duong thing kéo dai vo han vé hai phia: trong hai truong hop, dudng thing tiem can z2’ nhung khong
cham vao xz’. Do d6 dudng thing kéo dai vo han vé zz’ (tuong tu viec chiing minh doan (0;1) co
diém bing véi R ctia Cantor).
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Tit hinh vé& trén c6 thé thiy c6 nhiéu hon mot dusng thing song véi $(d_2)$ ma di qua diém C la dudng
tron mau cam va dudng tron mau xanh nudc subi.

Trong trudng hgp nay, tdng ba goc clia tam gidc co thé co sé do tiy y, tham chi bang 0. Trén hinh vé, tam
gidc tao bdi Ay, Ay va Az, gidi han béi cadc dudng tron mau hudng, mau xanh 14 ¢é va mau xanh nuée subi,
tao thanh tam giac c6 tong ba goc bing 0.

2.4 Giai tich

2.4.1 Giai tich

Hinh 2.44: Karl Theodor Wilhelm Weierstrass (1815-1897)

Phan nay minh 14y tir cac sach gisdo khoa toan ctia bac THPT thdi minh con di hoc (trude 2018), chii yéu
14 cudn [1].

Gidi han

Gi6i han clia day s6

(o Definition 1.41 (Giéi han hitu han ctia day sb) W
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Cho day sb {a,}. Ta noi day {a,} c6 gi6i han hitu han L néu v6i moi € > 0, ton tai ng € N sao cho véi
moi n > ng thi

lan, — L| < e.

Ki hiéu: lim a, = L.
n—oo

©® Example 1.22

. 1 .
Xét day so cho bdi cong thic a, = —. Ta ching minh day so ¢6 giéi han hitu han 14 0.
n

V6i moi € > 0 tuy ¥, ta can chitng minh ton tai s6 ng > 1 sao cho v6i moi n > ng thi |a, — 0| < €.

Noi cach khéc ap, < €, hay tuong duong véi

1 1
— < e ng > —.
no &

Vay ta chi can chon ng thoa bat dang thic trén (luon tim dugc).

Két luan: lim a, = 0.
n—oo

O Definition 1.42 (Day s6 c6 gidi han v6 cuc)

Cho day s6 {a,}. Ta noéi day s6 co gi6i han & duong vo cuc néu véi moi M > 0, ton tai ng € N sao cho
v6i moi n > ng thi a, > M.

Noi cach khac, néu ta chon mot s& M rat 16n bat ki, thi moi sé hang ctia day sb ké tit mot sd hang nao do
tré di ludn 16n hon M. Dinh nghia vé day s6 c6 giéi han & Am v6 ciye ciing tuong tiy.

GiGi han cta ham so

Dbé dinh nghia giéi han ctia ham s6 y = f(x) khi 2 tién t6i 2y ta c6 hai loai dinh nghia.

O Definition 1.43 (Gisi han ham s6 qua giéi han day s6)

Xét ham s6 f(x). Ta no6i ham sé co gidi han hitu han L khi x tién t6i zg, néu véi moi day sé {x,} ma

lim z, = zp, thi lim f(z,) = L.
n— oo n—oo

Dinh nghia nay tuan theo gi6i han ctia day s6. Khi d6 moi phan tit clia day s6 tit mot s6 hang nao do trd
di cho gia tri f(x,) tién vé L.

Dinh nghia ctia ham s6 theo kiéu Cauchy (hay con dugc goi 14 ngon ngit 6 — ¢) 1a kiéu dinh nghia phd bién
dugc giang day trong nha truong.

O Definition 1.44 (Gisi han ham s kiéu Cauchy)
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Xét ham s6 f(x). Ta noéi ham s6 c6 gidi han hitu han L khi z tién t6i 2o, néu véi moi € > 0, ton tai § > 0
sao cho v6i moi  ma |z — x| < ¢ thi |f(z) — L| <e.

Ki higu: lim f(z) = L.

r—x0

Ta c6 thé thiy ¢ day x tién vé zo (kha gidng dinh nghia gi6i han ham s6) va f(z) tuong tng tién vé L.

Tuong t1f ta ciing c6 gidi han ham s6 & vo cuec.

O Definition 1.45 (Gisi han ham sé & vé cuc)

V6i ham s6 f(z), ta n6i ham s6 c6 giéi han tai duong vo cyc khi z tién vé zo néu v6i moi M > 0, ton tai
d > 0 sao cho véi moi  ma |z — zo| < § thi f(x) > M.

Ki higu: lim f(z) = +o0.
Tr—xQ

O Definition 1.46 (Gisi han moét bén)

Ta n6i ham s6 f(x) c6 gidi han phai L tai x¢ khi = tién vé bén phai zg néu véi moi € > 0, ton tai § > 0
sao cho v6i moi 0 < x —x9 < d thi |f(z) — L| <e.

Ki hieu:  Tim f(z) = L.

w—)wo

Nghia 1a ching ta chi xét gidi han khi z tién t6i 2o tit bén phai > x¢. Tuong tu cho gii han trai.

Luu ¥ réng trong nhiéu truong hgp, mac dit ciing tién t6i 2o nhung giéi han trai va giéi han phai co thé
khong bing nhau.

(5 ) Example 1.23
. 1 . .
Xét ham s6 y = —. Ta thay ham s6 khong xac dinh tai x = 0, va gidi han trai va phai khac nhau do
x

lim =400, Ilim = —o0.
z—0t =0~

Tinh lién tuc cta ham so

Cho ham s6 f(x) xac dinh trén mién D va xg la mot diém thuoc D.

O Definition 1.47 (Ham s6 lién tuc tai mot diém)
Ta n6i ham s6 f(z) lién tuc tai zo néu

lim f(z) = f(zo).

Tr—To

Dinh nghia tuong tu cho lién tuc trai va lién tuc phai (ta lay giéi han mot bén).

Nhu vay, c6 ba kha ning ham s6 khong lién tuc tai mot diém.
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1. Ham sb khong xac dinh tai zg.
2. Ham s6 xac dinh tai 29 nhung giéi han tai do khong bing f(zo).
3. Gidi han trai va gi6i han phai khong béng nhau.

Néu ham s6 khong lién tuc tai 29, ta goi ham s6 bi gian doan tai zg.

Néu ham s6 lién tuc tai moi diém trén khoang (a;b) thi ta néi ham sé lién tuc trén khoang do.

Tinh don diéu va cuc tri

Pau tién ching ta can mot dinh 1y vé tinh don diéu ciia ham sb kha vi.

©® Theorem 1.6

Xét ham s6 f(z) kha vi trén khoang (a;b). Néu f/(z) > 0 v6i moi z € (a;b) thi f(z) dong bién trén
(a; b).

©® Chitng minh

Theo dinh nghia dao ham thi

fo)— i T@tA0) = F(2)

> 0.
Az—0 Az

Nhu vay, néu Az > 0 thi f(z + Az) — f(x) > 0. Ta ciing c6 x + Az > x nén tit day suy ra f(z) dong
bién trén (a;b).

Twong tu:
1. Néu f’(x) < 0 v6i moi x € (a;b) thi f(z) nghich bién trén (a;b).
2. Néu f’(z) = 0 v6i moi x € (a;b) thi f(z) co gia tri khong ddi trén (a;b).

O Definition 1.48 (Cuc tiéu ctia ham sd)

Xét ham s6 f(x) lién tuc trén khoang (a;b). Piém (zq, f(xg)) dudc goi 1a cuc tiéu ciia ham s6 f(z) néu
ton tai mot lan can U chita xyp ndm trong khoang (a;b) sao cho véi moi z € U thi f(z) > f(xo).

O Definition 1.49 (Cuc dai ctia ham sb)

Xét ham s6 f(z) lién tuc trén khoang (a;b). Diém (x¢, f(x0)) dugc goi 1a cye dai ctia ham s6 f(z) néu
ton tai mot lan can U chita xgp ndm trong khoang (a;b) sao cho véi moi z € U thi f(z) < f(x).

Theo dinh nghia cyc tiéu thi chi can ton tai 1an can chita g ma f(z) > f(xo) thi diém do 1a cye tiéu. Nhu
vay mot ham s co thé c6 nhiéu cuc tiéu, tuong ti ciing c6 thé cé nhiéu cuc dai.

Luu y ring cyc dai va ciyc tiéu khong phéi diém chi gia tri 16n nhéat hay gia tri nhé nhat ctia ham s6. N6 chi
16n nhét hodc nhé nhét trong viing lan can doé theo dinh nghia, nén ngusi ta con goi la cuyc tri dia phuong.

Tt d6 ching ta c6 tinh chit clia cyc tri.
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® Remark 1.11

Xét ham s6 f(z) kha vi trén khodng (a;b) va mot diém zg € (a;b). Goi f/(z) 1a dao ham ctia f(x) trén
(a;b). Khi d6 diém z € (a;b) duge goi la

1. Néu f'(x) d6i chiéu tit Am sang duong khi di qua x¢ thi (z¢, f(20)) la diém cyc tiéu.

2. Néu f’(x) ddi chiéu tit duong sang am khi di qua zg thi (zo, f(z0)) 1a diém cyc dai.

O Definition 1.50 (Day Cauchy)

Day {z,} dugc goi 1a day Cauchy néu v6i moi € > 0, ton tai Ny € N sao cho, v6i moi m,n > Ny thi
[T — 2n] < e

©® Theorem 1.7 (Tiéu chuan Cauchy)

Day s6 {z,,} c6 gidi han hitu han khi va chi khi n6 1a day Cauchy.

Pao ham

Pao ham

O Definition (Pao ham)

Cho ham s6 f(z) x4c dinh trén mién D va zg la diém thuoc D. Ta néi ham s6 f(z) c6 dao ham tai zg
(hodc kha vi tai zg) néu ton tai gii han hitu han

lim —————.
T—To Tr — X

Ki hieu dao ham cta f tai zo 1a f'(xo).

Luu ¥ riing néu gidi han trén khong phai 1a gi6i han hitu han (khong ton tai ho#c tién t6i vo cuc) thi ham
s6 khong co6 dao ham tai diém .

©® Example

Tinh dao ham ctia ham s6 f(z) = 23 + 222 — 4 tai 29 = 4.

Ta khai trién
f(z) = f(zo) _ flz) — f(4)

T — xg z—4
_x3+2x2—4—(43+2-42—4)
- r—4
_(:133—43)4—2(1"2—42)
N r—4
(x4 (2 + 42+ 16) + 2(x — 4)(z + 4)
r—4

=22 4 4z + 16 + 2(z + 4).
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Cho z tién t6i 4 thi ta c6 dao ham tai z =4 1a

iy i J(@) = f(4)
F@) =l ==—r—
:iiir}l(x2+4x+16+2(m+4))

=4>4+4-4+16+2 - (4+4) =64.

©® Example
Xét ham s6 f(z) = 22 + 1 trén R. Tim dao ham tai zo € R.

Ta c6

flx) = f(zo) =2®+1— (z2 +1) = (xz — z0)(x + 20).

Khi do f@) = flzo) =12+ x9 nén ta c6 lim (x + xp) = 2.
T — 2o T—rx0

Trong dinh nghia & (2.3), néu ta dat
Az =x—x0, Ay=y—yo=f(z)— f(zo),

ta goi Az 1a sb gia ctia bién z, tuong tu Ay 1a sé gia ctia bién y.

Trong dinh nghia, z tién t6i 2y tuong duong véi Az tién t6i 0. Chuyén vé xq ta c6 x = xg + Az va tit do
f(x) = f(xo + Az). Dinh nghia dao ham & trén c6 thé dugc viét lai
f(zo + Az) — f(z0)

Ay
/ T — 13 ——
f'(zo) = Jim Ar = Jim S

Néu ham s6 c6 dao ham tai moi diém trén khodng (a,b) thi ta n6i ham s6 kha vi trén khoang do.

Vi du déi véi ham s6 f(x) = 23 + 222 — 4 nhu trén. V6i moi 2o € R ta co

f(@) = f(wo)

f/(.ro) = lim

T—To r — X9

_ im 3+ 202 — 4 — (23 + 222 — 4)
T—rTo Tr — X

Lt ad) a6t )
T—rTo T — X

= lim (2 + zxo + 22) + 2(x + x0)
Tr—To

=22 + @ - 2o + &3 + 2(x0 + T0) = 33 + 4.

Ta thiy rang gidi han trén luon toén tai véi moi zy € R nén thay o thanh x ta c6 dao ham f(x) = 3x? + 4z
ctia f(x) trén R.

©® Remark

Tu dinh nghia ta thiy ring néu f(z) kha vi tai zg thi no cling lién tuc tai xp. Tuy nhién chiéu nguge
lai khong dtng. Vi du véi ham s6 y = |z|, ham s6 lién tuc tai x = 0 nhung gi6i han (dao ham) phai 1a
1, con gi6i han (dao ham) trai la —1.
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Vé miit hinh anh, khi ham s6 kha vi tai mot diém thi do thi sé "tron", khéng gap khic tai diém do.

O Definition (Pao ham ctia ham s trén mot nita khoang hay mot doan)
Cho ham s f(z) xac dinh trén tap K, trong d6 K 1a mot nita khoang hay mot doan.

Ham s6 f(z) duge goi 1a c6 dao ham trén nita khodng K = [a;b) néu né c6 dao ham tai moi diém thuoc
(a;b) va c6 dao ham phai tai x = a. Dinh nghia tuong tu véi K = [a; +00).

Ham s6 f(x) duge goi 1a c6 dao ham trén nita khodng K = (a;b] néu né c6 dao ham tai moi diém thuoc
(a;b) va c6 dao ham trai tai = b. Pinh nghia tuong ty véi K = (—o0; b].

Ham s6 f(x) dugc goi la c6 dao ham trén doan [a; b] néu n6 c6 dao ham tai moi diém thude khoang (a;b),
c6 dao ham phéi tai x = a va c6 dao ham trai tai z = b.

Pao ham ctia ham sb hgp

©® Theorem

Néu ham s6 h = h(z) c6 dao ham tai diém x¢ va ham s6 y = g(h) c6 dao ham tai diém hy = h(xo) thi
ham s6 hop f(x) = g(h(x)) c6 dao ham tai diém g va

f'(x) = g'(ho) - I (o).

Néu gi4 thiét trén dung v6i moi diém 2 thuoc tap xac dinh J thi ham s6 hgp y = f(x) c6 dao ham trén J va

f'(@) =g (h(x)) - W' ().

Coéng thic trén con dudc viét gon 1a

fo=9n-hy

©® Chitng minh
Theo dinh nghia dao ham thi

h(xo + a) — h(zo) = h'(z0) - a + &(a) - a,
v6i e(a) — 0 khi a — 0. O day a dong vai tro nhu Az trong dinh nghia.
Tuong tu cho ham g ta co

9(h(zo) +b) — g(h(z0)) = g'(h(z0)) - b+ n(b) - b,

v6i n(b) — 0 khi b — 0.
Bay gio xét

(h(zo) + h'(x0) - a +€(a) - a) — g(h(xo))
(h(z0) + ¢) — g(h(x0)) = ¢’ (h(x0)) - ¢ +1(c) -

v6i b (zg) -a+e(a) -a=c

144 Chapter 2. Toan khé qua ngudi di



Math Book

Ta théy ring khi a — 0 thi < — B (zg) va ¢ — 0, nhu vay n(n) — 0.
a
T day suy ra

g(h(zo + a)) — g(h(x0))

= g'(h(x0)) - = +0 = g/ (h(x0)) - W' (o)

khi a — 0.

Pao ham chia ham sb ngudc
Gia st ham s6 f : I — J 1a mot ham kha nghich, nghia 14 c6 ham nguge. Khi d6 néu f c6 dao ham khac 0
tai diém f~!(z0) thi f~! ciing c6 dao ham tai diém zy theo ding thiic
1
F(f~ (o))
Chiing ta sé khong chitng minh & ddy vi chitng minh kha phtec tap.

(f 1) (zo) =

Vé mat hinh hoc, vi d6 thi ciia ham s6 y = f(x) va y = f~!(z) d6i xting v6i nhau qua dudng thing y = =
nén theo cong thiic trén, néu hé sé goc clia tiép tuyén do thi ham s6 y = f(z) tai diém (zg,y0) 14 k thi he

s6 goc clia tiép tuyén do thi ham sé y = f~1(z) tai diém (yo,z0) 12 T

Vi phan
Trong cach ki hiéu
Ay
! — 1 —
(@) Avs0 Az’

ta thay Ay thanh dy va Az thanh dz thi vi phan duge dinh nghia la

7 = Lo dy= /(@) do.

Cach ki hiéu vi phan c6 ¥ nghia 1a vé trai 1a vi phan theo bién y va vé phai 13 vi phan theo bién z. Do
y = f(x) nén khi vi phan hai vé s& cho ra dy = f’(z) dz (vé trai 1a da thitc bac 1 theo bién y).

Vi du phuong trinh y? = 2% 4+ 42 — 7 thi khi vi phan hai vé ta co

() dy = (2 + 4o — 7) dx < 2y dy = (32° + 4) du.

Pao ham mét s ham nhiéu bién

Ham sb6 cho gia tri la sb6 vé huédng

Gia st ta c6 vector hang & = (z1,...,7,) va ham s6 f c6 bién la vector &. Noéi cach khac 1a f : R* — R,
f(@) = f(z1,....25).

Khi d6 dao ham riéng ctia ham f theo vector x ciing 1a mot vector (néu x 1a vector hang thi dao ham riéng
cling 1a vector hang va ngugc lai) va duge ki hiéu

Vi@ = (gL o 2

Vi dy, d6i v6i ham tuyén tinh

f(w):alxl—i—...—i—an:rn:a-wT
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thi ta thay ring of _ a;. Khi do

8.’1% B
[ of of \ _ B
Vf(z) = (8:01 69%) = (a1,...,an) = a.
Ta thay ring f(z) =a-z' =x-a'. Do do
Va-z")=V(z-a') =a.

Pao ham riéng cip hai dude cho bdi ma tran duge goi 14 ma tran Hessian.

0% f 0% f 0% f
371'% 0x1To o 0x12n,

oy orf o
VZf(sc) — | Oxoxy Ox3 Oxoxy,
0% f 0% f 0% f

Orpr1  OTnxo o @

Theo tinh chat ctia dao ham riéng cap hai c6 thé thiy ma tran trén 13 ma tran déi xing.

Néu dau vao la mot ma tran, hay f: R™*™ — R, f(X) thi ta lam tuong tu

Gia st
T11 T12 0 Tim
T21 X222 -+ T2m
X =
Tnl Tp2 *° Tnm

Khi d6 dao ham cta ham f theo ma tran X la

of of  of
ox ox ox
) )
Vf(X) = 83721 8$22 ax?'m
o of . of
8.13n1 837712 axn’m

Nhu vay dao ham theo ma tran ciing 1a ma tran ciing cd véi ma tran dau vao.

Ham so cho gia tri la vector

Xét ham vector

F(:L‘) = (fl(x)v f2(m)v ceey fm(m))
v6i ® = (21, 22,...,2,) € R™ va cadc ham f;(x) 1a ham ta R™ t6i R. Khi d6 ham vector F' 1a ham tu R™ t6i
R™.
Néu f; 1a cAc ham tuyén tinh nhu trén thi ham F 1a mot anh xa tuyén tinh, hay tuong duong véi phép nhan
ma tran F(xz) = x - A. O day x la vector hang, con A 1a ma tran n x m.

aix azir 0 Qmil

a12 a2 -t Am2
A =

A1n A2 Tt Amn
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0 day,
f(®) = fi(z1, 22, ..., 2n) = an®1 + aioZ2 + ... + QinTy.
Néu dat a; = (a1, ai2, - - -, @i, thi ma tran A c6 cac cot 1a a; . Néi cach khac
A=(a] a; - a,).

Néu ta xét ting cot ctia ma tran A thi hoan toan giéng truong hop trén. Gid st véi cot dau tién (ting véi
f1) ta co

a1l
@12 T
fl(:z:):(xl Lo - xn) : =xz-a.
A1n
Pao ham cua f; theo vector x 1a
Vfi(x) = (1111 aig - aln) =aj.

Xép cac ham f; tir trén xudng dudi, ta c6 dugc dao ham clia ham F theo vector x 1a

V f1(x) a;
V() = Vf2(w) _ (1:2 AT
Vin@) \an

Mot sb dinh li vé gia tri trung binh

©® Theorem 1.9 (B6 dé Fermat)

Cho f 14 mot ham s6 c6 dao ham trén (a;b). Néu z¢ € (a;b) 1a mot diém cyec tri ctia f thi ta co f/(xg) = 0.

©® Chitng minh

Ta ching minh trong truong hop xo 13 diém cuyc tiéu. Truong hop diém cuc dai tuong tu.

Ham f c6 dao ham trén (a;b) nén tai diém x¢ né c6 dao ham bén trai va dao ham bén phai, va hai dao

ham nay bing nhau.

Ta c6 f'(zf) = lim f(@) = f(zo)
z—>z0+ T — o

cue tiéu f(x) — f(zo) = 0 nén phan s6 duéi dau giéi han 16n hon 0. Suy ra f'(zd) > 0.

. Viz — zf nghia la x > x¢ (z tién t6i o tit bén phai), va do zg la

Hoan toan tuong tu ta chiing minh duge f'(x5) < 0. Vado f'(zf) = f'(zy) = f'(0) nén f'(zo) = 0.

Ta c6 diéu phai ching minh.

® Theorem 1.10 (Pinh li Rolle)

Xét ham s6 f lién tuc trén doan [a;b], c6 dao ham trén khoang (a;b) va f(a) = f(b). Khi do ton tai ¢
thuoc (a;b) sao cho f/(c) = 0.
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©® Chitng minh

Dé ching minh dinh 1i Rolle ching ta can bd dé Fermat va mot tinh chat ctia ham lién tuc

Néu f 1a mot ham s6 lién tuc trén doan [a;b] thi f dat gia tri 16n nhat va gid tri nho nhat
trén doan do.

Néu ca hai gia tri 16n nhat (GTLN) va gid tri nhé nhat (GTNN) cta f déu dat tai bién thi do gia thiét
f(a) = f(b) ta suy ra GTLN = GTNN. Nhu vay f 1a ham hing nén f’(c) = 0 v6i moi ¢ € (a;b).

Ngudc lai, c6 mot trong hai gia tri do dat duge tai diém ¢ € (a;b). Khi do ¢ 1a didm cuc tri nén theo bd
dé Fermat thi f’(c) = 0.

Vé mit vat li, dinh li Rolle cho biét ring néu mot chat diém chuyén dong trén duong thing bt dau tir diém
a va quay lai diém xudt phat & thoi diém b thi c6 mot thai diém ¢ nao do thudce (a;b) ma chat diém dimg
lai, ké ca ta khong biét téc do ctia chdt diém nhu nao.

Dinh 1i Rolle 13 céng cu gitp khao sat, ddnh gid sé nghiém ctia cic phuong trinh rat tot.

Khi mé rong dinh 1i Rolle ching ta duge dinh 1i Lagrange. Néu trong khoang thoi gian tit a t6i b, chat diém

di chuyén trén dudng thing tit vi tri s(a) t6i s(b) (so véi goc toa do) thi van tdc trung binh trong thai gian

s(b) — s(a)
2 b - a S z

thai diém nay bang van toc trung binh trén cd quang dudng s(a) t6i s(b).

nay la . Pinh i Lagrange néi ring ton tai thoi diém ¢ thuoc (a;b) sao cho van toc titc thai tai

©® Theorem 1.11 (Pinh li Lagrange)

Xét ham so f lién tuc trén doan [a;b], c6 dao ham trén khoang (a;b). Khi do ton tai ¢ thuoc (a;b) sao

cho f(¢)(b —a) = f(b) — f(a).

©® Chitng minh

Xét ham

Khi do6 ta c¢o g(a) = f(a) va

f(b) = f(a)

g(b) = £(o) - 12—

Do g lién tuc trén [a;b], ¢c6 dao ham trén (a;b) va g(a) = g(b) nén theo dinh 1 Rolle ton tai ¢ € (a;b) sao
cho ¢'(c) = 0. Ta lai co

g(@) = /@) - 1D
nén thay ¢ va ¢'(z) ta co
0= g/(c) — f/(c) _ f(bl)) : Z(a) — fI(C) — f(bl)):;]:(a)

V6i cach tiép can va trinh bay nhu trén thi dinh 1i Lagrange dugc goi 1a dinh I5 gid tri trung binh.
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Thay d8i cach ki hieu, dit a = 2 va b = 2 + Az thi ta co

fla+Az) = f(z) = f'(c) A
véi ¢ € (z,x + Ax). Lic nay dinh 1i Lagrange dugc goi 1a dinh Ii vé s6 gia hitu han.

f(b) = f(a)
b

V& mit hinh hoc c¢6 thé thay 14 hé s6 goc clia day cung nbi hai diém (a, f(a)) va (b, f(b)) clia

dd thi ham s6 y = f(x), con f(c) 1a hé s6 goc clia tiép tuyén tai diém c6 hoanh do o = ¢ thuoc dudng cong.
Khi d6 dinh 1i Lagrange c¢6 y nghia

Néu ham s6 f lién tuc trén [a;b] va c6 dao ham trén (a;b) thi ton tai diém ¢ € (a;b) sao cho tiép
tuyén tai diém (c, f(c)) song song véi day cung AB ndi hai diém (a, f(a)) va (b, f(b)).

A= (a, f(a)), B = (b, f(b))

y b—a B
9 ®- -
=)
"‘? ! Tiép tuyén tai C
=)
4+ = : C
Al
1 i
‘ x
1 2 3

Hinh 2.45: Minh hoa hinh hoc ctia dinh li Lagrange

O biéu thic ctia dinh If Lagrange, dit g(z) = x thi g(b) = b, g(a) = a va ¢'(x) = 1 v6i moi = € (a;b). Khi
do ta co
f(b) — f(a) fle) _ f'le) _ f(b) — f(a)

Q) = o S T = T ) —gla)

Néu ta thay g(z) 1a mot ham s6 kha vi tity y thi biéu thiic nay con ding khong?

©® Theorem 1.12 (Pinh li Cauchy)

Néu f(x) va g(z) 1a hai ham s6 lién tuc trén [a;b], c6 dao ham trén (a;b) va ¢'(z) # 0 véi moi = € (a;b)
thi ton tai ¢ € (a;b) sao cho
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©® Chitng minh

Ta xét ham sb

thi ta c6 h(a) = h(b) = 0. Hon nita ham s6 h(x) ciing lién tuc trén [a;b] va c6 dao ham trén (a;b). Ap
dung dinh 1f Rolle cho ham s6 h(z) thi ton tai s6 ¢ € (a;b) sao cho h/(z) = 0. Vi

nén suy ra

va ta co diéu phai chiing minh.

©® Theorem 1.13 (Quy tiac L'Hépital)

Xét V 1a lan can ctia diém zg, f(z) va g(z) 1a hai ham s6 lién tuc trén V va c6 dao ham trén V' \ {xo}.
Gia st

f(zo) = g(xp) =0, lim () =

a0 g'(z)
Khi do6 ta co
f(@)

lim -’ = a.
oo g(z)

. 0 . R N
Quy tac L'Hopital 1a cong cu khit dang vo dinh 0 rat hiéu qua. Tuy nhién ching ta ciing can chu y rang

néu khong phai dang vo dinh thi quy tic L'Hépital khong con ding.

Tinh 16i, I6m va diém udn cua do thi

O Definition 1.53 (Ham 16i, 16m)

Gia st I 13 mot khoang trong R. Ham s6 f dudc goi 1a 16m trén I néu va chi néu v6i moi o, 8 > 0 ma
a+ B =1, tadéucod

flox + By) < af(x) +Bf(y)

v6i moi x,y = 0.

Trong trudng hop ngugc lai (d6i chiéu bat ding thitc) thi ta néi f 1a ham 16i trén I.

Trong mot s6 sach toan ¢ nudc ngoai thi khai niem 16i, 16m ctia ham sb6 duge hidu nguge lai. Khi d6 ham
16m & dinh nghia trén duge goi 1a ham 10i (16é dudi) va ham 16i & dinh nghia trén goi 1a ham lom (1oi trén).

Vi du & bai viét Berryxioers u rouxn neperuta (Tinh 161 va diém uén) ciia Moscow State University (MSU)
mang tén Lomonosov thi dinh nghia ham 16i bén trén duge MSU goi 1a l0i trén (evnykaas esepx), con dinh
nghia ham 16m bén trén duge MSU goi 1a 167 dudi (evnyriasn 6nus).
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Vi du & trang wikipedia Concave function thi dinh nghia ham 16i bén trén (dau >) duge wikipedia dinh
nghia 1a ham 16m (concave). Tuong tu, ¢ trang wikipedia Convex function thi dinh nghia ham 16m bén trén
(ddu <) dugce wikipedia dinh nghia 1a ham 16i (convex).

Vé miit hinh hoc, cac ban c¢6 thé xem y = 22 14 mot vi du cta ham 16m va y = —2? 14 mot vi du ca ham
16i. Sau day ching ta sé phan tich mot s6 tinh chat tit dinh nghia ham 16i, 16m dé dua ra khia canh hinh
hoc nay.

©® Theorem 1.14

Gi4 stt f(z) c6 dao ham trén I. Khi d6 f(x) 1om trén I khi va chi khi f/(x) la ham ting khong nghiém
ngat (knn) trén L.

©® Chitng minh chiéu thuan

Ta c6 f(z) 1a ham 16m trén I va ta can chiing minh f/(x) ting knn trén I, nghia 1a

f(z1) < fl(2)

v6i moi x1,x2 € I ma x1 < xo.

Ty — T x—x . e .
2 va 8 = 1V(’nxl<x<x2th1khldoa,5>0va
T2 — T1 T2 —T1

Tit dinh nghia ham 16i, ta chon o =
a+ B=1. Taco

f<sc>=f(m_gc‘7“+ — “”) < 272 p(ay) + ——2L f(xs).

T2 — T1 T2 — T2 T2 — IT1 T2 — T1

Ta bién ddi bat ding thitc nhu sau

(z2 —21) f(2) < (22 — @) f(21) + (T — 21) f(72)

(2 —z+ 2 —21)f(2) < (32 — ) f(21) + (T — 1) f(22)

(22 —2) [f(2) = f(z1)] < (z — 21) [f(22) = f(2)] (2.4)
f(z) = f(z1) < f(x2) —f(x)'

~
r — T To — X

I

Cho =z — xi" thi vé phai BDT 1a dao ham phai tai 1, nghia la
fz2) — f(21)

T2 — T

f(z1) <

Tuong tu, cho z — x5 thi vé trai BDT la dao ham trai tai zo, nghia 1a

f(z2) — f(z1)

L2 — I1

< fl(w2).

T hai BDT vita 16i suy ra f/'(z1) < f/(22). Ta c6 diéu phai chiing minh.

©® Chitng minh chiéu ngudc

O phan trén ta dung bién ddi tuong duong dé c6 (2.4). Nhu vay néu ching minh dude (2.4) thi ciing
dong nghia f(x) 1a ham 1om.
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Theo dinh li Lagrange ton tai cic sd 23 va x4 sao cho 1 < 23 < & < T4 < Tz VA

f(l‘) - f(xl) _ fl(xs), f(‘TQ) — f(ll?) _ f/($4).

xr— 2 Io —T
Vizs < 24 va f/(z) tdng knn trén I nén ta c6 f'(z3) < f/(x4), suy ra

f(x) — f(r1) < f(@)*f(fc).

~
r — T To — X

Nhu vay (2.4) duge chitng minh.

Mot hé qua quan trong hay dude st dung cta dinh li nay nhu sau.

© Corollary 1.1

Néu f(z) lien tuc trén I va c¢6 dao ham cap hai trén I thi f(x) 16m trén I khi va chi khi f”(x) > 0 véi
moi z € L.

Mot s6 tinh chat cia ham 16i va ham 16m la:

1. Néu f(z) c6 dao ham va 1om trén khoang I thi tiép tuyén tai moi diém thuoc I clia n6 déu nim phia
duéi @6 thi ctia ham f(z).

2. Néu f(x) c6 dao ham va 16i trén khoang I thi tiép tuyén tai moi diém thuoc I ctia né déu nidm phia
trén do thi ctia ham f(z).

3. Néu f(x) la ham 16m trén doan [a;b] thi ta co f(z) < max{f(a), f(b)} v6i moi x € [a;b]. Néi cach
khéc, gia tri 16n nhat ctia f(z) trén [a;b] dat duge tai dau muat cia doan [a; b].

4. Tuong tu, néu f(z) 1a ham 16i trén doan [a;b] thi gia tri nhé nhat ctia no trén doan nay dat duge tai
dau mut ctia doan [a; b].

Y nghia hinh hoc ctia ham 16m

Gia stt ham f(x) 1om trén I. Lay bat ki z1, 29 € I v6i 71 < z2.

Goi My (z1, f(z1)) va Ma(xo, f(22)) 14 hai diém trén do thi ham s6 y = f(z).

Khi d6 diém M’(x,%y) nim trén doan thing M; M, khi va chi khi c6 s6 o € [0,1] sao cho MoM' = aMy M,
nhu trén hinh vé sau.
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f(My)
af(ey) + (1 —a)f(zs)

f(My)
flazy + (1 — a)xs)

DPiéu kién nay tuong duong vdi

T — X9 :a(acl —$2)7
y— flz2) = a[f(z1) — f(x2)].

hay

{x =az; + (1 — a)xs,
y=af(z)+ (1 —a)f(x2).

Vi f(x) 16m trén I nén ta c6
yu = flaz + (1 - a)zz) < af(z1) + (1 - a) f(22) = Y-

Két qua nay cho chiing ta két qua:

Ham s6 f(z) 16m trén I khi va chi khi véi moi cap diém M;, M, thuoc do thi ham s6 y = f(z),
cung M, M, ctia do thi luén nim phia duéi doan thing M M,.

Diém uon cha do thi

O Definition 1.54 (Piém udn citia dd thi)

Gia st ham s6 f(z) c6 dao ham trén khoang (a;b) chita 2. Néu do thi (C') ctia ham s6 y = f(z) lom
trén mot trong hai khodng (a,zo), (7o,b) va 16i trén khodng con lai thi U(zg, f(zo)) duge goi la diém
uén (hay inflection point, Touka meperu6a) ctia do thi (C).

Noi cach khac, qua diém udn 16i thanh 16m hodc 16m thanh 15i.

©® Remark 1.13

Tiép tuyén tai diém udn di xuyén qua do thi.

Diéu nay c6 nghia l1a trén mot trong hai khodng (a; zq), (zo;b) thi tiép tuyén tai o nim phia duéi do thi va
trén khodng con lai thi tiép tuyén d6 nim phia trén dd thi.
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T két qua trén vé tinh 16i, 16m ching ta cé dinh li sau 1a cong cu hitu ich dé xac dinh diém ubn ctia dd thi.

©® Theorem 1.15

Gia st ham s6 f(x) c6 dao ham cap hai trén khodng I chita diém xo. Néu f”(z0) = 0 va f”(x) d6i dau
khi z di qua diém zq thi U(zo, f(70)) 12 mot diém udn ctia d6 thi ham s6 y = f(z).

Tich phan dudng
Tich phan dudng trén mat phing
Tich phan dudng ding dé tinh do dai dudng cong f(x) trén doan [a;b] nao doé thuoc tap xac dinh.
Sau day minh sé diing téng vo han dé giai thich mot s6 cong thiic tinh tich phan duong duge hoc 3 trudng.
Gia st minh chia doan [a;b] thanh n phan bang nhau
a=xg<x1<--<Tp,=">b

b—a
—

vGi Tit+1 — Ty =
Goi cac diém
Lo = (zo, f(x0) = yo), L1 = (w1, f(®1) =11)s -, Ln = (@, f(2n) = yn)-

Khi d6 do dai duong cong 1a tong do dai cac doan théng LoLq, L1Ls, ..., L,_1L, khi n tién t6i vo ciing.
Do dai doan théng L;_; L; 14 khodng cach tit diém (z;_1, f(z;_1)) t6i (@, f(z;)), nghia la

2
LioiLi = /(i — 2i21)? + (i — 9i—1)® = |&i — i1 - \/1 + (yl yll) .

T — Tj—1

. b— . , . i — Ui
Khi n tién t6i vo cing thi Az = x; — 21 = 27 % Gién t6i 0. Cac ban c6 thay biéu thitc Yi 7 Yimt g
n Ti — Tj—1
x; — x;—1 tién t6i 0 quen khong? Chinh 1a dinh nghia dao ham f/(z) = Alim0 Ay/Az ma ching ta hoc & pho
z—
thong.
Ki hiéu [ 1a A6 dai dudng cong trén. Do [ 1a téng ctia nhitng doan L;_1L; cuc nhé nén cé thé noi
Il=Al; + Als +...+ Al,
- =~ -
LoLl Lng Ln—an
khi n tién téi vo cung.

Diéu nay c6 nghia la néu y = f(x) thi ching ta c6

2
All = |£L'1 — .’ti,1| . \/1 + (yz —Yi1 ) = AZL’Z . ]. —+ (Ayl/Axl)Q

Tj — Tj—1

v6i Ay; =y — yi—1, va Ax; = x; — 241 tién vé 0. Thay cac A béi vi phan ta sé c6 cong thiic

dl = /1+ (dy/dz)? dz = \/1+ (f'(x))? dx.

Cong thitc nay c6 thé dung khi y phu thuoce vao = hay y = f(z).
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Lam ngugce lai qua trinh trén, thay z thanh y va y thanh x chung ta c6 cong thitc trén nhung theo dy 1a

dl = /T+ (/)2 dy.

Vay con trusng hop = va y 1a hai ham s6 theo tham s6 t? Vi du nhu cung tron ban kinh bang 1 cho béi
x = x(t) = cos(t) va y = y(t) = sin(t), trong d6 ¢ € [a;b] C [0, 27].

Cach tiép can vAn nhu vay, ta chia doan [a;b] thanh n phan bing nhau
a=thg<ti <:---<tp,=0b

Gi t pot=a
VOl Uj41 — U; = .
1+ 2 n

Khi @6 mbi doan thing L;_1L; s& c6 dang

Al =L; 1L; = \/(xl —xic1)?+ (Yi — yi-1)?

2 2

Ti — Tj—1 Yi —¥Yi—1

= (t: —t: 1) - et LAty
(z zl) \/<ti_ti—1> +<ti—ti_1>

= At /(Dzi /A2 + (Ayi/AL)2.

Khi n tién t6i vo cyc thi At; tién vé 0, ma x va y 1a cAc ham s6 theo bién ¢ nén néi cach khac Az;/At; chinh
la dao ham ctia ham s6 = = z(t), tuong tu Ay;/At; 1a dao ham clia ham s6 y = y(¢).

Thay cédc A béi vi phan thi ta c6 cong thitc

di=+/(2'(t)? + (y' (1)) dt.

2.4.2 Phuadng trinh vi phan
Phuang trinh vi phan bac nhit
Phuong trinh vi phan bac nhat c6 dang:
P(z,y)dx + Q(z,y)dy = 0.
Nghiém tong quat c6 dang y = o(x, ¢) kha vi va théa man diéu kién ctia phuong trinh vi phan.
1. Ham ¢(z, ¢) 1a nghiém ctia phuong trinh vi phan véi hang sb c.

2. Néu y(xg) = yo thi c6 thé tim duge co. Khi d6 nghiém dugce goi 14 nghiém riéng y = ¢(z, o).

O Definition 2.10 (Phuong trinh tach bién)

Phuong trinh tach bién (hay pasmensromue nepemennsie) 1a phuong trinh c6 dang:

Py(z) - Q1(y) dz + Px(2) - Q2(y) dy = 0.

D@ giai phuong trinh tach bién ta chia hai vé cho Q(y) - Po(z) # 0 va giai

DG gy [0,

Py(x) Q1(y)
Néu Q1(y) - Po(z) = 0 thi ta gidi timg ham riéng Q1 (y) = 0 hodc Py(x) = 0.
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© Definition 2.11 (Ham thuan nhéat bac n)

Ham thuan nhat bac n v6i tham s6 A bat ki ta luon co f(Az, \y) = A" f(z,y).

Vi du, f(x,y) = 22 — 2xy. V6i cac ham thuan nhat ta c6 dinh nghia phuong trinh vi phan thuan nhat.

O Definition 2.12 (Phuong trinh vi phan thuan nhét)

Phuong trinh vi phan 3’ = f(z,y) dugce goi 1a thuan nhat néu ham f(z,y) 1a ham thuan nhat bac 0. Khi
doy =¢ <g>
T

Dé giai dang nay ta diit Y — 4. Nhu vay y = ux vay = vz + uz’.
x

Phuong trinh tuyén tinh va phudng trinh Bernoulli

© Definition 2.13 (Phuong trinh vi phan tuyén tinh)

Phuong trinh vi phan duge goi 1a tuyén tinh bac nhat néu no c6 dang 3’ + p(x) -y = g(z).

Dé giai phuong trinh tuyén tinh ta c6 hai phuong phap 14 phuong phap Bernoulli va phuong phap Lagrange.

Déi véi phuong phap Bernoulli, ta ddt y = uv v6i u = u(z) va v = v(z) 1a mot ham duge chon tit 16p cac
ham théa man véi hing s6 ¢d dinh. Khi d6 3 = u'v + uv'.

Phuong trinh vi phan khi nay c6 dang:
Y +p(x) -y =g(x)
su'v+v'u+p(z) - uw = g(z)
Suv 4 ue! +p(x) -v) = g(x)

Ta chon v sao cho v’ +p(z)-v = 0. Diéu nay tuong duong véi Z—Z—Fp(x) v =0nén Injv| = — [ p(z) de+1n|C|.
O day C la hiing s6.

Dé don gian, ta chon C' =1 thi v = e~ JP(*) dz,

Suy ra w/v = u'e” JPE) 4T — g(3) va bién dbi

du o) da

dx
— u:/g(m)-e_fp(x)dxdm—&-C

= g(=)

= y=uw=...
D6i véi phuong phép Lagrange, ta xét phuong trinh vi phan tuyén tinh thuan nhat tuong ting véi y' +p(z)-y =
gx)lay +p(x) -y =0.

. ) P 2. dy < co. —fp(a:)d;v p < > Z
Khi d6 ta bien doi e —p(x) -y va gidi duge y = ce vGi ¢ 14 hang so.
Ta thay ¢ bdi ¢(x) 1a ham theo x:

y=ofz) e~ IrE@ e

oy =) eI () THOE ()
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va thay vao phuong trinh vi phan ban dau:
() e TP 4 ofa) o THBATp(0) + o) - = () = (o)
— () e IP@dr — ()
<~ dc(z) = ef p(x) de ~g(z) du.

Téi day ta tim duge c(z) dé co y.

(5 ) Example 2.6
Giai phuong trinh vi phan
yda = (y* — x)dy.

Pau tién ta bién ddi phuong trinh

dr

ydx:(yz—a:)dy<=>df—|—*=y
v (2.5)

, 1
=T+ - =y.
Y
D6i v6i phuong phap Bernoulli, dat z = uv v6i u = u(y) va v = v(y). Khi do6 ta co6 2’ = v'v + uv'.

T (2.5) suy ra

! / 1
uvt+vu+—-uv=y
Y

/ ( 1 )_
<—uv+ulv+-—-—-v)=y.
Y

1
Ta tim v sao cho v’ + —v = 0, tuong duong véi
Y

dv )
— == == -
dy Yy Y

Thay vao (2.5) ta duge

1
u’v:u’~f=y<:>u':y2:>u:y§+0.
Yy

Nhu vay

2 1 2
pewe (L) 1o C
3 y 3y

Déi voi phuong phap Lagrange, ta xét dang tuyén tinh thuan nhat la 2’ + - -z = 0.
Y

Khi do

dx dy c
S
€z Y Y

c(y)

véi ¢ 1a hing s6. Bay gio thay ¢ thanh c(y) ta c6 x =
Y
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Thay vao (2.5) ta co

Nhu vay ta c6 két qua

O Definition 2.14 (Phuong trinh Bernoulli)

Phuong trinh Bernoulli 1a phuong trinh c¢6 dang:

Yy +p@)-y=g) y", neNn#0,n#1

Khi n = 0 thi phuong trinh tré thanh phuong trinh tuyén tinh.

Pé giai phuong trinh Bernoulli ta chia hai vé cho 3™ thi dugc:

y | pl)

=+ ——= =g(z)

yn yn 1

bat T =z thi
yn
dz 1
r 1)
d=o-=0-n) Y

/
va thay vao phuong trinh ban dau ta co

1 z
Nhu vay — ¢ =
vay " y 1

r
@) 2= gfa).
Tt day ta gidi phuong trinh tuyén tinh.

Phuang trinh vi phan toan phan. Nhan ti tich phan

O Definition 2.15 (Phuong trinh vi phan toan phan)

Phuong trinh vi phan duge goi 1a toan phan (hay ypaBuenue B moaubix guddepenuanax) néu vé
trai c6 vi phan toan phan 1a ham u(x,y), nghia la:

P(z,y)dz + Q(z,y) dy = du(z,y).
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® Theorem 2.4
Diéu kién can va du dé biéu thic

A = P(z,y)dx + Q(z,y) dy,

oP 0
v6i P(x,y) va Q(z,y) va dao ham riéng B va 99 lién tuc trén tap D nao do, la phuong trinh vi phan
Y

ox
toan phan:
or _
oy Oz’

©® Chitng minh
Dé ching minh diéu kien can, dit A 1a biéu thic c6 vi phan toan phan, nghia 1a

P(z,y)dz + Q(z,y) dy = du(z,y)

ou Ju
= du(z,y) = . dx + 7 dy,

voi P(z,y) = % va Q(x,y) = Z—Z
Suv ra oP  d%u N oQ 0%u

uy ra — = va — — .

J Oy  0x0y dr  Oyor
P N
Khi do 8— = @ va ta c6 dieu phai chitng minh.
oy ox

Dbé chitng minh diéu kien dt, trén tap D ta co or _oq

oy Oz’

Liic nay ta chiing minh tén tai ham u(z,y) trén D ma
du(z,y) = P(x,y) dz + Q(z,y) dy.
0 0
Gi4 stt ngugc lai, 87;6 = P(x,y) va a—z = Q(z,y).

O day, ta ¢b dinh y va lay tich phan theo z thi dugc:

uuww=/P@wa+wm,

v6i ¢ = ¢(y) 1a hing s6 (do y ¢6 dinh nén ¢(y) ciing c6 dinh). Suy ra ta co:
!

%Z _ (/P(az,y) dx)y +¢'(y)

!

= Q)= ([ P s) +¢w

Y
/

=) = Q) - ( [ P o)

Y
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Vé phai khi dao ham theo z la:

4

T )
<2 (5 (J o)
(f i)

Oz
0

% ox

8x<
_<5 )

ax

o) = [ (@) -5 ([ Poas) ) av-ve

A oP 0
Khi dieu kién a—y = acj khong théa man, ta nhan thém ham t(z, y) dé thoa diéu kien:

0
0
0
0
5 () =

)

tu day suy ra:

v6i ¢ 1a hang sb.
0

5y (t@) - Ple.w) = 5 (e.0) - Qo).

Ham t(x,y) khi d6 duge goi 1a nhan t1¥ tich phan (hay uaTerpupyrommii MHOXKUTENB). LUc nay
phuong trinh bién ddi thanh:

ot opP Ot oQ
7 P+8—y =5 Qt 5=t
G e G e (8
oy ox B dr 0Oy

Ltic nay ta chi can tim ham ¢ chi phu thuoc = hosic y. Vi du véi t = t(z) ta c6 thé bién doi:

dt 9Q OP
-z0=(5 - %)
dt OP /0y — 0Q/0x de
t Q
/aP/ay 8Q/8x )

<~ t(x) —exp(

Tuong tu, t(y) = exp (/ 8@/8:8;8P/8y dy).

Phuong trinh Lagrange va Clairaut

© Definition 2.16 (Phuong trinh Lagrange)

Phuong trinh Lagrange (ypasuenue Jlarpanzxka) 1la phuong trinh c6 dang:

y=zo) + ),

160 Chapter 2. Toan khé6 qua ngudi oi



Math Book

. d
véi o va 1) 1a hai ham s6 véi iy = d—y
x

Dé giai phuong trinh Lagrange ta dat p = 3y’. Khi d6 y = z¢(p) + ¢ (p). Lay vi phan hai vé ta co:

dy o / / / /
o = )+’ () + U (p)p

dp dp
_ / /

= @(p) +2¢'(p) - + 4" (p) .
Thay vao diéu kién ban dau ta dudc:

dx
(p = ¢(p) 5 — 2¢'(z) = ¢/ (p).
P
Day 1a phuong trinh vi phan tuyén tinh theo z = z(p).
Giai phuong trinh tim duge = A(p, ¢) véi ¢ 1a hiing s6, thay lai diéu kien p = 3’ tim duge y = v(z, ¢).

Chu y réng khi thay vao diéu kién ban dau ta chia cho dp nén trude do phai xét truong hop dp = 0, noi cach
khéc p = po 1a hing s6 va p — ¢(p) = 0.

Nghiem y = z¢(pg) + ¥ (po) goi 1a nghiém dac trung (hay ocoboe perenue).

O Definition 2.17 (Phuong trinh Clairaut)

Phuong trinh Clairaut (ypasuenue Kiepo) c¢6 dang:

y=zy +9(y).

Day 1a phuong trinh Lagrange khi ¢(y') = v/’
D@ giai phuong trinh nay, dat y’ = p thi y = 2p + ¥(p). Khi do:

— / / /
et A (p)p

dp dp
<=>p=p+:r£+¢'(p)@
dp

— =0.
dx

= (z+¢'(p)

. d . . .
Néu d—p =0 thi p = ¢ 14 hang s6. Nghiém tong quat 1a y = cz + ¥(c).
x
Néu z + ¢'(p) = 0 thi z = —¢/(p). Suy ra y = xp + ¥ (p) la nghiem dic trung va khéng c6 dang téng quat.
2.4.3 Chubi sb
Xét day s6 {a,}. Dit
S, =a1+as+...+a,.

Khi do6 {S,} 1a chudi s6. Tuong tu nhu sy hoi tu hoic phan ky clia day s6, ta cling quan tam dén sy hoi tu
va phan ky ctia chudi sb.
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O Definition 3.15 (Chudi s6 hai tu)

Chudi s6 {S,,} dugc goi 1a hoi tu néu ton tai gidi han hitu han L = lim S,.

n— oo

Ngudc lai ta goi 1a chudi phan ky, nghia 1a lim S, = co hodc khong ton tai lim S,,.
n—oo n—oo

©® Example 3.14

. 1
Xét day so a, = véin=1,2,...

T
Khi do
1 1 1
Sh 2+2—2+..+2—n
1 1
1 " on 1 1
= — . >_, :1
1
2 1-2 2 1_1
2 2

khi n — oco. Nhu vay S, 1a chudi hoi ty.

Tiéu chuan Cauchy

Theo dinh nghia, chudi sé hoi tu khi ton tai giéi han hitu han. Do d6 ta c6 thé viét theo ngon ngit 6 — e nhu
déi véi day sb.

©® Theorem 3.14 (Tiéu chuan Cauchy)

o0
Chubi s6 Z a; hoi tu néu véi moi € > 0, ton tai N € N, sao cho v6i moi n > m > N, ta cod
i=1

<eE.

m
>
i=n

©® Chitng minh

n n m—1
Do Z a; = Z a; — Z a; nén chudi s6 hoi tu tit mot diém m nao d6 trd di thi chudi hoi tu. Tuong tu
i= i=1 i=1

m K3
cho phéan ky.
(.

© Corollary 3.2

oo
Néu chubdi s6 Z a; hoi tu thi lim a, = 1.
n— o0

n=1
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©® Chitng minh
Theo tiéu chudn Cauchy, véi moi € > 0, do chudi hoi tu nén ton tai N € N sao cho véi moin > m > N

n
3 a

=m

ta co < E&.

Néu ta chon m = n thi diéu kién trd thanh véi moi € > 0, ton tai N € N sao cho v6i moi n > N ta cb
la,| < e. Noi cach khéc lim a, = 0 (dinh nghia giéi han day o).

n—oo

Dua vao tiéu chuan Cauchy ta cd mot sé tiéu chudn hoi tu hitu dung nhu sau.

©® Theorem 3.15 (Tiéu chuan thit nhat vé sy hoi tu)

oo oo
Xét hai chudi sb Z ay, VA Z b,. Khi diéu kién 0 < a,, < b,, thda méan, ta c6 cac két qua sau:

n=1 n=1
1. Néu b, hoi tu thi Y a, ciing hoi tu.
2. Néu > a, phan ky thi Y b, cling phan ky.

©® Chitng minh

Ta thiy ring néu > b, hoi tu thi v6i moi € > 0, ton tai N € N sao cho v6i moin > m > N, <e.

n
>_ai
i=m

oo
Do 0 < a; <b; nén < < e. Nhu vay chudi Z a,, ciing hoi ty.

n=1

>

i=m

n
> ai
i=m

©® Theorem 3.16 (Tiéu chuan so sanh)

o0 o0
. . z N Z N o e = . a S .« 1~ Z N
Xét hai chudi s6 duong E ap Va g b,. Néu ton tai gidi han hitu han lim — = L thi hai day s6 trén
n=1 n=1 nree On

cung hoi tu hodc ciing phan ky.

©® Chitng minh

. G .
Do day so b—" c6 gi6i han hitu han L nén véi moi € > 0, ton tai NV € N sao cho v6i moi n > N, ta cb
n
a , R
b—n = L‘ < &. Tuong duong v6i b, (—e + L) < a, < by(e + L). Tt tiéu chuan thd nhat vé sy hoi tu va
n

bat déng thiic thi hai suy ra néu chudi Y b, hoi tu thi chudi 3 a,, ciing hoi tu.

Tuong tu, véi bat dang thitc thit nhat, néu Y b, phan ky thi 3 a,, ciing phan ky.

2.4. Giai tich 163




Math Book

©® Theorem 3.17 (Tiéu chuan tich phan Cauchy)

o0
Xét chudi sd6 duong Z a,. Néu a, 1a day s6 co6 dang a, = f(n), ta chuyén qua xét ham s6 f(z).

n=1
Néu ham s6 f(z) théa man:

1. f(x) khong ting.

2. /f(m) dz hitu han.
0

o0
Khi d6 chudi s Z a, hoi tu.

n=1

2.4.4 Ham gamma, ham beta, ham zeta

[TODO] Trién khai ham gamma va beta thanh muyc riéng.

Ham gamma duge dinh nghia bdi tich phan
I'(z) = /tz_le_t dt,
0

véi z € C va Re(z) > 0.
Ham gamma c6 mot sd tinh chat thi vi:
e I'(n) = (n — 1)! khi n 1a s6 nguyén duong véi I'(1) = 1;
e I'(z+41) = 2I'(2).
Tinh chét tht hai ¢6 thé ching minh bing tich phan ting phan

Iz+1) =

oo
oo
tfetdt = (—tze_t)‘ +/zt2_1e_t dt
0
0

o0

= z/tzfleft dt = 2I'(z).

0

Euler's reflection formula:

T cong thic Euler ta suy ra

I'(—z)-T(1+2)

T _ — (-1 n—1 7.
(m) = ()T e e
Legendre duplication formula:
1
I(z)-T(z+ 5) = 21722/ (22).

Tt cong thitc Legendre c6 thé suy ra mot sé tinh chét:
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e I'(1/2) = /m;
e néul'(z) =T(z) thiI'(z) -I'(z) € R.
Tinh chét tht hai, cu thé hon, néu dit z = a + bi thi

P+ b =@ [ ———

k=01 4

Ta c6 thé mé rong ham gamma cho phan thic Am véi cong thiic Euler

1 T

Iz +1) . sin(m(z 4+ 1))’

hoac tinh chit cia ham gamma & trén

T(—z+1) = (~x) - T(~2) = T(—z) = —%P(—x +

Ham beta dugc dinh nghia béi tich phan
1
B(z1, %) = /t21*1(1 —t)y2 " 1at
0

v6i dau vao 1a cac s phiic 21, 2o ma Re(z1) > 0, Re(z2) > 0.

Ham beta con duge dinh nghia théong qua tich phan

s 21 1
Z z
1 2 / 1+U,Zl+22
0

Tai sao hai dinh nghia lai tuong duong nhau? Cac ban hay dit t = 1 Y

phuong phap d6i bién dé bién ddi hai dang tich phan.
Mot s6 tinh chit ciia ham beta
F(Zl) . F(ZQ) .

B ) = )
o B(z1,22) T (21 + 22)
1
e B(1 —
(o) =
e B(x,1—1x)= 5 véi © &€ 7.
inTz

Vi dy, tinh tich phan

v6i tich phan Euler.
Theo dinh nghia ham beta thi

+oo upfl
B(p,q) /(1+u)p+q
0

(a+ k)2

1), z ¢ Z.

. Khi v — oo thit — 1 va st dung

+u
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nén [ = B §,§ .
44

Theo tinh chat ctia ham beta (lién hé véi ham gamma) thi

T(p+q) ['(2)

£ ) 3
ViT'(n) = (n —1)! v6i n la sd nguyén duong nén [ =T <> -T ()

ViT(p+1)=pl(p) véi p > 0 (6 day p 1a s6 thuc) nén
f(OY 1 (1)
4 4 4

s

ma theo tinh chéit ctia him gamma

L(p) - T(1—p)=

sin p

nen

3 @ N (i) = Ster®) ~ v~ V2

0RO ROROREEE

Ham zeta dugc dinh nghia bdi tich phan

Nhu vay dap an 1a

— 1 1 1
=2 = mty T

voi dau vao s € C 6 Re(s) > 1.
Lién hé gitta ham zeta v4 ham gamma 1a

=1 1 [ et

= — = d
C(S) ‘ ns F(S) / er — 1 z
n= 0

2.5 Xac suat thong ké

2.5.1 Xac suit thong ké

Xac suét la gi?

O Definition 1 (Pinh nghia cd dién ctia xac suét)

Dinh nghia théng ké clia xac suat néi ring, gia st trong mot phép thit c6 n kha ning co thé xay ra. Xét
mot bién c6 A x4y ra khi thiyc hién phép thit c6 k kha ning xay ra. Khi dé xac suit cia bién c6 A ki
higu 1a P(A) va dugc tinh:
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Dé thay, do bién c6 A 1a mot trudng hop nhé trong tong thé tat ca trudng hop khi thuc hien phép thit, nén
0 < k < n. Nghia la:

v6i moi bién c6 A bat ki.

©® Example 1

Xét phép thit tung hai dong xu. Goi A 14 bién cb hai dong xu cling miit.
Ta ki hieu S 14 ddng xu sap, N 1a ddng xu ngita. Khi d6 cac truong hop co thé xay ra ciia phép thit 1a
S—S5,8S—N,N—-S5 N—N (4 trusng hgp).
Trong khi do, cac trudng hop c6 thé x4y ra ciia bién ¢ A1a S — S, N — N (2 truong hop).
2 1

Chiing ta goi tap hgp tit ca cac truong hop khi thyc hién phép thit 1a khéng gian mau va ki hicu 1a Q.
Mbi phan ti trong khong gian mau dude goi 1a bién c¢b so cap. Trong vi du trén:

Q={S—-S55—-—N,N—-S N—-N}
Tap hop cac trudng hop co thé xay ra ciia bién ¢ goi 1a khong gian bién ¢b va ki hieu 1a Q4. Trong vi
du trén, Q4 ={S—-S,N — N}.

_1924]

Nhu vay, P(A) = IR

© Example 2

Tung hai con stc sic can d6i va dong chat. Tinh xéac suit tong s6 nit clia hai con stic sic bing 4.

Viéc tung mdi con siic sic ¢6 6 truong hop. Do do || = 62 = 36.

Goi A 1a bién cb tong sb nit ciia hai con stc sic bing 4. Ta c6 cac trudsng hopla4 =1+3 =3+1=2+2
(3 truong hop).

1
Nhu vay |Q4| =3 va P(A) = ==T

Ba tién dé vé su nhit quan cia xac subt
Tién dé 1. Néu A la mot sy kien va ki hieu P(A) 1a xac suat ciia A thi:
0< P(4) < 1.
Tién dé 2. Néu A la mot sy kieén va ki hieu A 1a sy kién pha dinh ctia A thi:
P(A) + P(A) = 1.

Tién dé 3. V6i hai sy kien A va B, néu hai sy kien A va B khong thé cung xay ra thi xéac sudt cia su kién
"x3y ra A hoiic B" bing téng céc xac suat ctia A va B:

P(ANB)=0= P(AUB) = P(A) + P(B).
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Khong gian xac subt

O Definition 2 (Khéng gian xac suit)

Mot khéng gian xac suat 1a mot tap hop Q cing véi:
1) Mot ho S cic tap con ctia €, thda man céc tinh chat sau:
e QeS;
enéuA, BeSthiAUBE€S, ANBeSvaA=0Q\AcS.
Mot ho nhu vay duge goi 1a mot dai sb cac tap con cla Q.
Trong trudng hop € 1a tap c6 v6 han phan tit thi ta can thém diéu kién sau: néu A;, i = 1,2,3,... 1a
mot diy vo han cic phan ti ciia S thi hop Ejl A; cling thudc ho S.

1=

Véi diéu kien thém nay, S dude goi 1a mot sigma-dai s6. Céac phan tit ctia S duge goi 1a tap hop con
do dudc ciia khong gian xic suit.

2) Mot ham s6 thyc P : S — R, duge goi 1a phan bb xac suit hay @6 do xac suat trén Q, thda
man cac tinh chat sau:

i) v6i moi A € S ta co:

ii)

iii) néu AN B = () thi:
P(AUB) = P(A) + P(B).

Téng quét hon, néu A;, v6i i = 1,2,3,... 1a mot day cac tap hgp con do duge va ching déi mot khong
giao nhau thi:

P (U Ai> = EZ:P(AZ-).

Mot s6 Iuu y:

1. Khong gian xac suat Q con duge goi 1a khong gian méau (hay sample space) va no 1a mo6 hinh toan
hoc tritu tugng cho van dé tinh toan xac suat dang duge quan tam. Mai phan ti ctia Q c6 thé duge
goi 1a mot sy kién thanh phan (hay bién cb so cp, elementary event). Néu A 14 mot phan ti
trong € thi ta ciing c6 thé viét P(A) va hiéu 1a P({A}), trong d6 {A} 1a tap con ciia Q chita duy nhét
mot phan tit A. Mai sy kien 14 mot tap con ciia £ nén cé thé chita nhidu (tham chi vo han) sy kien
thanh phan. Khong nhat thiét tap con nao ciia  cling do duge (nim trong ho S) va ching ta sé& chi
quan tam dén cac tap con do dugc.

2. Trong toan hoc, mot dai s6 1a mot tap hop véi cac phép tinh cong, trit va nhan (vanh). Céac tinh chat
clia ho S trong dinh nghia khong gian xac suat khién n6 1a mot dai s6 theo nghia:

e phan t 0 trong S 13 tap réng;
e phan t don vi trong S 14 tap €;
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e phép nhén trong S la phép giao A x B = AN B;
e phép cong trong S 14 phép

A+B=(AUB)\(ANB) = (A\B)U(B\ A).

Dai s6 nay c6 dac so (s6 dac trung, characteristic) bang 2, tic 1a 2A = A+ A = 0 v6i moi A. Vi ly do nay
ma phép cong va phép trit 1a mot. Ching ta mudn S 1a mot dai s6 dé thuan tien thuyc hien tinh toan sé hoc.

1. Déang thitc P (U Ai) =" P(A;) dugc goi 1a tinh chat sigma ciia xac suat. Tinh chat sigma 14 tinh

chat cong vé han: khi c6 mot day vo han cac tap con khong giao nhau thi xac suat ctia hgp ciia
chiing ciing bing téng v6 han clia cac xac sudt clia cac tdp con. Tinh chét sigma chinh 1a tinh chét
cho phép chiing ta lay gi6i han cho viéc tinh toan xéac suat.

Vi dy, néu A; C Ay C ... la mot day tang cac tap con ciia Q va A = lim A, = (J A,, thi ta c6 thé viét
n—roo
P(A) = lim P(A,) bdi vi:
n— o0

n=1

P(A) = P(A1U [ (411 \ An)) = P(41) + i P(Aps1\ An)
n=1

= n=1
n—oo n—oo
Déng thic P (U Ai> =Y P(A;) khong dugc suy ra tit P(AU B) = P(A) + P(B) ma la mot tién dé trong

x4c suat. Tién dé nay dude dua ra bdi nha toan hoc ngusi Nga Andrei Nikolaievich Kolmogorov.
Phép cdng xac sudt mé rong

O tién dé 3 bén trén, hai bién c6 khi d6 duge goi 1a xung khic, nghia 1a néu bién ¢6 nay xay ra thi bién c¢b
kia chic chidn khong xay ra. N6i cach khac giao ciia chiing bing réng.

Ta con c6 thé ki higu giao hai bién ¢6 P(AN B) la P(AB).

Mot truong hop don gian nhat ctia hai bién ¢d xung khic 1a bién cd d6i.

©® Example 3

Tung mot dong xu va goi A 1a bién ¢6 dong xu ra mét ngita. Khi do bién ¢6 doi ctia A, ki hieu la A la
bién ¢6 ra mit sip. O day AUA=Qva ANA=0.

Tu do:

noi cach khac P(A) =1 — P(A).

Xét hai tap hgp A va B. S6 phan tit ctia phép hop hai tap hgp trong trudng hgp téng quat duge tinh nhu
sau:

|AUB| =|A|+|B|—-|ANB|.
Tuong tr, x4c suat ciia phép cong xac sudt dbi véi hai bién cb co giao khac rong la:

P(AUB) = P(A) + P(B) — P(AB).
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Xét cac tap hop Ay, As, ..., $A n$. Khi do, s6 phan tit khi hop céc tap hop nay la:

|ATUAa U=+ U A, = |Ay| + [Ag| + -+ An] = D |4 0 4]
i,

D JAINA; N A+

.5,k
:Z(_l)i+1 Z |Aj1 mAjz ﬂ"'ﬂAji|.
i=1

J1.J2, 5 Ji

Tuong tit, ta c6 phép cong xic suit:

©® Theorem 1 (Phép cong xac suit mé rong)

P(AjUAyU---UA,) =) (1)1 >~ P(A;, NA;,N---NA;,).

M6 hinh xac suit véi vé han cac su kién

©® Example 4 (Phan phbi Poisson)

Gia st ti 1é s6 khach hang trung binh dén siéu thi trong mot don vi thoi gian ¢6 dinh 1a .
. AT, . .
Phan phéi Poisson P(n) = e - —7 thé hién xac suat c6 n khach hang dén siéu thi theo ti 1€ thoi gian A.
n!

0 phan phoi Poisson, n nhan tit ci gia tri nguyén khong am 0, 1, ... cling nhu thoa didu kien:
- A A A AL
ZP(n):Ze o= Zﬁze et =1
n=0 n=0 n=0

O bién déi tren, > %L = ¢ 1a khai trién Taylor.

©® Example 5

Gia st ta biét rang c6 mot xe hoi X dang dau trén mot khic phé Z va ta quan tAm dén vi tri clia X trén
khiic phd d6. Ta c6 thé mo6 hinh X bing mot diém va Z 1a mot doan thing va lay doan thing d6 lam
khong gian xac suat Q = [a;b], a,b € R, a < b (md hinh xac suat lién tuc nay c6 luc lugng continuum,
khong dém dugc).

Su kién "xe hoi d6 chd nao do trén khic phd" chuyén thanh su kien "diém x ndm trong mot doan thing
con nao d6 trén doan thang Q = [a;b]".

Ta c6 thé chon phan bd xac suat déu trén Q = [a;b] theo nghia sau: xac suat mdéi doan thing con trén
Q ty lé thuan véi do dai ciia doan thing con do, hay P([c;d]) = (d — ¢)/(b — a).
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Anh xa giita cac khong gian xac suét

O Definition 3 (Anh xa bao toan xac suit)

Mot dnh xa ¢ : (1, P1) — (Q2, P2) tit mot khong gian xac suat (Qp, P1) vao mot khong gian xéac suat
(Q2, P2) duge goi 1a mot anh xa bao toan xac suat néu no bao toan do do xac suat, nghia la véi moi
tap con B C Qo do dugc, ta co:

Pi(¢7(B)) = Pa(B).

Hon nita, néu ¢ 1a mot song anh modulo nhitng tap c6 xac suit bang 0, nghia 14 ton tai cac tap con A € 4,
B € Qysao cho Pi(A)=Py(B)=0va¢: Q1 \ A— Qy\ B lasong anh bao toan xac suat, thi ¢ duge goi la
dang ciu xac suit, va ta noi ring (Q1, P;) ddng cdu xac suat véi (Qa, ).

©® Theorem 2

Néu (24, P1) 1a mot khong gian xac suat va ¢ : Q1 — Qo 14 mot anh xa tly ¥ thi ton tai mot do do xac
suat P, sao cho anh xa ¢ : (Q1, P1) — (2, P) 1a anh xa bao toan x4c suat.

Ta xay dung P, theo cong thitc: v6i mdi tap con B C Qs, néu ton tai Pi(¢~1(B)) thi ta dat

Py(B) = Pi(¢~1(B)).
Do do xéac suat P, nhu trén goi la push-forward ctia P; qua 4nh xa ¢, hay phan bd xéc suit cam sinh
tt P; qua anh xa ¢.

Cau héi: chitng minh ring quan hé ddng ciu xéc sut gitta cac khong gian xac suat 1a mot quan heé tuong
duong.
Giai: vi ¢ 1a song anh, ddi véi tinh phan xa ching ta lay anh xa dong nhat, tinh dbi xing thi anh xa ngugc

cia song anh (van la song dnh), bic cau thi ta hop hai song 4nh van 1a song anh.

Tich cha cac khéng gian xac suat

Néu (24, P) va (Q2, P2) 1a hai khong gian xac suét thi tich 1 x Qs cling c6 mot do do xac suat P duge xac
dinh bsi P; va P, biang cong thitc: néu A; C ; va Ay C Qs nim trong cic sigma-dai sb tuong tng ciia Py
va P2 thi:

P(Al X Ag) = Pl(Al) X PQ(AQ)

Sigma-dai s6 cia P chinh 14 sigma-dai s6 sinh bdi cac tap con ctia 1 x s c6 dang A; x A, nhu trén.

Tuong tit ta c¢6 thé dinh nghia tich tryc tiép ciia n khong gian xac suit hay thap chi mot day vo han cac
khong gian x4c suat.

©® Theorem 3

Hai phép chiéu ty nhién ti tich (Q1, P;) x (Q2, P») clia hai khong gian xéac suat xudng (21, Pp) va (Qz, P2)
14 hai anh xa bao toan xac suét.
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Xac suat co diéu kién

Xac suat co diéu kién

O Definition 4 (Xac suit co6 diéu kién)
Xét hai bién ¢ A va B. Khi d6 xac suit xay ra ctia bién c¢6 B v6i diéu kién bién c6 A xay ra la:

P(AB)
P(B)

P(A|B) =

Y nghia ciia cong thitc trén c6 thé hiéu 1a, viec bién c6 A x4y ra dua trén co s bién cd B da xay ra, do do
khong gian miu sé gidm xudng con B va bién c¢b gidm con AB.

Duya trén dinh nghia clia xac suit co dicu kién c6 thé dua ra nhan xét sau.

©® Remark 1
T cong thic trén c6 thé thiy su tuong duong:

P(AB) = P(B) - P(A|B) = P(A) - P(B|A).

Nhan xét trén cho thiy sy lién hé clia hai bién ¢6. Néi cach khac viéc xay ra clia bién ¢b nay sé anh huéng
dén bién cb kia va ngudc lai.

Téng quat, néu n bién ¢d A;, i = 1,...,n khong doc lap thi:
P(A1As---A,) =P(Ay) - P(A3]Ay) - P(A3|A2Ay)---
P(A,|A1As - Ap_1).

St dung nhan xét trén c6 thé chiing minh céng thitc nay bing quy nap. Vé mit ¥ nghia, bién c6 A; xay ra
dau tién. Tiép theo d6 A, xay ra véi dicu kien A; da xdy ra. Tiép theo nita, As xay ra khi cd A; va Ay xay
ra, chinh 1a A As.

Tuong tu nhu vay, A; xay ra véi diéu kién tat ca Ay, ..., A;_1 déu da xay ra, 1a bién ¢6 giao Ay ... A;.
Ciing tit nhan xét trén, cic bién cb c6 vai tro nhu nhau nén viéc déi vi tri khong thay ddi két qua P(A; ... A4,).
Su doc lap va phu thudc cha cac sy kién

Néu hai bién c6 khong anh hudng viéc xdy ra ciia nhau thi ta goi 1 bién cb doc lap.

O Definition 5 (Bién cb doc lap)

Hai bién c¢6 duge goi 1a doc 1ap néu viéc x4y ra ciia bién c6 nay khong 4nh hudng dén viéc xdy ra clia
bién cb kia, hay:

P(A) = P(A|B) = P(AB)/P(B).

Viét cach khac la:

P(AB) = P(A) - P(B).
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Khi do6, gia st ta ¢c6 mot ho M cac sy kién.

O Definition 6 (Ho cac su kién doc lap)

Ho M dudc goi 1a mot ho cac su kién ddc 1ap néu nhu véi bat ki s6 ty nhién k nao va bat ki sy kien
A, ..., Ag khac nhau nao trong ho M ta ciing co:

P(A; -+ Ag) = P(Ay) - P(43) -+ P(Ay).

©® Remark 2

Néu ta c6 mot ho cac sy kién doc 1ap thi cac sy kien trong ho doc lap d6i mot véi nhau. Nhung ngude
lai chua chic: c¢6 nhitng ho khong doc lap ma trong do cac sy kién doc lap ting doi mot véi nhau!

Céng thifc xac suat toan phan

O Definition 7 (Hé bién c6 day dn)
Xét phép thit co6 khong gian mau 1a Q. Mot hé cac bién ¢6 A, As, ..., A, 1a mot hé bién cb day da
(hoiic phan hoach) ctia 2 néu chiing théa cac diéu kien:

e A{UAU---UA, = Q;

e A;NA; =0 v6imoii#j.

©® Example 6

Mot hé bién ¢ day di don gidn 14 Q = {A, A} gom bién c6 A va bién c6 doi ctia A 1a A.

Khi c6 mot hé bién c6 day di, ta co thé tinh x4c sudt clia mot bién cb bat ki néu biét xéc suét clia cac bién
¢6 trong hé bién cd day du va xac suit co diéu kién tuong tng.

©® Theorem 4 (Céng thitc xac suat toan phan)
Goi Ay, A, ..., A, 13 mot hé bién c¢b day da cia Q. Khi do, véi bién ¢d B bat ki trong phép thi:

P(B) = P(Ay)-P(B|A1) +---+ P(A,) - P(B|A,).

©® Example 7

Dé bai. Trong mot 16p hoc ¢6 15 ban nam va 10 ban ni. Trong d6 c6 5 ban nam biét choi bong chuyén
va 2 ban nit biét choi béng chuyén. Chon ngiu nhién mot ban trong 16p, tinh xic suit ban do biét choi
béng chuyén.

Giai. Bai nay co thé giai don gidn bing viec x4c dinh s6 ban biét chai bong chuyén 14 5+ 2 = 7 (5 nam

. . 7
va 2 nit), trong khi khong gian miu 1a 15 + 10 = 25 nén két qué 1a %
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Bai nay nham dua ra cai nhin don gian vé viéc xac dinh diéu kien dé thanh lap hé bién ¢ day di va giai
bai toan.

O day chiing ta can tim mot hé bién c¢b day da. Goi A; 1a bién ¢d ban dugde chon 13 nam va A, 1a bién
¢d ban dugc chon 14 nit.

Nhu vay Q = {41, A2} thdéa dinh nghia vé he bién c6 day du.

1z 15 3 10 2
Dé thay P(A;) = — = - va P(4y) = — = —.
¢ thay P(A1) = o5 = g va P(Az) = 55 =3
Tiép theo, goi B 1a bién c6 ban dudc chon biét choi béng chuyén.
. . . . N 5 1
Khi d6, xac suat mot ban biét choi bong chuyén véi diéu kién ban d6 1a nam bang P(B|A4;) = T o
£ .z . N 20 A e N 2 1
Tuong tu, xac suat mot ban biét choi bong chuyeén véi dieu kién ban dé 1a nit bang P(B|As) = 0=5

Theo cong thifc xac suit toan phan, xac suat ban duge chon ngau nhién biét choi bong chuyén 1a P(B)
va ta tinh dugc

P(B) = P(A1) - P(B|A1) + P(A2) - P(B|A2) = — -

25°

[S =

L2
5

ol w
Wl =

O day, néu ching ta dao diéu kien dé bai, vi du nhu ban duge chon ngau nhién 1a nit vdi didu kién ban do
biét choi bong chuyén thi sao? Dé bai ltc nay tuong duong viéc tinh P(As|B).

Dé tra 1i cau hoi nay ching ta sit dung cong thitc Bayes.

Cong thic Bayes

©® Theorem 5 (Cong thitc Bayes)

Xét he bién c6 day du {A;, Aa, ..., A, } clia khong gian xac suat. Vi bién c6 B bat ki ta c6 cong thirc
Bayes:

P(Ai)P(B|A;)

ZP(Aj)P(BlAj)

P(4,|B) =

véimoi 1l <7< n.

Cong thitc Bayes thuc ra 1a cong thitc x4c suat c6 diéu kien P(B) - P(A|B) = P(A) - P(B|A), trong do ta
thay P(B) bdi cong thiic xac suat toan phan.

Nhu vay, dé tra 15i cho cau hoi trén, ta co

P(4o|B) = A2 -55.2
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Bién ngau nhién
Bién ngau nhién

Xét phép thit véi khong gian mau Q. V6i mdi bién ¢6 so cap w € Q ta lién két v6i mot s6 thuce &(w) € R thi
¢ duge goi la bién ngiu nhién (hay random variable, BNN).

O Definition 8 (Bién ngau nhién)
Bién ngiu nhién ¢ ciia mot phép thit véi khong gian mau Q 1a 4nh xa:

E=¢w), we.

Gia tri £(w) dugc goi 1a mot gia tri ctia bién ngdu nhién .

e Néu £(w) 1a mot tap hitu han {&, &, ...,&,} hay tap vo han dém duge thi ¢ duge goi 1a bién ngau
nhién rai rac.

e Néu &(w) 1a mot khodng ciia R hay toan bo R thi ¢ duge goi 1a bién ngau nhién lién tuc.

Phan bo xac suat cia bién ngau nhién

O Definition 9 (Ham phan phdi xac suét)
Ham phan phéi ciia bién ngiu nhién ¢ 14 ham s6 F(x), xac dinh béi:

F(z)=P<2xz), z€R

O day ta viét gon P(€ < z) tit P({w : £(w) < z}). Tap hop {w : &(w) < x} ¢6 thé khong thuoe mot bién cb
nao, do do c6 thé 1a tap réng (ting véi xac suat 1a 0).

Tinh ch4t ctia ham phan phébi

Tinh chat 1. Ham phan phéi F(z) khong gidm trén moi doan thing.

©® Chitng minh
Dit xo > 1. Ta thiy ring

€<z} ={{ <o} + {z <E <22}
Do d6 néu ta lay xac suét thi cling co

Pl <x2) =P <a1) + Pz <€ < 12).

Xac suét luon khong am, hay P(zq < £ < m3) > 0, suy ra P(€ < z2) > P(€ < x1), hay F(z3) > F(z1).

Tinh chat 2. lim F(z)=0.

Tr—r—00

Tinh chat 3. lim F(z)=1.

T—r+00

Tinh chat 4. Ham phan phdi F(x) lién tuc phai trén toan truc sb.

2.5. Xac subt théng ké 175



Math Book

Dé chitng minh cac tinh chat 2, 3, 4 chiing ta can cic tién dé ctia sy lién tuc (continunity axioms) va s&
khong dé cap & day.

Bién ngiu nhién rdi rac
Cho BNN roi rac
f = f(LU),g = {alaa2a"'7an7~-~}-

Gid stta; < ag < -+ < ap < --- véi x4c suat tuong tng 1a P(§ =a;) =p;, i =1,2,...

Ta c6 thé biéu dién bién ngdu nhién va xac suit tuong tng ciia n6 biing bang phan phdi xac suat ciia &.

E a1 as ... an

P p1 p ... pn

R6 rang rang p, = 0 v6i moi n. Hon nita:

oo
>t
n=1
Khoéng gian mau lic nay 14 hgp clia cac tap bién ngau nhién rdi rac:

Q={{=m}U{{=a}U--

Céc bién ngau nhién xung khic nhau (vi & khéng thé nhan hai gia tri khac nhau ctung luc), do dé xac suat
cd khong gian mau 1a

1=PQ)=P=am)+PE=a)+ -=p+p+--

O Definition 10 (Phan bé Bernoulli)

Phan b6 xéc suat cho khong gian sinh béi ding mot su kien A va phit dinh ctia n6 A, hay Q = {4, A}.
Néu xac suat xay ra sy kien A 13 p thi x4c suit xdy ra A1a 1 —p.

Phan b6 Bernoulli duge dat tén theo nha toan hoc Jacob Bernoulli (1654-1705).

O Definition 11 (Phan phéi nhi thiic)

Bién ngau nhién ¢ duge goi 14 c6 phan phdi nhi thic véi tham s6 p, n, v6i p € [0;1] va n 1a s tu
nhién, néu € nhan cac gia tri 0, 1, ..., n va

P& =k)=Crp*¢" %, k=0,1,...,n,

Gdayg=1—p.
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©® Example 8
Mot bai kiém tra c6 100 cau héi tric nghiem bén dap an. Xac sudt chon ngdu nhién dung dap an cia

mbi cau hoi thi gibng nhau va bing 1

2 £ x . . 28 L4 1 £ 2 1
O day xac suat chon ngiu nhién dung dap an clia mot cAu héi bat ki la p = 7 va s0 lugng cau hoi la
n = 100.

Goi £ 1a bién ngdu nhién sé cau héi tra 1oi ding. Khi d6 € nhan cac gia tri 0, 1, ..., 100.

Do d6 bai toan nay c6 phan phéi nhi nhic va

rn-c (2) ()"

O Definition 12 (Phan b xac suat déu)

Phan bd x4c suat P trén khong gian xac suat hitu han véi N phan tit Q = {A4,...,A,} duge goi la
phan bé xac suat déu néu nhu

P(A1) = --- = P(A,) = 1/N.
Khai niem phan bd déu khong md rong duge lén cic khong gian xac suét co s6 phan tit 1a vo han va dém
duge vi 1 chia vo ciing bing 0 ma téng ciia chudi vo han s6 0 van bing 0 chit khong bing 1.
©® Remark 3

Phéan bd xéc suat déu co tinh ddi xitng, can bang hay hoan vi dugc ciia cac sy kién thanh phan.

O Definition 13 (Phan phdi Poisson)
Bién ngau nhién ¢ duge goi 1a c6 phan phdi Poisson véi tham s6 A, néu € nhan céac gia tri 0, 1, ..., n va

AfL e

P(E=k) = ~——.

k=0,1,...,n.

Tham s6 A thé hién s6 lan trung binh ma mot sy kién xdy ra trong mot khoang thoi gian nhat dinh. Khi do,
néu mot bién ngiu nhién c6 s6 lan xuét hién trung binh cia mot sy kién trong thdi gian ¢ thi né c6 phan
phdi Poisson vé6i tham s6 M, v6i A 1a s6 1an trung binh trong mot don vi thoi gian.

Bién ngau nhién lién tuc

O Definition 14 (Bién ngau nhién lién tuc)

Bién ngiu nhién ¢ duge goi la lién tuc, néu n6é nhan gia tri tai moi diém thuoc mot doan lién tuc nao
do6 trén truc s6, va ton tai mot ham sé khong am p(zx) sao cho véi moi doan $[a ,b]$ (hitu han hodc vo
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han) ta co

b

P(agfgb):/p(x)dm

a

Ham p(z) duge goi 1a ham mat dd clia bién ngau nhién &.

Tuong tir bién ngau nhién 16i rac, p(z) > 0 v6i moi x € R va khi hai can 1a vo cue thi bién ngdu nhién bao
quat toan bo khong gian méiu, nghia la

—+oo

/ p(x)dx = 1.

— 00

Tu dinh nghia ctia ham phéan phéi $F(x) = P(xi legslant x)$ ta c6 hai tinh chat ctia ham mat do:

x

1. P(z) = / (@) da.

— 00

2. p(x) = F'(x).
Tinh chat thi nhat la tir dinh nghia ham phan phéi. Tinh chat thit hai suy ra tit viéc can trén clia tich phan
1a hitu han.

Ham mat dd caa bién ngau nhién rgi rac

Bién ngiu nhién rdi rac c6 bang xac suit sau:

X X1 i) In

P p1 p2 ... pn

Khi d6 ham mat do cia X la:

@) = {pi khi x = z;,

0 khiz # x;, v6i moi i.

©® Remark 4
Ta c6 cac luu y sau:
ep; >0,Ypi=1i=1,2,...

e Pla<X <b) = Z Di-

a<x;<b

Ham mat d6é cda bién ngau nhién lién tuc
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©® Definition 15
Ham s6 $f: mathbb{R} mapsto mathbb{R}$ dugc goi 14 ham mat dd ctia bién ngdu nhién lién tuc X
néu:
b
Pla< X <b) = /f(x)dx,Va,b eR.

a

©® Remark 5

+o0
Véi moi x € R, f(x)}()va/f(x)dle.

Y nghia hinh hoc. Xac suit ctia bién ngdu nhién X nhan gia tri trong [a; b] bing dién tich hinh thang
cong gidi han béi x = a, x = b, y = f(z) va Oxz.

2.5.2 Machine Learning
Minh hoc ML da phan tit blog machinelearningcoban.com ctia anh Vi Hitu Tiep [11].
Va minh nhan ra ring minh khong hoc duge ML. :)))

Trong nhiéu van dé dai s6 tuyén tinh, dic biet 1a phép toan trén ma tran va vector, minh khéng hiéu cong
thitc nén cach gidi quyét ctia minh ludn 1a ... viét ra hét. O cac bai viét trong phan nay minh ly gidi theo
gbc nhin clia minh.

Phan nay khong phai chuyén mon ctia minh va minh chi ty ky & day :)))

Linear Regression

Gia st ta ¢6 N diém dit lieu ddu vao 1, o, ..., zy voi x; € R Ung véi timg diém dit lieu du vao z; ta
c6 mot dau ra y;, nghia 1a ta c6 N cip dit lieu (z;,y;). Khi d6 y; duge goi 1a nhan (hay label) tuong tng
véi didm dit lieu x;.

Muc tiéu la xay dung ham s6 § = f(z1,%2,...,74) sao cho tong sai 6 cia y; va §; 14 nhé nhat, tic 1a
N
ZHyl — :l)iH2 — min.
i=1
Dé ham s6 dat gia tri nhd nhat (hodic 16n nhat) ta tim ciyc tri ctia ham s6 va khao sit. Tuy nhién khong

phai ham s6 nao cing dao ham dugc. Mot cach tiép can don gian 1a st dung ham tuyén tinh, d& xay dung
va ludn kha vi. Ta dat

g = f(x1,22,...,24) = wo + w121 + Wako + ...+ Wakg.

Lic nay, ham mat mat c6 dang

N
L= ZHZM — (wo + wizi1 + Wamio + ... + wawia) .
i—1
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Binh phuong chuan Euclid chinh 14 binh phuong ciia vector. Do d6 dudi dau tdng 1a cac ham s6 binh phuong.
Khi dao ham riéng theo w; ta co

N
oL
= Z 2245 - [yi — (wo + w141 + wakio + ... + WaT4q)]

8wj P
véi 1< j < d
Vi j = 0 c¢6 chat khac bigt:
N
oL
611)0 = ;2 . [yl — ('U}O —+ wW1x41 + ...+ wdxid)} .

oL .
Ta cho céc dao ham riéng o bang 0 thi dugc
Wi

N N
E xij(Wo + wimin + wakio + . .. + Weliq) = E TijYi
i=1

i=1

N N N
< Wy E Tij + w1 E TijTi1 + Wa E L4542
=1 1=1 =1

N N
+o+wg E TijTiq = E TijYi-
i=1 i=1

Bay gid ching ta can biéu dién cic dau tong lai thanh dang dai s6 (ma tran, vector) vi chiing s& dugc sit
dung dé nhan véi vector w = (wo, w1, ..., wq).

Ta co
xlj
N .
x2]
§ zy=(1 1 - 1) .
i=1 :
TN
Ta ciing c6
xlj
N To;
E xijxﬂ:(ﬂ?u 0 R Z‘N1)' .
i=1
TNj

Ct tuong tu nhu vay, ta xép cac dau sigma thanh dang cot thi tuong duong véi

N

* Zi:lxij * 1 1 1 * X1y
N

koY L Tk Tl T2 o INI * o Toj
N .

* D TijTid  * Tid T2d - TNd * INj X
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Ghép cac cot theo thi ty j tir 0 t6i d ta co

1 1 1
i1 Z21 -+ IN1
(wo wy - wa)-
Tid T2d "°° TNd
1 zyp - T4
I w1 -+ 2o
X
1 zn1  2Zna
1wy 0 21
1 zo1 -+ g
= (91 Y2 o yN) :
1 zn1 - Zna
Hay néi cach khac, néu ta diat w = (wg, w1, - . ., wq) 13 ma tran hang, X 14 ma tran c6 cac hang 1a céc input,

thi phuong trinh trén dugc viét lai la wXTX = yX.

Néu dit A = X7X va b = yX thi day 1a hé phuong trinh theo céc an wg, wi, ..., wg. Tuy nhién khong
phéi ltuc ndo A cing kha nghich nén ching ta s& st dung mot khai niem goi 14 gia nghich ddo (hay
pseudo-inverse) dé tim nghiém cho h¢ phuong trinh.

Ki hieu AT 1a gia nghich déo ciia ma tran A. Khi d6 nghiém ciia hé phuong trinh 1a w = bAT.

K-Means clustering

Mot cong viec thudng duge quan tam khi xit Iy dit liéu 14 phan loai mét nhéom cac dbi tugng thanh nhing
nhém nhé hon theo nhitng tiéu chi nhat dinh.

Tuwong tu nhu phan trude, ching ta c6 N diém dit lieu «; thuoc RY. Ta mudn phan cum céc vector niy vao
nhitng cluster (cum) sao cho chiing gan nhau nhéat (vé mat khoang cach Euclid).

Gi4 st ta mudn phan N diém di lidu trén vao K < N cluster. Ta can tim cac diém mq, mo, ..., mg la tam
ciia cac cum, sao cho tdng khoang cach tit cac diém ; t6i tam cluster ma n6é duge phan vao la nhé nhat.

Nghia 14 ting v6i center m; ta can tim cac diem x;,, @, ..., T;,

t
sao cho ) ||a;, — m1||* nhé nhat. Tuong
j=1
tu cho cac tam khéac.

Nhung cau chuyén phitc tap ¢ day 1a, tam nim & dau dé c6 thé bao quat cac diém? Tam dude chon phéi co
tinh tdng quat, va viéc phan cac diém vao cluster tuong ting véi tam thic hién nhut thé nao?
Mot ki thuat thuong duge stt dung 14 one-hot. V6i méi diém dit licu z; ta thém mot label y; = (yi1, - - - Yir)-
Diém x; sé thuoc cluster j khi y;; = 1, khong thuoc thi bang 0. Nhu vay chi c6 ding mot phan ti cla y;
K
bang 1, con lai bang 0, suy ra rang buoc ctia y; = (i1, Vi, - - -, ik ) 1a yi5 € {0,1} va >y = 1.
j=1
Khi @6, ta mong muén phan cac diém x; vao cluster my, dé khoang cach t6i tam my, 14 ngin nhét, hay
|lz; — ml|? — min. Thém nita, v6i cdch ki hidu y;; nhu trén, biéu thiic tuong duong véi

K
lz; = mll? = yirllei = mpl® = yigllas —my)?
j=1

vi didm x; s8 thuoc cluster my nao d6 véi 1 < k < K.
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Sai s6 cho toan bo dit lieu lic nay sé 1a
N K
LY, M) =D yijlla: —my*.
i=1j=1

Ta can téi wu Y va M. Viéc t6i wu hai ma tran cung ldc 1a rat kho tham chi bat kha thi. Do d6 ching ta
c6 mot cach tiép can khac 1a luan phién c¢6 dinh mot bén va t6i wu bén con lai. Tit d6 cong viee duge chia
lam hai budc.

Buéc 1. C6 dinh M, tim Y.

Gia sit ta da biét cac center m,, my, ..., mg. Lic nay ta can phan cac diém x; vao cluster gan n6 nhét.
Dé thay réng center gan noé nhat sé c¢6 khodng cach Euclid ngidn nhat. Do d6 ta tim j sao cho |z; — m;|?
dat nhé nhat. Khong can thiét phai tinh cin bac hai dé giam do phiic tap.

Buéc 2. C6 dinh Y, tim M.

Khi da biét Y titc 1a ta da biét diém nao duge phan vao cluster nao. Khi d6 ta can tim tam cho timg cluster.
Goi I(m;) 1a ham téng binh phuong khodng cach cac diém trong cluster téi tam m;, nghia la

N
my) = wijlle: — my|*.
=1

Muyc tiéu clia ching ta 1a t6i wu tam m;. Do do ta dao ham theo vector m; thu duge

Il(m;)
3mj

N

= 2-yij(@i —my).
i=1

Cho dao ham bing 0 va bién ddi ta co

N
23 yij(wi —m;) =0
=1

N N
= m; Zyij = Zyzﬂ%
i=1 i=1

N
> i1 Yij T
—=m; = =5
i=1Yij
2 N N 2z 2 N 2 2
beé y rang, > y;; 1a s6 lugng diem trong cluster, va > y;;x; 13 tong céc diem trong cluster. Nhu vay m; la
i=1 =1

trung binh cong cac diém trong cluster j.

O Algorithm 1 (Thuat toan K-Means clustering)

Input: Dit lisu X (c6 N diém dit lieu) va so cluster K
Output: Cac center M va label y cho méi diém dit lieu
1. Chon K diém bat ki lam céc cluster ban dau.
2. Phan méi diém dit lieu vao cluster gan n6 nhat (cd dinh M, tim Y).
3. Néu viéc phan dit lieu vao céc cluster & bude 2 khong thay déi so véi trude do thi ditng thuat toan.
4

. Cap nhat center méi cho mdi cluster bing céch lay trung binh cong cac diém trong cluster (c6 dinh
Y, tim M).

5. Quay lai budc 2.
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Gradient Descent

Trong nhiéu trusng hop chiing ta thusng khong thé tim nghiém ctia phuong trinh dao ham dé tir d6 tim cac
cuc tri dia phuong. Mot phuong phap hiéu qué 1a gradient descent.

Ham mét bién

Gia stt z* 1a local extremum (cyc tri dia phuong) ctia ham s6 f(x). Khi d6 ching ta xay dung day s6 {z.,}
hoi tu vé z*. Y tudng thic hien 1a dya trén nhan xét, néu z,, nim bén phai z* thi 2,41 nim gitta =* va x,.
Ta da biét néu 2* 1a mot diém cye tri thi f/(z) > 0 véi > 2* (trudng hgp cuc tiéu), ma z,, di tit bén phai
sang bén trai (ngugc chiéu Oz nén mang dau am). T d6 ching ta c6 cong thitc chung sau

Tp41l = Ty — ﬁf’(xn)-

Trong do6 7 1a mot s6 duong nhd, goi 14 learning rate (t6c do hoc).
Ta chon 2y 14 mot diém bt ki. Tuy nhién viéc chon z( ciing ¢6 thé Anh hudng dén téc do hoi tu.

Vi du véi ham s6 f(z) = 2% + 5sinx. Ta c¢6 dao ham 1a f/'(x) = 2z + 5cosz. Viéc giai phuong trinh dao
ham bing 0 1a diéu khong dé dang. Do d6 gradient descent t6 ra hi¢u qua trong trudng hgp nay.

Chon 1 = 0,1 v& g = 5. Sau d6 chon n = 0,1 va g = —5. Ta thiy trudng hop sau tén it vong lip hon do
ro = —5 gan diém cyc tri hon (~ —1.11).
Ham nhiéu bién
Lic nay dau vao ctia ham s6 13 mot vector . Dit V f(x) 1a dao ham ctia ham f theo vector . Tuong tu,
ta xay dung day vector {x,} hoi tu vé cuc tri *. Cong thitc ltc nay 1a

LTntl1 = Tp — N Vf(w’ﬂ)

Ta da biét dao ham clia ham s6 theo vector ciing 1a vector cting ¢d. Do d6 gia st f(x) = f(x1, 22, .., %)
thi dao ham ctia noé 1a

_(of of of
Vf(m)<axl,axz,...,m>.

V6i vi du 13 bai toan Linear Regression, lic nay ham mét mat 1a
1 & 1
- a2 = ||y — T2
£= gy Ll — "I = gelly = X

Pao ham ctia ham mat mat 1a

1
VL = N(wXT —y)X.
Liic nay, véi vector khéi dau wy chiing ta xay dung day {w,} t6i khi nhan dugc w,,/d < ¢, véi d 1a do dai
vector w.

Perceptron Learning Algorithm

Mot trong nhitng nhiém vu quan trong nhat ciia ML 1a phéan loai (tiéng Anh - classification).

Perceptron la thuat toan phan loai cho truong hgp don gian nhét khi c6 hai 16p. Néu ta co cac diém dit lieu
cho trudc trong khong gian d chiéu, ta mudn tim mot siéu phang (hinh hoc affine goi 1a (d — 1)-phéng) chia
cac diém dit lieu d6 thanh hai phan. Sau d6 khi c6 mot diém di lieu méi ta chi can bd noé vao bén nay hoic
bén kia ciia siéu phing.
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Trong dang nay, mdi diém dit lieu duge biéu dién & dang cot ctia ma tran. Gid sit cac diém dit lieu 1a x,
Za, ..., Tn, Vol ¢; € RY, thi ma tran d licu 1a

Ta goi nhan tuong tng v6i N diém dit lieu trén 1a vector y = (y1,%2,...,yn) v6i y; = 1 néu x; thuoc class
xanh, va y; = —1 néu x; thudc class do.
Mot siéu phing c6 phuong trinh 1a

fw(a:):w0+w1x1+...+wdxd:w~wT.

Mot diém thudc nita khong gian (tam goi la bén nay) ddi véi sicu phang thi fy(z) < 0, néu thuoc nita bén
Kia thi fy(x) > 0, néu nim trén phang thi bing 0.

Goi label(x) 1a nhan cta diém z. Khi d6 diém z thuoc mot trong hai bén ctia phing nén label(z) =
sgn(w - x ") véi sgn 1a ham dau. Ta quy wéc sgn(0) = 1.

Khi mot diém bi phan loai sai class thi ta néi diém d6 bi misclassified. Y tuéng ctia thuat toan la lam
giam thiéu sb6 lugng diém bi misclassified qua nhiéu lan lip. Dat

Ji(w) = D (—yi-sen(w - w])),
x,EM
trong d6 M 1a tap cac diém bi misclassified (tap nay sé thay ddi theo w).

Néu z; bi misclassified thi y; va sgn(w -« ) nguge dau nhau. N6i cach khac, —y; - sgn(w -z ) = 1. Tit d6
Ji(w) 1a ham dém sb lugng diém bi misclassified. Ta thay ring Ji(w) > 0 nén ta cin t6i wu dé ham nay
dat gia tri nhd nhéat bang 0. Khi d6 khong diém nao bi misclassified.

Tuy nhién c6 mot van dé. Ham J; (w) 1a ham rdi rac (ham sgn) nén rat kho t6i wu vi khong thé tinh dao
ham. Do d6 chiing ta can mot cach tiép can khac, mot ham méat mat khac t6t hon.

Néu ta bd di ham sgn thi c6 ham
Jw)= > (—yi-w-x").
x, EM

Nhan xét. Mot diém bi misclassified nim cang xa bién gi6i (siéu phéng) thi gia tri w -z, cang 16n, titc 1a
ham J di ra xa so véi gia tri nhé nhat. Ham J ciing dat min & 0 nén ta ciing c6 thé ding ham nay dé loai
bé cac didm bi misclassified.

Ltic nay ham J(x) kha vi nén ta c6 thé ding GD hodc SGD dé tim nghiém cho bai toan.

Néu xét tai mot diém thi

J

Khi d6 quy tac dé cap nhat 1a w = w +n -y, - z; v6i 1 1a learning rate (thudng chon bing 1). N6i cach khac
ta dang xay dung day {w,} hoi tu lai nghiem bai toan véi cong thitc w;1 = w; +1 - y; - ;.

Thuat toan Perceptron Learning Algorithm (PLA) c6 thé duge mo ta nhu sau:
1. Chon ngau nhién vector w vé6i w; xap xi 0.
2. Duyét ngau nhién qua cac x;:
e néu x; duge phan 16p ding, titc sgn(w - ;) = y; thi ta khong can lam gi;
e néu x; bi misclassified, ta cap nhat w theo cong thitc w =w + 1 - y; - x.

3. Kiém tra xem c6 bao nhiéu diém bi misclassified. Néu khong con diém nao thi ta ding thuat toan,
ngugce lai thi quay lai buée 2.
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2.6 Dai s6 tuyén tinh

2.6.1 Ma tran
Trong cac bai viét ciia vé dai s6 tuyén tinh:
1. Vector sé dugc ki hiéu béi chit thuong in dam, vi du v, .
2. Ma tran sé dugc ki hiéu béi chit hoa in dam, vi du A, B.
3. Cac dai lugng v6 hudng (s6) duge ki hieu bdi chit thuong khong in dam, vi du zq, N, t.

Bang thuat ngt va ki hiéu

Ki hieu Y nghia

AT Ma tran chuyén vi (transpose) ciia ma tran A
Al Ma tran nghich ddo (inverse) cia ma tran A
rank A Hang (rank) clia ma tran A

det A Dinh thic (determinant) ma tran A

Ty Tich v6 huéng hai vector = va y
dimY  S6 chiéu (dimension) khong gian vector V
||| Chuan Euclid (Euclidean norm) vector

Dinh thic ma tran

O Definition 1.55 (Nghich thé)
Cho tap hgp A ={1,2,--- ,n} va xét hoan vi o trén A.
Ta goi hai phan tit 4 va j tao thanh nghich thé (hay inversion) néu i < j va (i) > o(j).

(1 2
Dat o = (kl oo
(—1)P(@) = sign 0.

];n ) 1a mot hoan vi ctia A. Ta ki higu P(c) 1a s6 lugng nghich thé cta o va dat

(5 ) Example 1.26
Véin=4, A={1,2,3,4}.

, . (1 2 3 4
Xethoanvlo—(4 9 1 3>.

Ta nhan thiy cac cip nghich thé (1,2), (1,3), (1,4), (2,3) gom bén cip nghich thé. Vay P(c) = 4 va
sign o = (—1)* = 1.

O Definition 1.56 (Pinh thiic)

Khi d6 dinh thidc clia ma tran

a1x aiz - Qip
A— a21 Q22 - QA2n
ap1  QAp2 - Gpn
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duge dinh nghia la:

det(A) = E A1.4, - Q245 " An g, ° signa

(31,42, ,in)
o C 1 2
v6i moi hoan vi o = | .

i zn> ctia tap {1,2,...,n}. Nhu vay c6 n! phan tit cho tdng trén.
1 2 n

©® Example 1.27

1 2 3
Tinh dinh thtc matran A= |4 5 6
7 8 9
. L. 1 2 3 . s
Xét hoan vi o1 = (1 9 3>. Khi d6 P(o1) =0,
ai1-ax-azs- (—1)°=1-5-9.1=45.
. L. 1 2 3 . sl
Xét hoan vi oo = . Khi d6 P(o3) =1,
1 3 2
ai1 - 23 - A32 - (—1)1 =1-6-8- (—1) = —48.
) L 1 2 3 .
Xét hoan vi o3 = (2 1 3>. Khi d6 P(o3) =1,
aiz-ag1 -as3-(—1)'=2-4.9.(-1) = -72.
. L. 1 2 3 . 4l
Xét hodn vi o4 = (2 3 1). Khi d6 P(o4) =2,
012'a23'031'(*1)2:2'6-7~1:84.
. L. 1 3 . s
Xét hoan vi o5 = (3 1 2). Khi d6 P(o5) =2,
a13-a21-agg-(—1)2:3-4-8-1:96.
. L. 1 2 3 . 4l
Xét hoan vi og = (3 9 1). Khi d6 P(og) = 3,

a13 - a2 - A31 - (—1)3 =3-5-7- (—1) = —105.
Nhu vay
det(A) =45 — 48 — 72 + 84 4+ 96 — 105 = 0.

Dinh thic clia ma tran con duge dinh nghia theo dé quy nhu sau.

Véimatranl x11a A= (an) thi det(A) = ai;.
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Véima tran 2 x 214 A = g Ghz thi det(A) = 11022 — A21412.
az1 Q22

Véi ma tran n x n, goi M;; la ma trén c6 duge tit ma tran A khi bé di hang ¢ va cot j cla ma trén A va
ki hléu Aij = (—l)th det(Mw)

©® Theorem 1.16 (Pinh ly Laplace)

binh 1y Laplace cho phép ta khai trién dinh thitc ctia ma tran cap n thanh téng cic ma tran cap n — 1.

Khai trién theo cot j:

det(A) = Zaiinj = a1jA1; +agjAoj + -+ anjAn, j=1,n.

g=il

Khai trién theo hang i:

det(A) = Z a;jAij = aindi + aigliz + - + @inAin, 1 =1,n.

Jj=1

Ma tran nghich dao

O Definition 1.57 (Ma tran nghich dao)
Ma tran A~! duge goi la ma tran nghich dao clia ma tran vuéng A néu

A1 A=A A =T,

trong do I 1a ma tran don vi cung kich thude véi A.

Al Ay - A
1 1 A A A
Al = —— (AT = 12 Ag n2
det(A) [(Aij)n] det(A) A I
Aln A2n e Ann

trong do, A;; cing duge dinh nghia tuong tu nhu khi tinh dinh thic bang khai trién theo dong hosc
cot. Goi M;; 1a ma tran c6 dugc tit ma tran A khi b6 di hang ¢ va cot j cla ma tran A va ki hiéu
Aij = (—1)i+j det(Mij).

Nhu vay, diéu kién can va di dé mot ma tran co6 nghich déo la dinh thic khac 0.

Hang cia ma tran

O Definition 1.58 (Hang ctia ma tran)

Cho ma tran A,,»,. Hang ctia ma tran la cip clia ma tran con 1én nhat c6 dinh thic khac 0.

Nghia 14, mot ma tran vuong ma la ma tran con (lAy mot phan ctia ma tran ban dau) kich thuée r x r ma
c6 dinh thitc khac 0 va r 16n nhat, thi hang ciia ma tran khi d6 la r.
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® Remark 1.14

Ma tran con kich thude r x r 1a ma tran con clia ma tran kich thuéc m x n nén r < min(m, n).

(i ) Example 1.28

1
Ma tran A = | 2 ¢6 dinh thic det(A) = 0.
1

N =~ DN
- O W

Nhung ma trén con ciia A 13 B = (; Z) (1ay dong 1 va 3, lay cot 2 va 3) ¢6 dinh thic det(B) = 2 # 0,
do do

r =rank (A) = 2,

v6i rank (A) nghia la hang ctia A.

2.6.2 Toan t tuyén tinh

O Definition 2.18 (Anh xa tuyén tinh)
Toan tt tuyén tinh (hay linear operator, nuneiinbiii onepatop) la mot anh xa
A:R" —-R™
thoa hai diéu kiéen:
1. V6i moi u,v € R” thi A(u) + A(v) = A(u+ v).
2. V6i moi o € R va u € R” thi A(au) = aA(u).

Néu A 1a mot ma tran ¢ m x n thi day 1a mot anh xa tuyén tinh duge biéu dién béi phép nhan ma tran
véi vector A - x = y.

0 day x € R™ va y € R™ 1a céc vector cot.

O Definition 2.19 (Hat nhan)

Hat nhan (hay kernel, sgpo) ciia énh xa tuyén tinh A 1a tap hgp nghiém ctia he¢ thuan nhéat va duge
ki hiéu 1a ker(A). Noi cach khac

ker(A) ={z € R": A-x =0}.

© Definition 2.20 (Anh)

Anh (hay image, 06pa3) ctia 4nh xa tuyén tinh A 1a tap hgp tat ca gia tri co thé ctia phép nhan ma
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tran va duge ki hiéu 1a im(A). Néi cach khac

im(A)={A-z: z eR"}.

(5 ) Property 2.1

Anh xa tuyén tinh AR™ — R™ c6 tinh chét:
1. dim(ker A) 4+ dim(imA) = n.

2.6.3 Tri riéng va vector riéng

Tri riéng va vector riéng

O Definition (Tri riéng va vector riéng)

Xét toan tit tuyén tinh duge bidu dién bsi ma tran A. Khi d6 vector v khac khong duge goi la vector
riéng (hay eigenvector) clia ma tran néu ton tai phan tit A sao cho

Av = \v.

Gia tri A khi d6 goi la tri riéng (hay eigenvalue) tuong tng véi vector riéng v.
. J

Chuyén vé déng thic trén ta c6 (A — AI)-v = 0. O day I 1a ma tran cing ¢d véi A va c6 cdc phan tit &
hang i va cot 4 bing 1 (ma tran don vi).

Nhu vay, dé phuong trinh c6 nghiém khac khong thi ma tran A — AI suy bién, hay det(A — \I) = 0.

M&i nghiém A ctia phuong trinh $det (bm{A} - lambda bm{I}) = 0% la mot tri riéng. V6i mbi tri riéng A ta
tim dugc cac vector riéng v tuong dng.

© Property (Mot s6 tinh chat ctia tri riéng va vector riéng)
Gia st d6i v6i ma tran A ¢6 n x n thi phuong trinh diic trung c6 day di n nghiém thyc, ta co6 cic tinh
chat sau:

LtrA=X A+ +...+ A\

2. det A =X Ag - Ay

©® Property (Tinh chat lién quan dén rank va trace)
1. tr(AB) = tr(BA).
2. rank(AB) < min(rank(A), rank(B)).
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Bai tap
Bai 1. Cho vector cot v € R”. Pit A =v-v'. Tim spaA.

Cac cot clia A c¢6 dang v - vy, v - Vg, ..., U - v,. Nhu vy cic cot déu ti le véi cot dau nén rankA = 1.
Suy ra dimker A =n — 1 va do d6 A = 0 1a nghiém bac n — 1 trong phuong trinh dic trung.

Nhu vay phuong trinh dac trung con mot nghiém A # 0.

Do

B

(w-vHe= x v -x) =)\

Ditv' -z =a thiav =Az. Suyraz=v vado d6 a =\ = |Jv|?

Vay spad = {|v]?,0,0,...,0}.

Bai 3. Cho ma tran Asys. Biét ring trA = trA~! = 0 va det A = 1. Chitng minh ring A% = I.
Phuong trinh dic trung c6 dang P3(\) = —A3 + a2\? + a1\ + ao.
Theo tinh chat trén thi ag = Y A =trA = 0.

1
Do A la tri riéng nén Az = Ax. Do A kha nghich nén NT= A lz.
T P A A—1 1 1 1
Nghia la — la tri riéng ctia ma tran A=, Suyra — + — + — =trA~" =0.
A A1 A2 A3
T do suy ra A1 Az + AoAg + AzA = 0.
Cubi ciing det A = Ay - Ay - A3 = 1.

Vay phuong trinh dic trung 13 P3(\) = —\® 4+ 1. Theo dinh ly Cayley-Hamilton thi Ps(A) = —A3 + 1 = 0,
hay A3 =1T.

Bai 4. Cho ma tran A, x,, A;; > 0. Gid st ma tran c6 di n tri riéng thyc. Ching minh ring $lambda_ 1"k
+ lambda_ 2"k + ldots + lambda_n"k gegslant 0$ v6i moi $k in mathbb{N}$.

Ta thiy ring v6i k=1 thi A\; +...+ X\, = tr(A4) > 0.

Vi A; 1a théa phuong trinh Az = \;x nén nhan hai vé cho A tacé A- Ax = A - \;xz. Tuong duong véi
A’z = \;(Az) = Nz

Noi cach khac, A? 1a tri riéng clia ma tran A2. Thuyc hién tuong tu ta co AF 14 tri riéng cia ma tran A*.

Do do Ay + ...+ Xt = tr(AF) > 0.

Bai 5. Cho ma tran A kha nghich. X 14 ma tran sao cho AX + X A = 0. Chiing minh ring tr X = 0.

Nhan bén trai hai vé cho A™! taco X + A"' X A = 0. Ta biét ring A~ X A 1a ma tran tuong duong ma
tran X nén tr(A ' X A) = tr X.

Suy ra trX +trX =tr 0 =0. Tu day c6 tr X = 0.
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2.6.4 T8 hop tuyén tinh

Xét tap hgp cac vector {vy,va,...,v4} trén R.

O Definition 4.5 (T6 hgp tuyén tinh)
Véi vector & bat ki thudc R, néu tdn tai cac sbé thuc g, as, ..., ag thudc R sao cho
T = 1V1 + a2 + ... + aqvg

thi « dudc goi 1a t6 hdp tuyén tinh (hay linear combination) clia cac vector v;, i =1,2,...,d.

Ta thiy rang vector khéng 0 1a t6 hop tuyén tinh ctia moi tap cac vector v; khi tat ca a; = 0.

Bay gio ta xét t6 hgp tuyén tinh

a1V + Vs + ...+ aguvg = 0.

O Definition 4.6 (Pac lap tuyén tinh)

Tap hop céc vector vy, va, ..., vg dugc goi la déc 1ap tuyén tinh (hay linear independent) néu chi
c6 duy nhét trudng hop

ap=ay=...=aqg=0

théa t6 hgp tuyén tinh trén.

O Definition 4.7 (Phu thudc tuyén tinh)

Tap cac vector 1a phu thudc tuyén tinh (hay linear dependent) néu khong doc lap tuyén tinh. Néi
cach khéc ton tai it nhat mot phan ti& a; # 0.

2.6.5 Khong gian vector

Khong gian vector
Xét tap hgp cac vector V trén truong F.
Ta dinh nghia hai phép tinh cong va nhan trén cac vector nay.
1. Phép cong 1a mot anh xa V x V — V sao cho véi moi ¢,y € Vthix +y € V.
2. Phép nhan v6 huéng 1a 4&nh xa F x V — V sao cho véi moi a € F va « € V thi ax € V.

No6i cach khac, phép cong hai vector va phép nhan vé huéng mot sé véi vector cho két qua viAn nim trong
khéng gian vector do.

Doéng thai, phép cong va phép nhan vo huéng phii théa man cac tinh chét sau
1. Tinh giao hoan v6i phép cong: v6i moi z,y €V, x+y =y + .
2. Tinh két hgp v6i phép cong: v6i moi ¢, y,z €V, z+ (y+ 2) = (z + y) + 2.

3. Phan t don vi ctia phép cong: ton tai vector khong 0 € V sao chovéimoix € V,0+xz =z +0 = x.
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4. Phan ti ddi ctia phép cong: v6i moi € V, ton tai phan tt ' € Vsaochoxz +x’ =z +x’ = 0.

5. Phan tit don vi ctia phép nhan vo huéng: ton tai phan tit 1z € F sao cho véimoi ¢ € V thi lp-x = x.

6. Tinh két hgp ciia phép nhan vd huéng: véi moi a, 8 € F, véi moi & € V thi a(Bz) = (af)x

7. Tinh phan phéi gitta phép cong va nhan: véi moi o € F, v6i moi ¢,y € V thi a(x + y) = ax + ay.

8. Tinh phan phdi giita phép nhan vo6 huéng: véi moi «, 8 € F, v6i moi « € V thi (o + )z = ax + Sz.
Ta thay ring khong gian vector & chuong trinh phd thong 1a khong gian vector xéac dinh trén truong F = R.

Khi d6 V = R". Trong chuong nay sé lam viéc v6i khong gian vector thuc R.

C0 s& va sb chiéu ctia khéng gian vector
Néu trong khong gian vector V tdn tai cac vector doc 1ap tuyén tinh vy, vs, ..., v4 ma tat ca cac vector trong
V ¢6 thé biéu dién dudi dang t6 hop tuyén tinh ciia cic vector v; trén, thi tap hop cac vector
{’Ul,'UQ, e 7vd}
duge goi 1a ca sd (hay basis, 6a3uc) cua khong gian vector V.
Khi do

d
xr = E oa;v; véimoix e V.
i=1

S6 lugng phan tit clia tap hgp cac vector d6 (& day 1a d) goi la s6 chiéu (hay dimension) ctia khong gian
vector V. Ta ki hiéu dimy = d.

Ta con ki hiéu
V = spanf{vy, v, ..., v4}

va noi 1a khong gian vector V duge span (hay duge sinh) béi cac vector v;.

Ta thiy rang c6 thé c6 nhiéu co s cho ciing mot khong gian vector.

©® Theorem

Moi c6 s6 clia khong gian vector V déu c6 sd phan ti bang dimV .

Gia st ta ¢6 vy, V2, ..., Vg 1 mot co s6 ciia khong gian vector R™. Khi dé néu hé vector wq, wo, ..., wy cing
la mot hé co s6 khi va chi khi ton tai ma tran kha nghich A sao cho W = A-V. O day W 1a ma tran véi
céc hang 14 céc vector w;. Tuong ty V' 1a ma tran véi cac hang la cac vector v;.

©® Chitng minh

Ta viét cac vector v; dudi dang R™.

= (V11,12 - - -, V1n),
= (v21,V22, ..., V2p),
= (oo yeeyeed)s
vy = (vdl,de, v ey Udn)-
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Tuong tu 1a cac vector w;.

w1 =

wq =

Didu nay tuong duong véi

w11 w12 ... Win Q11 12
w21 W22 ... Wop | _ | G21 Q22
Wdq1 Wq2 ... Wdn Qg1 Qg2

w;.

W11, W12, -

ey ey

W41, Wq2, - -

<5 Win),

(

wo = (Wa1, Wag, . .
(
(

. 7w2n)7

)

.,wdn).

Do v; 13 mot co s6 cia R™, moi vector trong R dugc biéu dién dudi dang t6 hop tuyén tinh ciia cac v;.

Khi d6 ta viét cac w; dudi dang t6 hop tuyén tinh cta v;.

w1 = A11V1 + Q1202 + ...+ a14V4g

Wy = (¥21V] + 22V + ... + QioqVyg

Wy = g1V + Qg + ... + QgqUq-

Q14 Vi1 V12 ... UVin
[€5%) >< V21 V22 ... U2p
Qdd Vg1 Vq2 ... Udn

Néu w; ciing 14 co sG ciia V, thi cac vector v; ciing phai biéu dién duge dudi dang t6 hop tuyén tinh clia

No6i cach khéc, ma tran («;;) kha nghich va ta c6 diéu phéi chiing minh.

Khéng gian vector con

Cho khong gian vector ¥V C R™ v6i phép cong hai vector va phép nhan vo6 huéng. Mot tap con L ctia V duge

goi 1a khong gian vector con néu:
1. V6i moi @, y thudoe L, x +y € L.

2. Véimoia € R, v6imoi x € L, ax € L.

Noéi cach khac, phép cong va phép nhan vo hudng déng (hay closure) trén khong gian vector con.

® Remark

Trén R™, hé phuong trinh tuyén tinh thuan nhat c6 thé sinh ra mot khong gian vector con ctia R™.

O Example

Xét hé phuong trinh tuyén tinh sau:

X + 3%2 + 5(E3
211 + 4dzs
31 + 2z + 8z3

+ 7334 =0
+ 2x4 =
+ Tzqy =0
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Bién ddi ma tran

5 7 1 3 5 7 1 3 5
4 2| ~(0 -6 -6 —-12] ~(0 1 1
8 7 0o -7 -7 —-14 0 0 O

W N =
N O W
O N

Nhu vay hé tuong duong véi
1+ 3xo +bx3+ 724 =0, 29+ 23+ 214 =0.
Ta chon x5, 24 € R tu do, khi d6 21 va x5 duge biéu dién theo x5 va x4
T, = —2T3 — Ty, To = —T3— 2T4.
Moi vector trong khéng gian tuyén tinh khi d6 c6 dang

(%1, 2,23, 24) = (223 — T4, —T3 — 204,23, 24)
=3 (72a 717 170) + 24 - (717 727 Oa 1)

0 day ta thdy xs, 4 nhan gia tri tiy y trong R, va moi vector trong khong gian nghiém 1a td hop tuyén
tinh ctia hai vector (—2,—1,1,0) va (—1,—2,0, 1). Suy ra hai vector nay la co s clia khong gian nghiém,
va dim Y = 2.

2.6.6 Khong gian Euclide

Trén khong gian vector V chiing ta bo sung thém mot phép toan 1a tich vo hudng (dot product, tich cham)
cua hai vector.

Gi4 st vdi hai vector © = (21, 22,...,2,) VA y = (Y1,%2,- .-, Yn). Khi d6 tich vo6 hudng clia = va y la
T-Y =21y +T2Y2 + ...+ Tnln.

Mot sb sach ki hieu tich vo6 hudng clia hai vector = va y 1a (x, y). Trong phan nay nay minh sé ding ki higu
x - y nhu trén.

Khong gian vector cd phép toan tich vd huéng duge goi 1a khong gian Euclide. Khi & = y thi cidn bac hai
ctia két qua tich vo huéng duge goi 1a chuan Euclide (hay Euclidean norm) va duge ki hieu

Ha:||:\/a:~w:\/:c%—i—w%—i—‘..—}-m%.

Nhu vay ta c6 thée viét $1Vert bm{x} rVert"2 = bm{x}"2$.

©® Theorem 6.2 (Bat ding thitc Cauchy-Schwarz)

Véi hai vector & va y bét ki ta luén co
]l - lyll = [= - yl,

nghia 14 tich do dai ctia hai vector bat ki trong cting khong gian Euclide 16n hon hodc bang tich vo huéng

gifta chiing. Dau bing xay ra khi va chi khi 0T o0 = x—". Noi cach khéc 1a hai vector ciing

Y1 Y2 Yn
phuong.
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©® Chitng minh
Véi moi sb thue ¢, ta luoén co
0 < |lz —tyl® = &® — 2t -y + t*y* = ||z||* — 2t@ - y + *||y|°.

Néu xem biéu thic trén 1a da thic bac hai theo ¢, dé da thic 16n hon hodc bang 0 véi moi ¢t € R thi ta
phai c6 A’ < 0 va ||y|> > 0 (luén ding). Ta cb

A= (z-y)? = ) lyl* <o,

tuong duong véi |z - y| < ||| - |y|| (diéu phai chiing minh).

Hé ca sé truc giao

Cho khong gian Euclide V va mot ¢ s6 cia no 1a vy, vs, ..., vg. Thuat toan tryc giao Gram-Schmidt 14
thuat toan bién ddi co sG trén thanh mot co sé méi, trong d6 cac vector déu tric giao nhau.

©® Algorithm 6.1 (Thuat toan truc giao Gram-Schmidt)

Input: vy, ..., vg trong R”.
Output: uy, ..., uq trong R" ma u; - u; = 0 v6i moi ¢ # j.
1. U < V1

2. fori=2tod
1. w=w;
2. forj=i—1to1
Lopiy = (vi-uy)/(u; - uy)

2. w4 w— U

3. u; +—w
3. Tra vé co sd tryc giao uq, ..., uqg

Noi cach khac, véi u; = vy, v6i mdi i = 2,3,...,d ta tinh vector u; v6i cong thiic

i—1
U; = v; — Z/.Li’ju]*.

i=1

2 N Vi-Uj o . 2 2

O day pij = 1 hé s6 trude u;.

Ui - Uy

©® Example 6.8

Xét co 86 v = (2,-2,4), v2 = (1,—1,0) va v3 = (5, —3,3) clia R>.
bat u; = v1 = (2,-2,4).

Ta co

Cvpewp 124(-1)-(-2)+0.4 4 1
Hol = w221 (-22+42 24 6
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Suy ra
1 2 -2 -2
= vy — =(1,-1,00—=-(2,-2,4) ==, —,— | -
U2 V2 /J'Q,lul (; 7) 6 (7 a) <3a373)
Tuwong tu
Had = 21 (-2)2+4 24 6
Tiép theo
2 -2 —
e 5~§+(73)~?+3 - 5

H3,2 = = .3 .
’ Uy + U 2 2+ -2 2+ —2\? 2
3 3 3
= U3 =V3 — {3,1U1 — [43,2U2
7 5 2 -2 -2
—(5,-3,3) — ~ . (2,—2,4) — 2. (2,22 ==
6.-39 -1 @-20-3 (5 2F)
=(1,1,0).
Ta c6 thé kiém chiing ring

2 —2 )

w

Tuong tit v6i uy - uz = 0 va us - uz = 0. Thém nita cic vector nay ciing doc lap tuyén tinh nén ciing la
mot hé co s ctia R3.

Nhu vay cac vector uy, Us, uz la mot co s6 tryc giao ciia R3.

©® Remark 6.7

Co s6 tryc giao cho phép ta tinh do dai ctia tat ca cic vector khac trong khong gian vector dé dang hon.

That vay, gid st w1, usg, ..., g la cac vector trong co sé truc giao. Moi vector @ trong khong gian vector
déu c6 dang
T =o1u; +aus + ...+ agug.
Khi do
d
[z]|* = 2* = (w1 + asus + ... + aqug)® = Za?u? + 2Zuiuj.
i=1 i

Do cac vector trong co s§ déu truc giao v6i nhau nén u; - u; = 0 véi i # j, 1 < 4,75 < d. Tt do ta c6 duge

d d
Izl =) afuf = affluill,
i=1 i=1

hay

el = /adu? + ...+ aZu.
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Két qua rat don gidn, do dai ctia cac vector bat ki 1a can bac hai ctia t& hgp do dai cac vector trong cd sé
va hé sb tuong ting.
Ching minh thuat toan Gram-Schmidt

Cho khong gian vector V véi cd sé 1a cac vector vy, ..., vq. Thuat toan Gram-Schmidt bién d6i va cho két
qué 1a co s6 mdi u, ..., ug sao cho cac vector trong cd sG mdi nay truc giao nhau doi mot.

bat uw, = v;.

Buéce 1. Ta ching minh v6i moi k > 2 thi uy - uy = 0.

Ta c6
V2 - U
Ug = V1 — 421U = V2 — cUq.
U - up
Suy ra
Vg - Uy
U2 - UL = V2 U] — -(ul-ul)
u - Uy

=vy-u; —vy-up =0.

Nhu vay véi k = 2 thi ding thic ding. Gia st déng thitc uy - u; = 0 ding t6i k > 2. Xét k+ 1 ta co

k

U411 = Vg1 — E Hk+1,5Uj,
j=1

suy ra

Vk+4+1 - Uy

w; - u; (J 1)

Uk41 - UL = V41 - UL — E
Jj=1

Ta thay réng véi j = 2,...,k thi w; - u; = 0 theo gid thiét quy nap. Nhu vay chi con lai j = 1 va két qua 1a

Vg41 - UL
Uyl - U = Vpq1 - U] — ——— - (w1 - uq) = 0.
u - Uy

Budc 2. Ta ching minh v6i moi k£ > 3 thi uy - us = 0.
Tuong tu ta st dung quy nap. Ta co
U3 = V3 — 43 2U2 — U3,1U1,
Suy ra
U3 - U2 = V3 - U2 — (U32U2 - U2 — U3,1 " UL - U2.

Ta da chitng minh duge ug - u; = 0. Nhu vay két qua sé 1a

V3 - U

U3z - Uy = V3 U2 — '('UQ'UQ):O.

U2 - U2
V6i gia thiét quy nap u - uz = 0 ding t6i k > 3, ta xét k+ 1. Khi do6

k

Uk4+1 = V41 — E Hk+1,5Uj,
j=1
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suy ra

k

Uk4+1 - U2 = Vg1 - U2 — Zﬂk+1,jug‘ s U2.
=1
Theo gia thiét quy nap thi moi j > 3 déu cho két qua w; - us = 0, thém nita 14 u; - us = 0 do ching minh
trén. Nhu vay trong tong chi con lai j = 2 va két qua sé 1a
Vg+1 - U2
Wpy1 Uy = Vg - Uy — ——2 - (uy - ug) = 0.
U - U2

Tir day co thé thiy, st dung phuong phap quy nap ta c6 thé chitng minh duge riing véi mdi s6 n > 2, thi
moi k > n 4+ 1 ta déu c6 uy - u, = 0, hay néi cich khac 1a khi thuat toan tinh w, thi né sé tryc giao véi tat
CA Uy, W, ..., Uk_1.

2.6.7 Dang toan phuadng

Gidi thiéu dang toan phuaong

O Definition 7.1 (Dang toan phuong)

Dang toan phuong (hay quadratic form, kBagparuas ¢popma) la da thic bac hai trén truong K
v6i n bién z1, Ta, ..., Tn, nghia 1a

n n
f(xl,xg, c00g l‘n) = ZZaijxixj

i=1 j=1
n
— 2 )
= ay; Ty + Qi T;T;-
=1l 1<i<j<n

O day, a;; dudc goi 1a hé sé (hay coefficient, koadbdpunment) véi 1 < i,j < n, va a;; = aj; v6i moi

i g

(i ) Example 7.1

Da thitc 2% + 23 + 329w3 — 23 14 dang toan phuong vé6i ba bién.

Da thitc 27 — 23 + 321 + 225 14 da thiic bac hai nhung khong phai dang toan phuong vi ¢6 phan tuyén
tinh 321 + 2x5.

Cdu héi nhé cho ban doc. V6i da thitc bac hai n bién bat ki
33 s S
i=1 j=1 i=1
thi didu kién nao ctia hé s6 cho phép ching ta bién déi vé dang toan phuong? Vi du, véi da thiic

5 3 9
x%fx§+3x1+2z2+1:x%+2-z1~§+171€+2z2—1

= (ml + Z)Q — (z9 — 1)?,

néu dat y; = z1 + 3 va yo = 2o — 1 thi ta c6 yf — y2 la dang toan phuong tng véi cic bién yi, ya.
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© Definition 7.2 (Dang toan phuong chinh tic)

Dang toan phuong duge goi 1a chinh tac (hay canonical) khi cic hé s6 ai; = 0 v6i moi ¢ # j.

©® Example 7.2

Da thitc 27 + 23 + 32273 — 23 khong 1a dang toan phuong chinh tic vi ¢6 don thic xozs.

Da thitc 23 — 22 + 422 14 dang toan phuong chinh tic.

Néu diit cac bién ctia dang toan phuong thanh vector cot

T
Z2

L
thi dang toan phuong c6 thé duge viét dudi dang phép nhan ma tran
fzy,20,...,2,) = Az,

trong d6 A 1a ma tran déi zing va ' 1a chuyén vi clia vector .

Cu thé hon, dang ma tran tuong iing véi dang toan phuong

n n
f(l‘l,l‘g, . ,In) = ZzaijZEin

i=1 j=1
n
— 2 )
= a“zi —+ aijxixj
i=1 i#£]
G dinh nghia la
aip aiz2 - Gip Ty
a1 A22 -+ Q2p €2
f(l'l,xz,...,xn):(x1,1'27...,$n) . . . . . 9
apl  Ap2 ctt Qpn Tn

v6i a;; = aj; va diéu nay giai thich he s6 2 trong dang toan phuong
Qi T;T5 + Q%5 = Qaijxixj.
Khi dang toan phuong la chinh tdc thi a;; = 0 v6i moi i # j nén A 1a ma tran dudng chéo chinh.
Hien tai ching ta sé khao sat dang toan phuong véi he s6 thuc, tic a;; € R.
Bai toan quan trong ctia dang toan phuong 1a lam thé nao dé bién ddi dang toan phuong téng quat vé dang
chinh tic. Dé gidi quyét vin dé nay ta st dung phuong phép chéo hoa hoic phuong phap Lagrange.
So ludc vé lign hap Hermitian

Véi 86 phitc z = a + bi véi :math”a, b in mathbb{R}" va i 1a don vi 4o, i2 = —1, ta ki hiéu z 1a lién hgp clia
z, nghia la z = a — bi.
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Ngoai ra ta ciing ki higu |z| 1a module ctia s6 phitc 2. Néu z = a+bi thi |z| = Va2 + b2. D& thay z-z = |z|%.

V6i ma tran A = (a;j)nxm, Mma tran chuyén vi lién hgp (hay conjugate transpose) la ma tran B =
(bi;)mxn duge dinh nghia béi

bij = CLji.

Nhu vay, dé thu duge ma tran chuyén vi lién hgp, dau tién ta chuyén vi ma tran A (tinh AT) va lay lién
hgp timg phan ti.

Ma tran chuyén vi lién hgp ctia ma tran A duge ki hieu la A*.

Vi du, xét ma tran

O Property 7.1 (Tinh chét ctia ma tran chuyén vi lién hogp)
1. Néu A va B la hai ma tran cting cd thi (A + B)" = A* + B*.
2. V6i moi ma tran A ¢d n X m va v6i moi ma tran B ¢d m x p thi (AB)* = B*A*.
3. V6i moi ma tran A thi (A*)" = A.

4. Néu v € C™*! 13 vector cot do dai n thi tich vo huéng v*v 1a sb thuc.

Céc tinh chat 1-3 c6 thé dé dang chitng minh tuong tu nhu déi v6i ma tran chuyén vi, va tinh chat 4 suy ra
ti tinh chit ctia module sé phiic bén trén.
Phuaong phap truc giao

Ta st dung tinh chit sau ctia ma tran déi xing.

O Property 7.2 (S6 lugng tri riéng ctia ma tran d6i xiing)

Ma tran déi xiing kich thuéc n x n trén R c6 ding n tri riéng thuyc.

© Ching minh

Theo dinh 1i co ban ctia dai s6 thi moi da thitc bac n trén R co day dit n nghiém trén C. Do do néu goi
A 14 tri riéng clia ma tran vudng doéi xting A thi ta can ching minh A = A, titc X 1a s6 thue.

Vi 13 tri riéng clia ma tran A ¢§ n X n nén ton tai vector v € C**! khac khong sao cho

Av = o
= v*Av = Av'v,

v6i v* 1a chuyén vi lién hop ciia vector v.

Ltc nay, lay chuyén vi lién hop hai vé va st dung tinh chat 3 ctia tich cdc ma tran ta co

v*Av = Iv'v
= (v*Av)* = (\v*v)"
= v (A*)(v)" = v
= v (AYv = v'u
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Vi A 1a ma tran déi xting thuc nén A* = A, do do
v* (A*)v = v*Av = \v*v = Moo,
va theo tinh chét 4 & trén, do v 1a vector khac khong nén v*v # 0, suy ra A = A\. Nhu vay A 1a s6 thue.
Lic nay, véi dang toan phuong cho béi T Az va A 13 ma tran déi xting thi ma tran A c6 day di n tri rieng
thuc va co thé chéo hoa thanh A= P - D - P~ trong d6
e D la ma tran chéo vé6i cAc phan tit trén dudng chéo chinh 1a céc tri riéng;
e P la ma tran vdi cac cot 1a cac vector riéng ing v6i cac tri rieng (theo thi ty) trong ma tran D.
Tiép theo ta can hai tinh chat clia cic vector riéng clia ma tran déi xing thuec:
1. Hai vector riéng tng véi hai tri riéeng khac nhau luén truc giao v6i nhau.
2. Hai vector riéng ing v6i ciing tri riéng cod thé duge chon sao cho truc giao v6i nhau.
Dé6i véi tinh chat 2, hai vector riéng ciing tri riéng sinh ra mot khong gian vector véi co sé 1a hai vector riéng
d6. Tt day ap dung phuong phap truc giao hoa Gram-Schmidt ta c6 thé xay dung hai vector méi triuc giao
v6i nhau tit hai vector riéng ban dau. Sau day ta sé chiing minh tinh chat 1.

©® Chitng minh

Gia st A1 va Ay 1a hai tri rieng khac nhau ctia ma tran déi xing thiyc A, tuong tng la hai vector riéng
(%} va V2.

Vi A 1a ma tran doi xiing thic nén A = AT va ta co

Avy = \v = v;rA—r = UIA = Awi

Avy = \vg = v;A—r = ’U;—A = )\2’0;.
A 95n -2 T AT S —o2g
Bay gio xét v; A' vy thl v6i A

T T T
v, Avy = (vl A) Vg = A1V, V2,

v] Avy = v/ (Avy) = v] (\avy).
Nhu vay
/\1’UlT’UQ = ’l);r(/\g'UQ) = )\Q’UI’UQ = (/\1 = )\Q)U;F'UQ = O,

ma A; # Ao nén v{ vy = 0. Két luan: vy va vy tryc giao.

Khi ta chudn hoa cac vector riéng thi ta thu dudc cac vector riéng truc chuan nhau déi mot tit hai tinh chét
trén. Khi d6 ta c6 thé ching minh duge tinh chit ctia ma tran P1la PTP =1, hay P~' =P,

Vi A 1a ma tran ddi xing nén
AT=A=P.-D-P'=P.-D-P'=(P")"-D" - P" =4,
ma D 14 ma tran duong chéo chinh nén DT = D va ta thu duge

P.-D-P" = A
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Khi d6 dang toan phuong tré thanh
f(zy,20,...,2p) = Ax=2'P-D-P'a=(P'z)' -D-(P'x).
bit y = P thi ta dudge dang toan phuong méi theo cac bién y1, ya, ..., Yn
fi,ya,-yn) =y' - D -y,
va do D 13 ma tran dudng chéo nén day la dang toan phuong chinh téc.

Chung ta hay tht mot vi du nho.

(i ) Example 7.3

Chuyén da thic 322 4+ 8zy — 3y? thanh dang toan phuong chinh tic.

Dang toan phuong trén tuong duong phép nhan ma tran

oG 5)0)

S ng . ) 4
Dau tién ta tinh cac tri riéng clia ma tran A = (3 )

4 -3
Ta co
A= <3ZA 34>\>
nén
FA)=X2-25=0= =45
Khi A\ = 5 thi

-2 4 1 -2
a-si=(7 %)~ %)
do @6 x1 — 2x9 = 0, tuong duong z1 = 2z5. Khi d6 moi vector (1, x2) c6 dang

(:L‘l,fﬂz) = (21‘271‘2) = I2(2, 1), To € R,

nén vector riéng tng véi tri rieng A = 5 1a (2,1) va ta chudn hoa thanh (2/v/5,1/v/5).

Khi A = —5 thi
8 4 2 1
A(5)I(4 2)”(0 0>’

do d6 2x1 + 9 = 0, tuong duong zo = —2z1. Khi d6 moi vector (z1,x2) c6 dang
(1, 22) = (21, —221) = 21(1,-2), = €R,
nén vector riéng ting véi tri rieng A = —5 1a (1, —2) va ta chuan hoéa thanh (1/v/5, —2//5).

Nhu vay ma tran A dugc chéo hoa thanh

A=PDP!, D:(S 05), P:(i?ﬁ 21/%5)

Cubi ciing, dé chuyén da thitc vé dang toan phuong chinh tic ta ddi bién
()-77() - (s 28) G) - (B o)
v y -1/v5 2/vV5) \y —z/V5 +2y/V5

thi ta c6 dang toan phuong chinh tic 5u? — 5v2.
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D@ kiém tra vi du trén ta biéu dién (z,vy) theo (u,v) véilvuy PT = P~}

(:) =7 ()= ()= () = Cieans)

Ta thay vao da thic ban dau

2 2
2u —v 2u—v u—+2v U+ 2v
322 + 8z —3x2:3~() +8. , —3-( )
LR e V5 NG NG
4u? — duv + v? 2u? + 3uw — 202 u? + duv + 4v?
. +8. .
5 5 5
25u2 — 2502

= s -5l
5 U v

©® Ghi chu

Nhuge diém clia phuong phap tric giao 1a phai tim tit cd nghiém ciia phuong trinh dic trung. Trong
truong hop tdng quat diéu nay khong dé thuc hién, tham chi bat kha thi trong trudng hgp tong quat véi
kich thuéc 16n vi khong ton tai cong thitc nghiem tdng quat cho phuong trinh bac 5 tré 1én. Do d6 chiing
ta s& tim hiéu phuong phap tht hai 14 phuong phdp Lagrange.

Phuong phap Lagrange
Y tudng chinh ctia phuong phap Lagrange dua trén khai trién binh phuong
n
(2 +Z2+"'+Zn)2 :Zz?—l—ZZZiZj.
i=1 i#j
Khi do6 ta c¢b ging dua dang toan phuong
[, @, mn) = byt + fr(we, 23, .., 1)

v6i y1 1a4 mot t6 hgp clia cac bién x4, o, ..., Zn.

Gia st ta c6 dang toan phucng

n
2
f(.%‘l,.’lﬁg, L. ,ZCn) = E ayT; + 2 E Q4 T T 5.
i=1 it

Khong mat tinh tdng quat, gid st ay; # 0 va xét bién 2y (néu bing 0 thi ta chuyén sang xét ags v6i bién
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x9, van van). Khi d6 ta bién doi

flxr, @, ... )

a11x1+2 E a1;T1Tj + E a”x + g ;T T

2<i<j<n

n

a4
E: Jffj

a1

n
a
2 1
=ay | 2] + 22, E —jmj +
a
j=2 "1 =2

—&—Za“x + Z QLT 5

2<i<jsn
~ a
15
= a1 961-&-5 T;
— 11
Jj=2

Lic nay, thuc hién ddi bién

2

aij
J z;
ai1

y1—x1+z

va dat

n
a1

fl(x27x37“‘7xn)

n
2
= E Ay Ty — A11
i=2

thi ta thu duge dang toan phuong méi

a
=

a11yi + fi(za, xs, . ..

khong con céc don thitc dang zix;.

n
2
+ E ATy — ail
i=2

Do

s Tn)

an | 7 +2x12—x3 —I—Za”aj + Z ;T

2<i<j<n
2 2

n
>
J

X
J
a
2 11

2

n a
15
Lj

E + E Qi TiT 5.
ail

j=2 2<i<j<n

2

+ E aijxixj

2<i<j<n

Tiép tuc thyc hien nhu vay cho ting bién va ta thu duge dang toan phuong chinh tic.

Minh sé& thit nghiem véi vi du bén trén: 322 4 Sxy — 332
Minh bién déi

8
322 + 8xy — 3y> =3 <x2 + xy) — 3y

3
4y 16y> 16y )
=3 (22 +2.2- = - -3
<x+ T 3 9 9 Y
4y2 16y 9
(x 3) 3 Y
4y2 2512
=3 B It A
<9:+3) 3

theo hai bién u va y.
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® Remark 7.1

ta lay y lam mdc thay vi = thi ta c6 dang toan phuong

—gxz — 302, véiv=4z/3—y.

con nia.

trén may tinh.

1. Dang toan phuong khong 1a duy nhét tity vao phuong phap bién ddi. Hon nita, ¢ vi du trén, néu

2. Phuong phap Lagrange khic phuc duge nhuge diém ciia phuong phap triyc giao vi khong phai tim
nghiem da thic bac cao ma chi can riat gon tung bién dén khi cic don thic z;z; v6i i # j khong

3. Phuong phap Lagrange c6 nhugc diém khi s6 bién 16n vi viec khai trién téng bac hai ra dé thu gon
hé s6 v6i n — 1 bién con lai rat phiic tap. Tuy nhién diéu nay c6 thé duge khic phuc khi cai dit

2.6.8 Khong gian Hilbert

Khéng gian metric
Cho tap hop E khéc rong va d 1a anh xa E x E — R théa man
1. d(ac, y) = 0 v6i moi z,y € E (tinh phan biét duong).
d(x,y) = 0 khi va chi khi z = y.
d(z,y) = d(y,x) v6i moi z,y € E (tinh doi xiing).
d(z,2) < d(z,y) + d(y, z) v6i moi z,y,z € E (bat déng thic tam giac).

Khi do6 d duge goi la khoang cach hay metric trén E, con (E, d) duge goi 1a khong gian metric.

Sau day 1a mot s6 khong gian metric thong dung trén E = R.

Cho = = (z1,22,...,2Zn) V&Y = (Y1, Y2, .., Yn) 14 cac vector trén R™.

©® Example

Metric x4c dinh béi tdng khoang cach giita timg toa do

n
z,y) = Z|$z’ = ¥l
i=1

O Example

Metric Euclid 14 khoang cach Euclid quen thuoc

Téng quat hon véi s6 mil bat ki

2.6. Dai sb6 tuyén tinh
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(i ) Example
Metric x4c dinh bdi

d(x,y) = giagxllxi -yl

(i ) Example

Metric roi rac

O,x =1y
d(z,y) = {1 24y

©® Example

Metric

0 e .
dz,y) =4 Y v6i moi i > 2.
|5 — vil, 2 # v

Tiép theo ta c6 mot s6 khong gian metric trén tap cac ham sé.

©® Example (Metric trén khéng gian ham sb tir tap A bat ki vao khong gian metric (X, d))
Véi f,g: A — (X,d) xac dinh

d(f,g) = sup d(f(x),g(z)).

z€A

©® Example (Metric trén khéng gian cac ham lién tuc trén [a,b] vao R)
Véi f,g: [a,b] = R lién tuc, x4c dinh

b

d(f, g) = / \F(z) — g(a)]| da.

a

Khéng gian Hilbert

Khong gian Hilbert 14 khong gian vector H trén truong R hodc C dong thoi trang bi tich vo hudng (-, -,)
thoéa céc didu kien sau:

1. H la khong gian vector tuyén tinh (phép cong va phép nhan vo hudéng).
2. Tich trong (hay inner product, tich v6 hudng) la 4nh xa H x H — R ho#c C théa
e tuyén tinh theo bién dau

(ax + by, z) = a(z, z) + b(y, z),
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e dbi xtng lién hop
(z,y) =y,
e xac dinh duong

(z,z) >0va (z,z) =0 x=0.

3. Do dai va chudn: chuan (hay norm) ciia vector x 1a |z|| = (z, ).

4. Pay di: H la khong gian metric day dt dudi chuan ||z — y||, nghia 1a giéi han ciia moi day Cauchy
trong H ciing la phan t trong H.

O Remark

Néu cac diéu kien 1, 2, 3 thoa con 4 khong thda thi H duge goi 1a khong gian tich trong.

©® Remark

Khong gian Hilbert 14 trudng hgp riéng ciia khong gian Banach (chi yéu cau vé chuan ma c6 thé khong
¢6 tich trong).

2.7 Ly thuyét sb

Toan hoc 1& vua clia cic moén khoa hoc, va s6 hoc 1a nit hoang.

---Carl Friedrich Gauss
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Hinh 2.46: Carl Friedrich Gauss (1777-1855)

2.7.1 Phép chia Euclid. Thuat toan Euclid
Phép chia Euclid

DPay 1a nén tang, co sd clia s6 hoc. Tir khi biét t6i phép chia hai sé nguyén, ta c6 thé tim thuwong va sb
du. Néi theo toan hoc, néu ta c6 hai sd nguyén duong a va b thi ton tai cip s6 g, 7 sao cho a = ¢b + r v6i
0<r<hb.

Khi do, a goi 1a sb bi chia, b goi 1a s6 chia, ¢ 1a thuong (q trong quotient) va r 1a s6 du (r trong remainder).

Dic bigt, sy ton tai clia cap s6 ¢ va 7 1a duy nhat. That vay, néu ta gia st ton tai hai cap s6 (q1,71) va
(g2,72) déu thoa ding thitc trén, nghia la

a=qb+ry, a=qgb+rs.
Trit hai ddng thitc vé theo vé ta co
(g1 — q2)b+ (r1 —r2) =0,

tuong duong (ro —r1) = (g1 — g2)b, ma 0 < ry,79 < bnén —b < ry —r1 < b.

Nhu vay chi c6 thé x4y ra trudng hop 7o —ry = 0 (vi gia tri tuyet ddi ctia vé phai 1a boi clia b nén sé lén
hon b, con vé tréi lai co gia tri tuyét déi nhd hon b) hay ro = rq, kéo theo 1 = ¢2.
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Thuat toan Euclid

Dua trén phép chia Euclid, ta c6 mot thuat toan hiéu qua dé tim udc chung 16n nhat giwta hai s6 a va b.

K{ hiéu ged(a, b) 14 w6c chung 16n nhat ciia a va b. Chtng ta thyc hién dé quy nhu sau:

ged(a,b) = {a,

néub =0

ged(b,a mod b), néub # 0.

biém quan trong & thuat toan Euclid 1a thuat toan chic chin sé dimg sau mot s6 hitu han budc, va két qua

sé 14 u6c chung 16n nhét ciia hai s6 a va b.

©® Chitng minh

s6 du r;4 o trong phép chia r; cho 7.

Tk4+1 nhu trén.

Dat ro = a va r; = b. Theo phép chia Euclid ton tai cac s6 g va 79 sao cho rg = rigo+72 v6i 0 < 79 < 11

Trong thuat todn Euclid, & bude thi i (i = 1,2,...) vi da biét r; va r;;1 nén ta tim duge thuong ¢; va

O mdi budc, ;42 luon nhé hon r;11. Do d6 cudi cing sé bing 0, va khi do ta c6 uée chung 16n nhat 1a

To =71q0 + 72
1L =7T2q1 + 73
To =7T3q2 + 74

Ty = Tip1Qs T T2

Tp =Tg+1qx + 0

(i ) Example 1.29
Tim uwéc chung 16n nhat clia 784 va 74.

T
784
74
44
30
14

Vay ged(784,74) = 2.

= Tiy1°q¢ T+ Tiy2
= 74-10 + 44
= 44-1 4+ 30
= 30-1 + 14
= 14 .2 + 2

= 2.7 + [0]

Thuat toan Euclid mé rong

O Definition 1.59 (Phuong trinh Diophantus)

Cho truée cac sb nguyén a, b va c. Phuong trinh Diophantus 14 phuong trinh c6 dang

ax+by=c

2.7. Ly thuyét sb
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v6i x, y 14 cic s6 nguyén.

(5 ) Example 1.30
Giai phuong trinh 5z + 3y = 1.

Ta co

3 3 3

1-5z 1-2z-3z 1-2

Yy x.

1—2x

Nhu vay néu y € Z thi € 7Z, nghia 1a 1 — 2x chia hét cho 3. Vay 1 — 2z = 3k véi k € Z.

Tiép tuc, 1 — 2z = 3k, suy ra

1-3k 1-k—-2k 1-k
= = =

= — k.
2 2 2

Do x nguyén nén tuong tu ciing nguyén, hay 1 — k = 2t, tuong duong v6i k =1 — 2t.
Thay ngudgc lai ta cod

_1-3k  1-3(1—2t)
o2 2

a3 = -1+ 3t.

Tiép tuc thay vao dé tim y thi

_1-5z  1-5(—1+3¢)

=2 —5t.
3 3

Y

Nhu vay nghiém ctia phuong trinh 1a tat ci cdc nghiem (x,y) ma x = —1+3t, y =2 — 5t v6i t € Z.

O day ching ta da thyc hién phép chia c6 du lién tiép dé tim nghiém. No6i cach khac ta da thyc hién thuat
toan Euclid & bén trén dé lam gidm do phitc tap ¢ mdi budc giai.

Téng quat ta co6 thuat toan Euclid mé rong dé tim udc chung 1én nhat ged(a,b) clia hai s6 a, b, va mot
nghiém ctia phuong trinh ax + by = ged(a, b).

O vi du trén, ta da tim duge mot nghiem ciia phuong trinh 5z + 3y = 1 1a (=1,2) khi ¢t = 0. Khi d6 ta co
thé suy ra tat cd nghiem (ho nghiém) ctia phuong trinh c6 dang (—1+ 3t,2 — 5t) véi t € Z.

©® Algorithm 1.1 (Thuat toan Euclid mé rong)
Input: a,b € Z
Output: ged(a,b), z, y

1. rg+a,r < b, ro <0

2. 201,21+ 0,290+ 0

3.y 0,y1 < 1,920

4. While 1 #0

1. q < rodivry
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2. rog—1rg—q*Tr1, 0 T1,T1 T2
3. Ty < Top—Qq*xT1, To < T1, T1 < T2

4. Y2 < Yo — q* Y1, Yo < Y1, Y1 < Y2
5. EndWhile

6. Return rg, xo, Yo

O thuat toan trén, ro, 71 va 72 hoat dong nhu thuat toan Euclid chuén.

O méi budc, g 1a thuong ctia phép chia ry cho 71, va ta st dung ¢ d6 dé tinh xy va yo méi. Két qua cudi
cing (1o, To,yo) lan lugt 1a wéc chung 16n nhat rg, va hai s6 xg, yo thdéa méan axg + yby = ro.

Tai sao ching ta lai ¢6 (zg,z1) = (1,0) va (yo,y1) = (0,1)? Thém nita, lam sao biét thuat toan hoat dong
dang?

Muc dich ctia ching ta 1a tim céc s6 (z,y) sao cho ax + by = ged(a, b). Khi d6, dya trén thuat todn Euclid
co béan § trén, ta xay dung day s6 {z,} va {y,} sao cho § moi budc thit n ta déu co

axn + byn, = . (2.6)

T thuat toan Euclid, v6i r; va ;41 6 budce thit ¢ ta thuc hién phép chia Euclid r; = r;41¢; + rito dé tim ¢;
va r;12. TU ¢; 6 mdi budc ta tinh

Tiv2 = Ti — Ti+14i,  Yi+2 = Yi — Yi+1Gi-
Chuyén vé hai phuong trinh trén ta co

Ti = Ti41Gs + Tigo,  Yi = Yit1G T Yit2-
Néu thay hai phuong trinh vita 161 vao (2.6) ta duge

a(@i414i + Tiv2) + 0(Yit1¢ + Yit2) =13,
tuong duong véi

(azit1 + byit1) - ¢ + (aziqp2 + bxipe) = 1.

aTiy1 +0Yiv1 = rip1,  aTipo +byipo = Tigo,

nén 7;11¢q; + ri+2 = r;, dung véi thuat toan Euclid chuan ban dau. Nhu vay thuat toan md rong hoat dong
ding.

Bay gio ta can chon (g, 1) va (yo,y1) vi ching ta da dit ro = a va 7y = b.
O bude thi 0, vi

ro = a = axo + byo,
va & bude thi 1,

(& :b:a$1+by1.

Dé thay & bude 0 ta chon zg = 1 va x; = 0, con & buée 1 ta chon yg = 0 va y; = 1 la dudgc.
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(i ) Example 1.31
Tim mot nghiém nguyén cuia phuong trinh 784z + 74y = 2.

TP = Ti+1°Q¢ + Tit2 | Tiy2 = Z; Ti+1 qi | Yi+2 = Yi - Yit+1-G;
84 = T74-10 + 44 1 = 1 = 0-10 —-10 = 0 = 1-10
74 = 44 -1 + 30 -1 = 0 = 1-1 11 = 1 = (—10)-1
4 = 30-1 + 14 2 = 1 - (=1)-1]-21 = =10 — 11-1
30 = 14 -2 + = (-1) - 2-2 = 11 = (=21)-2
14 = 2.7 + [0]

Cac ban c6 thé thay uéc chung 16n nhét 1a s6 mau cam. Do dé céc s6 x;,2 VA y; .2 cling chinh 1a diém
ditng va minh khéng can tinh toan thém.

Nhu vay mot nghiém ctia phuong trinh 784z + 74y = 2 1a (-5, 53).

Chuing ta ciing c6 mot cach trinh bay khac dé giai phuong trinh nghiém nguyén trén la sit dung bién déi
tuong duong ctia ma tran.

Vi dy, dé tim mot nghiém nguyén (z,y) ciia phuong trinh ax + by = ¢ v6i a, b, ¢ 1a cac s6 cho trude, ching

ta viét ma tran
1 0fa
0 110b

(-

Khi d6 hai s6 & hang trén s& 1a nghiém can tim.

va bién déi tuong duong vé dang

© Example 1.32

St dung bai toan & trén lam vi du: tim mot nghiém nguyén ciia phuong trinh 784x + 74y = 2.
1 0] 784 1 —10| 44 1 —10| 44
0 1| 74 0 1 |74 -1 11 |30
2 =-21|14 2 -21|14 37 =392 |0
1 11 | 30

Vé ban chét thi hai cach trinh bay 14 giéng nhau.

Bai tap suu tam

Cau 1 (dé kiém tra, ITMO). Tinh
ged(615%0 + 1,617 —1).

Minh thay 61 bdi bién 2 va thic hién phép chia da thic theo thuat toan Euclid.

Pau tién, xét phép chia 2571 — 1 cho 2610 4+ 1. Két qua phép chia 1a

I'671 —1= (13610 4 1) . SC61 o :1:,61 —1.
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Tiép theo, xét phép chia %1% + 1 cho —z%' — 1. Két qua la
2610 +1= (_x61 _ 1) X (—33549 —|—.7;488 e 1) + 9.
Nhu vay, uéc chung 16n nhat ctia hai da thiec 14 2.

Cau 2 (dé kiém tra, ITMO). Chitng minh ring v6i moi a, b, c € N thi

[a,b,c] =

a-b-c-(a,b,c)
)

trong do
e [a,b, c] 14 boi chung nhd nhét clia ba sb a, b, ¢
e (a,b,c) la u6c chung 16n nhat ciia ba s6 a, b, ¢
e (a,b) 1a u6c chung lén nhat clia hai s a, b.
Chua lam ra.
Cau 3 (dé kiém tra, ITMO). Tim it nhat mot nghiém nguyén ciia phuong trinh
311z — 28y = 2.

St dung thuat toan Euclid:

1 0] 311 (1)—=(1)+11-(2) 1 11 3 (2)—(2)410-(1) 1 11 |3
0 1| -28 0 1 |-28 10 11112

W=0)-) (=9 —100 | 1\ @=@)-20) ( =9 —100 | 1
10 111 |2 28 311 |0

Nhu vay minh c6 (=9, —100) 14 mot nghiém ctia phuong trinh
311z — 28y = 1.
T d6 suy ra mot nghiém ctia phuong trinh
311z — 28y =2
la (2-(-9),2-(—100)) = (—18,—200).

2.7.2 Phuong trinh dong du tuyén tinh

Cho n 1a s6 nguyén duong va a, b 1a cac s6 nguyén duong nhé hon n. Phuong trinh dong du tuyén tinh
modulo n ¢6 dang

axr =b (mod n) (2.7)

s < 2
vol z 14 an.

©® Remark 2.4
Dit d = ged(a,n). Khi @6, phuong trinh dong du ¢6 nghiém khi va chi khi d | b.

Néu zg 1a nghiém thi phuong trinh c6 dtung d nghiém khong dong du theo modulo n.
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Viéc ching minh didu kién du clia nhan xét trén cho ta didu kién dé phuong trinh c6 nghiem, trong khi
chitng minh didu kién can s& cho ta cach tim nghiem do.

Do d = ged(a,n), khi d6 ton tai cAc s6 nguyén a; va ny sao cho a = daj va n = dn;.

DPiéu kién du. Gia sit phuong trinh c6 nghieém xg, khi @6 phuong trinh tuong duong véi
axg —b=kn <= dayxg —b=kn = kdny, k € Z.
Nhu vay ta co
d | (daixg — kdny = b),
hay d | b.

Piéu kién can. Néu ta co6 d | b thi ta suy ra

axr =b (modn) = %x = g (mod %)
Dat by = b/d. Vi d = ged(a,n) nén ged(ag,n1) = 1, Theo bd dé Bezout thi ton tai cc s6 u,v € Z sao cho
a1 +nv =1 = daju+ dniv = d < au +nv = d.
Nhan hai vé ding thic cudi véi by ta co

abiu +nbiv =dby = b= a(byu) =b (mod n).

Nhu vay x¢ = bju 1a mot nghiem ctia phuong trinh dong dv az = b (mod n).

Tiép theo ching ta ching minh phuong trinh c6 d nghiém khéng dong du modulo n. Gid st z1 1a mot
nghiém khac zg. Khi do

a(x; —29) =0 (mod n) = n | a(z1 — zg).
Do d = ged(a,n) nén ta suy ra ny | ai(z1 — z0), va do ged(ag,ny) = 1 tit trén nén ta tiép tuc suy ra

n1 | (x1 — x0). Nhu vay ton tai k € Z dé z; = x¢ + kny, nghia la moi nghiém ctia phuong trinh déu c6 dang
To + kny voi k € Z.

Ngoai ra, theo thuat chia Euclid, v6i hai sé nguyén k va d luén ton tai hai sé nguyén g var dé k = gd +r
v6i 0 < r < d. Khi d6

x1 =x0+ kni =9 + (¢d + 7)n1 = xo + (dn1)q + 01 = 2o + 01 + ng,
néi cach khac nghiém z; dong du theo dang
1 =x0+71n1  (mod n).
Vi0 < r < dnén ta c6 ho cdc nghiém khong dong du ctia phuong trinh ban dau 1a

x0+0~n1,x0+1~n1,...,x0+(d71)~n1.
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( R

(5 ) Example 2.7

Xét phuong trinh 92 = 6 mod 12. Vi 3 = ged(9,12) va 3 | 6 nén phuong trinh c6 nghiem.

Chia céc vé ctia phuong trinh cho 3 ta dudc 3z = 2 mod 4. Nhu vay, dung thuat toan Euclid mé rong,
ta tinh

20=3"1-2=3.-2=2mod 4.
Céac nghiém cta phuong trinh 1a

To=24+0-4=2 2, =2+1-4=6,29=2+2-4=10.

2.7.3 Cac ham s6 hoc quan trong
Ham Euler

DPau tién ching ta xem xét hé thing du day da va hé thing du thu gon.

O Definition 3.17 (Hé thiang duw diy du)

He thiang du day du ctia 6 nguyén duong n 1a tap Z,, = {0,1,...,n — 1}.

Noi cach khac, hé thing du day da ctia n 1a cac sd du c6 thé co khi chia mot s6 bat ki cho n.

O Definition 3.18 (Hé thang du thu gon)
Heé thiing du thu gon ciia s6 nguyén duong n 1a tap cac s6 a ma 1 < a < n va (a,n) = 1.

72X ={a:1<a<nva(an)=1}

O Definition 3.19 (Phi ham Euler)

Cho s6 nguyén duong n. S6 lugng céc s6 duong nhé hon n va nguyén td ciing nhau véi n dude ki hieu
bdi p(n) va goi la ¢ ham Euler.

No6i cach khac, ¢ ham Euler 14 s6 lugng phan tit trong tap Z.X.

p(n) = 1Z,].

® Remark 3.18

Néu n 1a s6 nguyén t6 thi p(n) =n — 1.

Ham Euler c6 ¥ nghia quan trong trong ly thuyét s6, cong cu gitp chiing ta gidi cAc van dé vé sd mil trong
modulo.
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Tinh ch4t ham Euler

® Remark 3.19

Véi (m,n) =1 thi p(mn) = o(m)p(n).

©® Chitng minh

Ta viét cac s6 tit 1 t6i mn thanh bang nhu sau

1 m+1 ... (n—=1)m+1
2 m+2 ... (n—1)m+2
m m+m ... (n—1m+m
1 | m+1|...| (n=1)m+1
2 | m+2 | ... n=1)ym+2
m|m+m|...| (n=1)m+m

Hang r gdm cac phan tt dang rm+kv6i0 <r<n—1val<k<m
thi (k,m) = 1.

Do d6 trén mdi hang c6 ¢(m) phan ti nguyén t6 cing nhau véi m.

. Ta thay rang néu (rm+k,m) =1

Tiép theo, trén cic hang vita tim duge, do (m,n) = 1 nén dé (rm + k,n) = 1 thi (r,n) = 1, nghia 14 c6

©(n) hang nhu vay.

Téng két lai, ta c6 p(m)p(n) phan ti trong bang nguyén td ciing nhau véi mn. Do dé co6 didu phai

chiing minh.
Do tinh chat nay nén ham Euler 13 ham nhén tinh.

® Remark 3.20

Cho s6 nguyén duong n. Khi d6

Z o(d) = n.
d|n

Dé chiing minh tinh chat trén ta can cong thiic khai trién

n

H(l + ;) = Z iy - Ty,

i=1 {1,503 CT
v6i I ={1,...,n}.
Khi n = 2 ta c6 biéu thitc don gian la

(I+a)(1+y) =1+z+y+ay,
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ho#ic véi n = 3 bién 1a

1I+2)Q1+y)(l+y)=14+z+y+z+ay+yz+yz+zyz.

©® Chitng minh
Gia st phan tich thita s6 nguyén t6 ctia n 1a
n=pi'ps®...pe.
Khi d6 mdi uéc d ctia n déu c6 dang pllpg2 . -pi’“ vei0 < fi <e,i=1,2,... k.
Nhu vay

> ed = ) @(pflp?---pi’“)=<p(p{1)<p<p§2)---so(p£’“)
dln

0<fi<e:

Sit dung cong thitc khai trién trén cho k bién & trén thi biéu thiic tuong duong véi

Y ow (pf) ¢ (pzz) e (pi’“) =(1+¢(p1) + o@7) + ... + 0(p"))

0< fi<e;

X(1+ ¢(p2) + (p3) + ... + ©(p5?))
X(1+ o(pr) + o(07) + - - - + 9(PF*))-

O day ta rat gon dé dang véii=1,2, ..., k:

1+ (@) + 9(@F) + ... + p®f")
=U4p;— 1 4p; —pit ... 05 —pF
—pti.

1

Nhu vay méi tong 1+ ¢(p;) + - - - bing chinh p§*. Nhan chiing lai véi nhau ta c6 lai n.

Binh ly Euler

©® Theorem 3.18 (Pinh ly Euler)

Cho s6 nguyén duong n. V6i moi s6 nguyén a ma (a,n) = 1 thi

a?™ =1 (mod n).

©® Chitng minh

Gia st S = {a1,az,...,ap0,m)} 12 hé thang du thu gon clia n. Ta sé chting minh rang néu a la sé sao cho
(a,n) =1 thi tap hop

{aa; (mod n),aay (mod n),...,aa,p) (mod n)}

14 hoan vi cta tap S.
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That vay, gid st aa; = aa; (mod n) véi 1 < 4,5 < o(n) vai#j.
Do (a,n) = 1 nén ton tai nghich déo o’ (mod n) ctia a. Nhan a’ cho hai vé ta con a; = a; (mod n).

Noi cach khac, néu a; # a; (mod n) thi aa; # aa; (mod n), suy ra tap
{aay, aay, ..., aa,0m)}

14 hoan vi ctiia S.

Ta nhan tat cd phan ti& clia S thi s& bing tich phan ti clia tap trén
aay - aaz . ..AGym) = a1 -0z .. Gy, (mod n).
Dat I =a1-az---aym) thi phuong trinh trén tuong duong véi
a?™ . I=1 (modn),
ma (I,n) =1 do 1a tich cic s6 nguyén t6 cing nhau v6i n nén rit gon hai vé ta duge
a?™ =1 (mod n).

Ta c6 diéu phai chitng minh.

Dinh ly Fermat nhé

©® Theorem 3.19 (Pinh ly Fermat nhd)

Cho s6 nguyén t6 p. V6i moi s6 nguyén a thi

Khi (a,p) =1 thi

©® Remark 3.21

Khi (a,p) = 1 thi dinh ly Fermat 14 hé qua tryc tiép tir dinh ly Euler.

Ham Moabius

August Ferdinand Mé&bius 1a nha toan hoc ngusi Diic, déng gop ndi tiéng ciia éng 1a dai Mobius. Tuy nhién
& day chiing ta xem xét mot ham sd hoc mang tén 6ng.

Ham Mobius déng vai trd quan trong trong viéc tinh cac dai lugng lién quan t6i s6 hoc.
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Ham Maobius

O Definition 3.20 (Ham Mébius)

Ham Mobius ctia s6 nguyén duong n dudce dinh nghia nhu sau:

1, néun=1
p(n) = (=1)*, néu n = p1py...pr V6i p; 1 cic s6 nguyén té khac nhau
0, trong cac trudsng hop con lai.
. J

Diéu nay co6 nghia la, néu n la tich ciia cac sé nguyén t6 bac 1 thi u(n) = (—1)* véi k 1a s6 lugng s6 nguyén
t6 trong tich. Nhu vay, néu ton tai s nguyén t6 p sao cho p? | n thi u(n) = 0.

Tinh ch4t ham Mébius

© Property 3.3
1. Néu ged(ng,ng) = 1 thi pu(ng - n2) = p(ny) - p(ns).

2. > u(d)=0v6in=pps...pk.
d|n

©® Chitng minh

Véi tinh chit 1, ta dé& thiy ring do ny va no nguyén té ciing nhau nén trong cach phéan tich thira s6
nguyén td ctia chting sé chita cac sd nguyén t6 khac nhau.

Khi d6 p(n1) va p(ng) khong bi phu thuge nhau va c6 thé tach thanh phép nhan nhu trén.
Véi tinh chat 2, ching ta lan lugt chon d 1a t6 hop ctia 0, 1, 2, ..., k sd nguyén t6:
e néud=1thi u(d) =1,
e néud=np; thi u(d) = (-1)! =—-1véii=1k;
e néud = p;p; véi i # j thi p(d) = (1) = 1;
e tuong tu nhu vay, néu d 1a tich cta ¢ s6 nguyén t6 thi u(d) = (—1)".
O méi truong hop trén, do d 1 t6 hop ciia t s6 nguyén t6 (0 < ¢ < k) nén s6 cach chon s6 nguyén t6 p;

¢ mdi truong hop 1a C}. Ta cong tat ca chung lai

doud)=1-CL+CR—...+(-1)Fct =0
d|n

theo nhi thitc Newton. Tu d6 ta c6 didu phai chitng minh.

Coéng thirc nghich dao Mdobius

Gia stt ta c6 hai ham f va ¢ tit N t6i Z. Khi d6 hai cach biéu dién sau la tuong duong.

n) =Y gld) <= gn) = Y f@n (%)
d|n d|n
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Nghia 1a néu chiing ta c6 hai ham s6 f va g théa phuong trinh dau (biéu dién f theo g) thi chiing ta ciing
sé tim duge cach biéu dién g theo f.

©® Chitng minh

V(’jid|n,datd’:g,suyrad:%.

5 (Y = (BN
N vay f(d) - u (%) = £ () - uld).
Ta lay tong lai thi

S r@n(5) =21 (%) wa) =35 (5) ua.
dn din

d|n

O day luu y rang néu d 1a uée ctia n thi d’ = 7 ciing 1a w6c cua n. Do @6 ta hoan toan co thé thay the
d’ béi d trong téng trén.

Vi f(n) = Zg(d) nén
d|n

gf (5) - uid = ;mcz) > g(d). (2.8)

e

D& thay ring do d | n va d' | g nén tdn tai k, I sao cho kd = n va ld' = %. Khi d6 n = ldd’ va kd = n,
N n

suyra d |nvad | 7

Tuong ty nhu trén, ta c6 thé thay thé d béi d’ va nguge lai, phuong trinh (2.8) tuong duong:

Do 9(d) Y (),

d'|n d| &

ma > p(a) =0 néu p # 1 va biang 1 v6i p = 1 (da ching minh & trén) nén tir day suy ra
alp

D g(d) Y uld) =Y g(d)-1(khin=d)=g(n).
e

d'|n d'|n

Tuong ti ta ciing c6 cong thitc nghich ddo Mébius dbi v6i phép nhan

fn) =[] 9(d) < g(n) = Hf(d)ﬂ(%).
d|n d|n

Lién hé v&i ham Euler
Néu ta chon f(n) =n va g(n) = ¢(n) thi theo cong thiic nghich ddo Mébius ta co
n
S
p(n) ; A

do ta da biét > ¢(d) = n.
d|n
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2.7.4 Thang du chinh phuong

O Definition 4.8 (S6 chinh phuong modulo p)

Xét s6 nguyén t6 1é p. S6 a duge goi 1a s6 chinh phuong modulo p néu (a,m) = 1 va ton tai s6 = sao
cho 22 = a (mod p).

Néi cach khac phuong trinh dong du 22 = a (mod p) c6 nghiem.

Chiing ta st dung ki hiéu Legendre (Legendre symbol) dé thé hién mot s6 a c6 phai la s6 chinh phuong
modulo nguyén t6 p khong.

O Definition 4.9 (Legendre symbol)
Xét p 1a s6 nguyén t6, a 1a s6 nguyeén khong chia hét cho p. Khi d6 ki hieu Legendre duge dinh nghia 13
1, néu a 13 s6 chinh phuong modulo p.

a
(p) B {1, néu nguge lai.

Mot trusng hop tong quat hon ciia ki hiéu Legendre 1a ki hiéu Jacobi ap dung cho s6 nguyén duong bat ki.

O Definition 4.10 (Jacobi symbol)

Xét n 1a s6 nguyén duong, a la s6 nguyén khong chia hét cho n. Khi d6 ki hiéu Jacobi duge dinh nghia 1a

néu ngudc lai.

)

( a ) B {1, néu a 1a s6 chinh phuong modulo n
n/ -1

Bai tap suu tam
Cau 1 (dé kiém tra, ITMO). S6 3 c6 1a s6 chinh phuong modulo 323 khong?
Vi 323 = 17 - 19, ta stt dung tiéu chuan Euler cho titng modulo 17 va 19:

3 171
(17) =3 =—-1 (mod 17),

3 19-1
(19) =3 =-1 (mod 19).

Nhu vay 3 khong 1a s6 chinh phuong trong modulo 17 va 19.
Két luan: 3 khong la s6 chinh phuong modulo 323.

2.7.5 Tich chap Dirichlet
Tich chap Dirichlet

Ham s6 hoc (arithmetic function) 14 ham x4c dinh trén tap s6 tu nhién va cho anh trong tap sé phrc.
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O Definition (Tich chap Dirichlet)

Tich chap Dirichlet (hay Dirichlet convolution, ceéprka JupuxJe) clia hai ham s6 hoc f va g 1a
mot ham s6 hoc f * g dude dinh nghia béi

(frg)m) =Y (@) g(5) =D fla) g(b).

d|n ab=n

O day ta lay téng chay theo tit ci céc ude duong d ciia tham sb n, hoic tat ca cap (a,b) co tich bing n.

Dé thay phép cong hai ham s6 hoc

(f+9)(n) = f(n) +g(n)
tao thanh mot nhém véi phan t1t trung hoa 1a ham khong 0(n) = 0 v6i moi n. Ngoai ra ta dinh nghia thém
ham

5(n) = 1, nefzu n =1,

0, mnéun #1.
va ham dong nhét Id(n) = n.
Khi do, tich chap Dirichlet c6 cac tinh chat sau:
e tinh két hop: (f*g)*h = fx*(gxh);
e tinh giao hodn: fxg=gx* f;
e tinh phan phéi v6i phép cong: f* (g+h) = fxg—+ f*h;
e phan tt don vila d(n) vi fxd =38 f = f.

Nhu vay, néu goi F' 14 tap hop cac ham sb hoc véi phép cong nhu trén va tich chap Dirichlet thi F' 1a mot
mién nguyén. Véi cac didu kién & trén, F' 13 vanh giao hoan véi don vi, va khi f,g # 0 thi fxg # 0 nén F
la mién nguyén. Litic nay F con dudc goi la vanh Dirichlet.

O Definition (Ham nhan tinh)

Ham s6 hoc f(n) duge goi 1a ham nhan tinh (multiplicative) néu f(1) = 1 va v6i moi a va b nguyén t6
cung nhau thi f(a)f(b) = f(ab).

© Definition (Ham nhan tinh hoan toan)

Néu ham sb hoc f(n) thdéa f(ab) = f(a)f(b) v6i moi a va b (khong nhat thiét nguyén t6 ciing nhau) thi
dugce goi 14 ham nhan tinh hoan toan (completely multiplicative).

Maic du F' 1a vanh giao hoan v6i don vi nhung F' khong phéai 1a trudng vi nghich dédo ctia phép nhan khong
nhat thiét ton tai.

Ham s6 hoc c¢6 nghich ddo Dirichlet khi va chf khi f(1) # 0. Cac ham nhu vay tao thanh nhém don vi clia
vanh F.
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Ngoai ra, nghich dao Dirichlet ctia m&i ham s6 hoc f 1a duy nhét va dudc xac dinh béi cong thic:

U
fﬁl(n):;ll f(%) - fHd), véin > 1.
( )d\n,din

©® Chitng minh
Pau tién ta chitng té sy ton tai clia nghich ddo f~! bing quy nap.
Véin=1thi (f*f~5)(1) = f(1)- f~1(1) =1 =4(1). Nhu vay budc co s¢ ding.
Gia thiét quy nap:
_ -1 k _
i = 3 f() F )
) d|k,d#k L

ding v6i moi k < n. Khi do, vi

(f*f7H)(n) =d(n) =0, n>1,

(F D) =@ -+ Y F(3) @ =0

d|n,d#n
Chuyén vé va doi dau ta co cong thitc ctia f~1(n) 1a
1 n
== 3 £(2) ),
™ =-35 d% (5) @

O day, f~1(d) ton tai theo gid thiét quy nap (véi moi k < n).

Tiép theo ta ching minh tinh duy nhat ctia nghich dao Dirichlet. Gid sit ta c6 hai nghich d&o g va h clia
f, nhu vay

fxg=g*f=6 fxh=hxf=04.
Khi do
g=g*xd=gx(fxh)=(gxf)*h=0+h=h.
Nhu vay g = h va nghich ddo Dirichlet 14 duy nhét.

Mot s6 luu y @bi véi nghich dao Dirichlet:

1. Tich chap Dirichlet ctia hai ham nhén tinh thi nhan tinh, vA moi ham nhén tinh khac khéng déu co
nghich ddo Dirichlet cing nhan tinh.

2. Téng clia hai ham nhan tinh khong nhét thiét nhan tinh nén tap cac ham nhan tinh KHONG tao
thanh vanh con ctia vanh F.
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Lién hé giira tich chap Dirichlet va ham hang
Ta dinh nghia ham hing 1(n) = 1 véi moi n.

Khi d6 tich chap Dirichlet ctia ham Euler ¢(n) va ham hing 1(n) 1a ham dong nhat I1d(n) vi

(L) =3 1-0(d) = 3 ¢(d) =n = ld(n).
d| d|

D6i véi ham Mobius p(n), nghich déo Dirichlet ctia n6 ctia ham hing 1(n):
1xpu=0.

Nhu vay, néu ta c6 ham s6 hoc f va g théa g = f * 1 thi bing tich chap véi p ta ciing c6 f = g * u. Viéc
biéu dién f theo g chinh la céng thitc nghich ddo Mobius.

2.7.6 Dinh ly s6 du Trung Hoa

Dinh 1y s6 du Trung Hoa (Chinese Remainder Theorem - CRT) 1a mot trong nhiing dinh ly quan trong nhat
clia sd hoc noéi riéng va toan hoc néi chung.

Chitng minh dinh ly s6 du Trung Hoa

Gi4 st ta co hé phuong trinh dong du

x=x1 (mod mq)

z=z9 (mod mg)

=z, (mod myg).

Trong do6 ged(m;,m;) =1 véimoii#j, 1<4,j<k.

Khi d6 dinh 1y s6 du Trung Hoa phét biéu riing hé phuong trinh déng nhu nay c6 nghiém duy nhét trong
modulo M = mims ... my.

©® Chitng minh

Chiing ta can ching minh sy ton tai va tinh duy nhét ctia nghiém.

DPé ching minh su ton tai, ta xay dung cach tinh nghiém bing quy nap.

Budc co s6. V6i k=2, ta cé x =21 (mod my) va = 2o (mod my).

Do ged(mq,mz) = 1 nén ton tai hai sé nguyén ny, ny sao cho min; +many = 1 (bd dé Bézout).

Quan sat mot chit, néu ta modulo hai vé mini +maons = 1 cho my thi s& c6 mangy =1 (mod my). Nhu
vay

z=x1-1 (mod my) <= z =1 (mang) (mod mq).
Tuong tu, miny =1 (mod my) nén

r=x2-1 (mod mg) <= x=x2-(min1) (mod mg).
T @6 ta cé cong thirc nghiem 1a

T = zymang + zominy  (mod myms).
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Khi modulo cho m; va msy thi két qua 1a hai phuong trinh dong du ban dau.

Tiép theo ching ta sit dung quy nap dé chitng minh v6i moi k& > 2 thi nghiém ctia hé phuong trinh dong
du la

x =11 MiNy + 2oMoNo + ...+ zp M N, (mod M). (2.9)
Trong do
e M =mq-mg---my;
o M; =M /m;;
e N; la nghich déo ctia M; trong modulo m;.
Gid thiét quy nap. Gia sit (2.9) dang v6i k > 2. Dat M = my ---my va
Xy =21 MiNy + ...+ 2 MpNp.
Véi k+1 taco
x=Xr (mod M), x=uzrr1 (mod myyq).
Tuong tu v6i hai modulo & budce co sd, do ged(my41,m;) =1 véi moi 1 < i < k nén
ged(myq1,my - - -my) = ged(mpgq1, M) = 1.
Khi d6 ton tai cac sb nguyén o va 3 sao cho aM + Bmy1 = 1.
Nghiém ctia hé hai phuong trinh déng du khi nay 1a
x = XpfBmiy1 + cpr1aM  (mod M - myiq).

bat M = M - mpy1 = my1---my - Mpaq. O day M = M'/my, chinh la My, trong cich xay dung
nghiém & trén.

Tu d6 « chinh 1a N,’CH.

Ta co
XiBmpp1 = (1 M1 Ny + ... 4+ 2 My Ny ) By
Dé v ring
M; = M/m; = M'/(m; - mgi1),
nén suy ra

Mi cMi4+1 = M’/ml = MZI
Tiép theo, do Bmyg1 =1 (mod M) vi M =my ---my nén Bmgq =1 (mod m;) véi 1 < i < k.
O trén ta co N;M; = 1 (mod m;) nén suy ra Smgyq1 - N;M; = 1 (mod m;), tuong duong véi (BN;) -
(M;mp41) =1 (mod m;).
Ta da ching minh & truéc M;my41 = M'/m; = M} nén SN; = N!. T6i day thi ta da hoan thanh chiing
minh do
Xk B -mpp1 + T - M
:(l‘lMlNl + ...+ a?kMka) -5 - Mp41 + Tht1 - N]/CJFI o M]/CJrl
=x1 - (BN1) - (Mimgq1) + ...+ 2k - (BNg) - (Mgmg41)
+ @h1 - Ngyr - My
=1 N{Mj + ... 2 NpMy + 2 Ny My .
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DPé chiing minh sy duy nhét cia nghiém, gia st y 1a mot nghiem khéac 2 clia hé phuong trinh dong du
(modulu M). Khi d6 y = x; = « (mod m;). Nhu vay y = x + t;m;, hay noi cach khac y khac x mot boi
ctia m;. Do d6 trong modulo m; chi c6 thé c¢6 trudng hgp y = 2 nén nghiém tim duge & modulo tong 1a

duy nhét.

©® Example 6.9

Tim nghiém ctia hé phuong trinh dong du sau

z=1 (mod 3)

x=4 (mod 7).

Ta c6 ged(3,7) =1va3-5+4+7-(—2) = 1. Do d6 nghiém ctia hé phuong trinh ¢6 dang
z=1-T-(-2)+4-3-5=4 (mod 21).

Ta kiém tra 4 =1 (mod 3) va 4 =4 (mod 7) thda man hé phuong trinh dong du.

Bai tap suu tam

Cau 1 (dé kiém tra, ITMO). Giai hé dong du

x=11 (mod 56)
=25 (mod 77).
Do ged(56,77) = 7 nén dau tién can tach méi phuong trinh thanh cac module nguyén t6 ciing nhau.

=1l= d
r=11 (mod 56) = v 3 (mod8)
x = 4 (mod 7).

=25=4
x=25 (mod 77)= * (mod 7)
xr=25=3 (mod 11).

Stt dung dinh 1y s6 du Trung Hoa cho hé

r=3 (mod 8)
x=4 (mod7)
=3 (mod 11)

giai ra nghiém x = 179 (mod 616).
Cau 2 (dé kiém tra, ITMO). Tim hai chit s6 cubi clia s6

3 1817683732657328

Tim hai chit s6 cudi ciing c6 nghia la tinh dong du trong modulo 100.

Thay vi tinh trong modulo 100, ching ta tinh trong modulo 4 va 25 r6i dung dinh ly s6 du Trung Hoa dé

gom nghiém lai.
Pt A — 31817683732657328

Vi 318 =0 (mod 2) nén 3182 =0 (mod 22). N6i cach khac A =0 (mod 4).
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Vi ged(318,25) = 1 nén 3189(2%) =1 (mod 25). Do ¢(25) = 20 nén suy ra
31817083732657320 — 1 (1104 25).
Nhu vay chi can tinh 318®% (mod 25) nita. Vi 318 = 18 (mod 25), ta tinh
182 =1 (mod 25) = 18 =1 (mod 25).
Nhu vay 318% =1 (mod 25). Ta c6 hé dong du
{A =0 (mod 4)
A=1 (mod 25)
Nhu vay A =76 (mod 100). Vay hai chit s6 cudi 1a 76.
Cau 3 (dé kiém tra, ITMO). Tim tat ci nghiém ctia phuong trinh
22 =1 (mod 5929).
Vi 5929 = 72 . 112 nén ta giai trén hai modulo 72 va 112.
Trén modulo 72, vi chf ¢6 £1 thda 22 (mod 7) nén ciing chi ¢6 1 théa 22 =1 (mod 72).
Tuong tu, trén modulo 112, vi chi ¢6 1 théa 2% (mod 11) nén ciing chi c6 +1 théa 22 =1 (mod 11?).
Ta tinh (72)7! = 42 (mod 112) va (11?)~! = 32 (mod 7?).
Khi @6 nghiém cta phuong trinh
22 =1 (mod 5929)
ciing la nghiém cta hé
{:E =41 (mod 7?)
r==41 (mod 11%).

Nhu vay c6 4 nghiém 1a

r=41-7"-4241-32-11% = 1,4115,1814,5928 (mod 5929).

2.7.7 Bai tap s6 hoc suu tam

Cau 1 (dé kiém tra, ITMO). Chitng minh (khong ding quy nap) ring vé6i moi n € N thi

5.23n=2 4 g3n—1: 19,

Theo dinh ly Fermat nhé thi 2'® =1 (mod 19), hay (23)6 =1 (mod 19). Tuong ty 3'®* =1 (mod 19). Do
d6 minh sé xét cac dang cua n la 6k, 6k + 1, ..., 6k + 5.
Truong hgp 1. n = 6k. Khi do
23n=2 — 936h=2 — 9=2 _ 5 (mod 19)
33n=1 = 336h=1 =31 — 13 (mod 19)
=5.2372 13"l =5.5113=0 (mod 19).
Truong hgp 2. n =6k + 1. Khi do
23n=2 — 936k+1 — 9 (mod 19)
33n=1 = 336k+2 — 32 — 9 (mod 19)
=5.272 13371 = 5.9 9=0 (mod 19).
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Trudsng hgp 3. n = 6k + 2. Khi do
2172 = 280k =21 = 16 (mod 19)
31 =3%0M% =35 = 15 (mod 19)
=522 1331 =5.164+15=0 (mod 19).
Truong hgp 4. n = 6k + 3. Khi d6
2312 — 936k+T — 97 — 14 (mod 19)
3Tl =330M8 =35 — 6 (mod 19)
=5.23"72 1371 =5.1446=0 (mod 19).
Truong hgp 5. n = 6k + 4. Khi do
23n=2 — 936k+10 = 910 — 17 (mod 19)
3Tt =330 =311 =10 (mod 19)
=5.2"2 431 =5.174+10=0 (mod 19).
Truong hgp 6. n = 6k + 5. Khi do
2377,72 — 23-6k+13 = 213 — 3 (mod 19)
337171 — 33-6’€+14 = 314 — 4 (mod 19)
=5.2""2 43" 1 =5.344=0 (mod 19).

Cau 2 (dé kiém tra, ITMO). Tinh
14+ 21+ ...+ 2023! + 2024! mod 10.
Trong céc giai thita ti 5! tré di ludn c6 5 va 2 do @6 luon chia hét cho 10. Vi vay chi can tinh
U4+214+31+4' =142+ 6+ 24 = 3 mod 10.
Cau 3 (dé kiém tra, ITMO). Chitng minh s6 154%° + 1393! 1a hop s6.
Vi
154*° = (=1)** =1 (mod 5) va 139! = (-1)* = =1 (mod 5)
nén sé da cho chia hét cho 5 va do @6 1a hop sb.

Cau 4 (dé kiém tra, ITMO). Chitng minh s6 315 + 27 1 hop s6.

D& thay 31 1a s6 18 neén lity thita ctia no6 ciing 1a s6 18. Tong hai s6 1é 14 s6 chin nén s6 da cho chia hét cho
2 va do do6 1a hgp sb.

Cau 5 (dé kiém tra, ITMO). Chitng minh véi moi n € N thi n® + 4 1a hgp sb.

Ta co
n®+4=n8+4n +4—4n? = (n* +2) — (2nH)? = (n* + 2 — 20 (n* + 2 4 2n?).
Hai biéu thic trong ngodc luén 16n hon 1 nén suy ra n® + 4 1a hop sé.
Cau 6 (dé kiém tra, ITMO). Tim tat ci s6 nguyén t6 p sao cho 3p + 20 va 4p + 1 1a s6 nguyén to.
Chua lam ra.

Cau 7 (dé kiém tra, ITMO). Tim tat ci sd nguyén t6 p sao cho 2p? + 5p — 2 ciing 1a s6 nguyén to.
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Chua lam ra.

Cau 8 (dé kiém tra, ITMO). Chitng minh riing khong ton tai da thitc P v6i hé s6 nguyén sao cho P(40) = 30
va P(19) = 24.

Dit
P(2) = anz" + ap_12" ' + ...+ a1z + ao.
Khi do
P(40) = ay, - 40" + a1 - 40" 4 ... 4 a1 - 40 + ag,
va

P(19) = ap - 19" +a, 1 - 19" + ... +ay - 19 + ap.

Vi 40F — 19F = (40 — 19) - (...) nén 40% — 19% chia hét cho 40 — 19 = 21 vé6i moi k.

Noi cach khac P(40) — P(19) chia hét cho 21, nhung 30 — 24 = 6 khong chia hét 21. Do do khong ton tai da
thitc P théa man de bai.

Cau 9 (dé kiém tra, ITMO). Tim tap tat ca s6 © € Z sao cho 533z = 1 (mod 17).
Vi 533 =6 (mod 17) nén ta chi can gidi phuong trinh 62 = 1 (mod 17) 1a di.
St dung thuat toan Euclid mé rong cé thé tinh duge 671 = 3 (mod 17), suy ra nghiém la

x=3 (mod 17),

nghia la x =3+ 17k véi k € Z.

Cau 10 (dé kiém tra, ITMO). Tim s6 du ctia 454225 khi chia cho 16.
Do 454 chia hét cho 2 nén 454% chia hét cho 16.

Suy ra 454225 chia hét cho 16.

2.8 Toan raoi rac

2.8.1 Quan hé hai ngoi

Quan hé hai ngoi

O Definition (Quan hé hai ngoi)

Xét hai tap hop A va B. Ta goi R 13 mot quan hé hai ngoéi trén A va B néu R C A x B, trong d6 A x B
1a tich Descartes ctia hai tap hgp.

Néu phan ttt (a,b) € R v6i a € A va b € B thi ta n6i a ¢c6 quan hé véi b va ki higu aRb.

Khi A = B thi ta n6i R 1a quan hé hai ngoi trén A. Day ciing 14 yéu t6 quan trong cho cac khai niem vé
sau.
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©® Example

Xét hai tap hop A = {1,2,3,4} va B = {a,b,c}. Khi d6 tich Descartes

Gid st R = {(1,a),(3,b),(4,¢)}.
Khi d6 1 quan he véi a do (1,a) € R, hay 1Ra.
Tuy nhién 1 khong c¢6 quan hé vé6i b do (1,b) € R.

Sau day ta dinh nghia cac loai quan hé hai ngéi.

O Definition

Cho R la quan hé hai ngdi trén tap A. Ta noi:
1. R phan xa (hay reflexive) néu v6i moi z € A thi (z,z) € R.
2. R d6i xitng (hay symmetric) néu (z,y) € R thi (y,z) € R.

3. R phan xiing (hay antisymmetric) néu (z,y) € R thi (y,x) € R. Noéi cach khac néu (z,y) € R
va (y,z) € R thi z = y.

4. R bac cau (hay transitive) néu (z,y) € R va (y,2) € R thi (z,2) € R.

Quan hé tuong duong
Quan hé tuong duong gitp ta chia (phan hoach) mot tap hgp rdi rac thanh céc tap con ma chi can mot phan
tt dai dién cho tap con d6 la @t dé tinh toan.

O Definition (Quan hé tuong duong)

Cho R la quan hé trén tap A. Khi d6 R dugc goi la quan hé tuwong dudng (hay equivalence relation,
OTHOIIIEHNe SKBUBaJEHTHOCTH) néu R phan xa, d6i xing va bic cau.

Ta c6 thé ki hieu 2Ry, véi R 14 quan hé tuong duong, 1a  ~ y hodc xﬁy
Tiép theo ta dinh nghia I6p tuwong duong chita phan ti x va tap thuong.

O Definition (Lép tuong duong)

Cho R 1& quan hé tuong duong trén tap A. Khi d6 véi x € A, ta dinh nghia 16p tuong duong chita phan
t x 13 tap cac phan t& ciia A c6 quan hé véi z:

z={y €A, yRa}.

O Definition (Tap thuong)
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Tap hgp cac 16p tuong duong nhu trén tao thanh tap thuong.

A/R ={z, x € A}.

©® Example

Xét s6 nguyén duong n. V6i s6 nguyén x va y, ta néi z c6 quan hé véi y néu n | (z—y), hay z = y mod n.
Ta ki hiéu quan hé nay 1a nZ.
Quan hé trén 1a quan hé tuong duwong vi
1. n|0 =2 —x v6i moi z € Z nén co6 tinh phan xa.
2.n|(zr—y)suyran|—(r—y) =y—x véi moi x,y € Z nén c6 tinh ddi xing.
3.nl(z—y)van|(y—z)suyran|(r—y+y—2z)=(zr—2) nén co tinh bac cau.

T d6 ta co thé phan tap Z thanh céac 16p tuong duong

0 = {...,-2n,—n,0,n,2n,...},
1 = {..,-2n+1,-n+1,1,n+1,2n+1,...},
n—-1 = {...,-n—1,-1,n—1,2n—1,3n—1,...}.

Tap thuong cta chung ta la

Z/nZ ={0,1,...,n —1}.

Quan hé tha tu

O Definition (Quan hé thit tv)

Cho quan hé R trén tap A. Ta n6i R 1a quan hé thi tw (hay order relation, orHomeHue OpsiIKA)
néu R phan xa, phan xing va bic cau.

©® Definition

Cho tap hgp A va quan hé R trén A 1a quan he thit tu. Néu xRy thi ta ki hieu z < y. Khi d6 (4, <)
duge goi 1a tap c6 thi tw (hay ordered set).

Tiép theo 1a mot sd dinh nghia quan trong vé tap hop co thit tu.

©® Definition

Véi (4, <) va z,y € A.

1. Néu z < y, ta néi y 1a trdi clia , hay 1a x dudc troi béi y.

2. y 1a troi truc tiép ciia 2 néu khong ton tai z sao cho z < 2z va z < .
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©® Definition
Xeét (A, =<).
1. x va y thuoc A dudc goi la so sanh dudc néu = < y hoic y < =.

2. Néu v6i moi 2,y € A, x va y so sanh duge thi (A, <) dugc goi la quan hé thi tu toan phan.
Ngugc lai thi goi 14 quan hé thi¢ tw ban phan.

Dé biéu dién sy so sanh trong mot tap hop, ta st dung biéu do Hasse.

©® Definition

Biéu do Hasse clia (A, <) véi A la tap hitu han bao gom
1. Tap diém - mdi diém bidu dién mot phan ti cta A.

2. Tap cung - vé mot cung tU = t6i y néu y 14 tréi tryc tiép cla x.

©® Example

Xeét tap Uy = {1,2,3,4,6,12} v6i quan hé 2Ry duge dinh nghia bdi z 14 ude cta y.

Theo d6, bidu dd Hasse clia quan hé trén 1a Hinh 2.47.

|

— 12

wWe—
DD — N

Hinh 2.47: Bidu dd Hasse ctia Ujs

O Definition
Xét quan he tha tu (4, <).
1. Phan t@ M € A duge goi 1a
1. Téi dai néu M < z thi z = M.
2. Cuyc dai (hay 16n nhat) néu v6i moi x € A thi 2 < M.
2. Phan t&t m € A dudc goi la
1. T6i tiéu néu x < m thi z = m.

2. Cuec tiéu (hay nhé nhét) néu véi moi x € A thi m < x.

©® Remark

1. Phan tt cuc dai néu c6 1a duy nhét. Tuong tu cho cuc tidu.
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2. Néu n la phan tit t6i dai duy nhét thi no ciing la cuc dai. Tuong tu cho tdi tiéu.

Trong vi du Upo & trén thi 1 1a t6i tiéu va ciing 1a cuc tiéu, va 12 1a t6i dai va cling 1a cuc dai.

2.8.2 Phan hoach
S6 Stirling
S6 Stirling loai 1
Xét tap cac hoan vi trén tap hitu han n phan ti.
S6 hoan vi chita k chu trinh doc lap 14 s6 Stirling loai 1, ki hiéu la S
Cac budc khai dau la
. Séo) =1 (c6 ding mot cach chia tap 0 phan ti vao 0 chu trinh);

o S — Sén) = 0 (khong c6 céch nao chia tap n phan tit vao 0 chu trinh va chia tap 0 phan ti vao n
chu trinh).

Coéng thiic dé quy clia s6 Stirling 1a:

SH =n-8W 4 sk,

©® Chitng minh
Gia sit tap ¢c6 n+ 1 phan tit1a A = {1,2,...,n,n+ 1}.
Khi @6 dé phan hoach n + 1 phan td nay vao k chu trinh doc lap thi cé hai trudng hap:

1. DAu tién xép cac phan tit 1, 2, ..., n vao k chu trinh doc lap thi c6 SY cach chon. Tiép theo ta
cho phan t n 4 1 vao mot vi tri bat ki trong k chu trinh trén thi c6 n cach chon. Vay trudng hgp
s 18 g . <R
nay lan-Sy”.

2. Ta phan n phan t& 1, 2, ..., n vao k — 1 chu trinh doc lap va phan t& n + 1 s& vao chu trinh thd .
Truong hop nay co Sy(lk_l) -1 céch chon.

Nhu vay téng s6 cach phan n + 1 phan ti vao k chu trinh doc lap 1a hop ctia hai truong hop trén. Ta co
diéu phai ching minh.

©® Example 12

C6 bao nhiéu hoéan vi ctia S5 chita dung ba chu trinh doc 1ap?
Ta c6 cac truong hgp sau:

1. Hoan vi c6 dang (1)(2)(3,4,5). Ta chon hai phan tit lam hai chu trinh doc lap, c6 C2 = 10 céach
chon. Tiép theo chon ba phan ti cho chu trinh cudi, c6 2! cach chon. Vay trudng hop nay coé
10 - 2 = 20 cach chon.

2. Hoén vi ¢6 dang (1)(2,3)(4,5). Ta chon mot phan ti lam chu trinh doc lap c6 C} = 5 cach chon.
Tiép theo chon hai phan tit cho chu trinh tiép theo trong 4 phan tit con lai, c6 C? = 6 cach chon.
Hai phan ti con lai 1 022 = 1 céach chon. Luu y 1a hai chu trinh doc lap c¢6 thé ddi chd cho nhau
nén can chia thém 2! nita, vi du (1, 2)(3,4) hoan toan giéng vdi (3,4)(1,2). S6 cach chon cho trudng
hgp nay 1a 5-6/2 = 15 cach chon.
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Nhu vay s6 hoan vi clia Ss chita dtng ba chu trinh doc lap 1a 20 + 15 = 35.
Ta so sanh két qua véi sd Stirling. Ta can tim Sé3)~
Ta co:

5P =4-8P) + 8P

=4 (3-8 +50) +3- 5P + 5V

(3 1+2:87 +50) +3- (2.80) + V) + 2. 80 + 5V
=4 (3+2-1+1-80 +5) +3- (2- 1+ 57 +57) + 7 + 5 +0
4. (34+2+1)+3-(241+0)+2-1+0+0=35.

Két qua s6 Stirling khép véi viec giai bing t6 hgp va khong doi hdi céc suy luan phiic tap.

® Remark 7

S6 Stirling loai 1 cho phép tinh s6 Iugng phan hoach theo dé quy thay vi gidi cac bai toan t6 hgp phiic
tap. Diéu nay hiéu qua khi cac sé n va k tré nén lén.

© Property 1 (Tinh chat ctia s6 Stirling loai 1)

n

> SH =nl.

k=1

Cong thitc nay chi s6 hoan vi c6 thé c6 ctia mot tap n phan ti.

S6 Stirling loai 2

S6 Stirling loai 2 thé hién s6 cach phan bd n phan tit vao k tap hgp rdi nhau, ki higu 1a s(n, k).

Coéng thitc dé quy ctia s6 Stirling loai 2 la:

s(n+1,k)=k-s(n, k) +s(n, k—1).

©® Chitng minh

Cach chitng minh kha tuong tir s6 Stirling loai 1. Tuy nhién & day viéc phan mot phan t vao mot tap
hop khéng xét t6i thit tuy, diéu nay khac vé6i chu trinh can xem xét thi ty. Nhu vay ta van co6 hai truong
hop

1. Phan cac phan ti 1, 2, ..., n vao k tap hop. Sau d6 phan tit n + 1 sé dudc phan vao mot trong k
tap do6 nén c6 k céch chon.

2. Phan cac phan tt 1, 2, ..., n vao k — 1 tap hop va phan ti& n + 1 vao tap hop thit k + 1.

Tt day ta co cong thiic s6 Stirling loai 2.
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Cac bude cd s6 cho s6 Stirling loai 2 cling tuong ti loai 1:
o s(n,n) =1,

e 5(n,0) =s(0,n) =0.

2.8.3 Bién d6i Fourier rdi rac
Phan nay minh dich tu [12].

Gidi thiéu

Cho sbt € Nvan=2%

Goi R 1a vanh v6i don vi 1. Vanh R chita phan tit 27! 1a nghich ddo ctia phan tit 2. Hon nita vanh R ciing
chita phan tit (2, 14 mot nghiem c6 dinh nao dé ctia phuong trinh 2™ + 1 = 0. Dit ¢, = (3,

©® Example 13

Trén C thi ¢z, = €™/™ 1a mot nghiém clia phuong trinh 2" + 1 = 0. Khi d6 ¢, = ¢3, = 2™/™.

©® Lemma 1

Phan t1t {5, sinh ra mot nhém vong (cyclic group) véi order 2n trong nhém nhan ctia vanh R.
. J

© Ching minh

t t 2
Do (2, 1a nghiém ctia phuong trinh 2™ + 1 = 0 nén (&, = —1, hay (3, = —1. Tit d6 suy ra (422”) = 1l

nén order ctia phan ti (o, 1a 201! = 2n.

Gid st (fo,---, fa_1) € R™ 1a vector bat ki. Khi do:

Bién ddi Fourier loai 1 clia vector trén la vector n chidu (fo,. .., fo—1) thuoc R xac dinh bdi:
n—1
=) ¢f, i=01,...,n—1
§=0
Bién d6i Fourier loai 2 clia vector trén 1a vector n chiéu (fl, fg, ceey fgn_l) thuoc R™ xéc dinh béi:

n—1
fi=) Gt i=13,..2n—1
=0

©® Example 14

Minh 14y vi du v6i vector (fo, f1, f2) = (1,2, 3) thuoc C3.
Chon nghiém (,,, = €™/3 ctia phuong trinh 2% + 1 = 0. Khi d6 ¢, = (3, = €2™/3,
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Bién d6i Fourier loai 1 lac nay la:

~ . 0-0 . 0-1 . 0-2

fO _ (627rz/3> 14 (627”/3) .24 (62772/3) .3
=142+3=6.

~ . 1-0 . 11 . 1.2

fl _ (627”/3) 14 (627rz/3) L2 4 <627m/3) .3
=1+42-€2"/313.3.¢4m/3

o . 2:0 . 2-1 ) 2:2

fo = (627m/3> 14+ (627r1/3> 94 (6271'2/3) .3

— 149 ¢4m/3 4 3. o2mi/3

Chu y réing e2™ = 1 nén biéu thic cudi clia f, rat gon con €2™/3 (8 = 2 mod 3).

4mi/3 27i/3

Tiép theo ta biéu dién e theo e nhu sau. Ta xét

€%* = cos 2z + i sin 2z

=2cos?z — 1+ 2isinzcosz
=2cosz(cosz +isinz) — 1

=2cosz-e* — 1.
Thay z = 2m/3 vao két qui trén ta dugc

64717./3 — 92cos ?ﬂ' . 627”/3 1= _62711/3 _1.

Nhu vay két qua ctia bién déi Fourier rdi rac bén trén 1a

(anfl,f2) = (6, *627”‘/3 — 27627Ti/3 _ 1)

O vi du trén ching ta tinh bién déi Fourier cho vector ¢6 do dai khong phai lity thita ctia 2. Sau day ching
ta sé xem xét mot vi du véi vector co do dai 1a lity thita clia 2 va & phan sau sé t6i uu tinh toan véi bién déi
Fourier nhanh.

(5 ) Example 15

Minh 1ay vi du véi vector (fo, f1, f2, f3) = (1,2,3,4) thuoc C*.
Chon nghiém (o,, = €/™/* ctia phuong trinh 2% 4+ 1 = 0. Khi d6 ¢, = (3, = €'™/? = i.

Bién ddi Fourier loai 1 lac nay la:

fo=1-1+2-143-1+4-1=10,
fi=1-142-i4+3-(=1)+4-(—i) = —2— 2,
fo=1-142-(-1)+3-1+4-(-1) = -2,
fs=1-142-(—)+3-(-1)+4-i=—-2+2i.

Dbéi véi vector do dai n = 22 thi t = 2, chiing ta can n — 1 phép cong va n phép nhan véi liy thita cla ¢, dé
tinh mdi f;, véi i = 0,1,2,3. Téng quat, ta can tat ca (n +n — 1) - n phép tinh cong va nhan véi lity thita
ctia (,,. Do phiic tap dé tinh bién ddi Fourier roi rac 1la O(n?).
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O Remark 8

. n—1 . . ) R .
Céc phan tu f; 1a gia tri ctia da thic F(z) = Y fjz7 € R[z] tai diem = = ¢}, cac phan tt f; 1a gia tri
j=0

ciia da thitc F(z) tai x = ¢4, khi i 18.

'a 0
O Lemma 2
Ta c6 biéu dién nguge nhu sau:
n—1
fi=nT> 0 £i69, (2.10)
§=0
= Z fine,
1<i<on—1 (2.11)
j
véin~! = (271" e R.
. J
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©® Chitng minh

Pat k € Z. Khi d6 (" = G * véir € Z, 2nr — k > 0.

Ngoai ra, vi order ctia phan ti ¢, trong phép nhan 1a n nén ta co:
Y ¢ =n khi 1=0 (modn), (2.12)

n—1

> ¢V =0 khi 1#0 (modn). (2.13)

§=0
Phuong trinh (2.10) théa man vi:

n—1ln—1

Z [iGHT =23 I = Z I Z G =nf;

7=0 k=0
theo (2.12) va (2.13), cu thé 14 khi k — i = 0 mod n.
Déng thiic (2.11) c6 duge tit

n—1
Fo—ij ; —i(2k+1)
Z fj 2n Z f2k+1<2n
1<j<2n—1 k=0

jlé
1n

3
|

M |

f <1(2k+1)<2 i(2k+1)

S >
= O
Il
(=)

flCé;l Z CT(Llfi)k.
0 k=0

Tit (2.12) va (2.13) suy ra duge déng thitc (2.11), ciing 1a khi [ — i = 0 mod n.

~

Vigc tinh toan bién ddi Fourier r&i rac bang (2.10) va (2.11) can O(n?) phép tinh cong va nhan trong vanh R.
Phan sau sé trinh bay phuong phéap tinh bién déi Fourier r&i rac véi do phiic tap O(nlogn). Phuong phap nay
dugc goi la bién d6i Fourier nhanh (hay Fast Fourier Transform, FFT, 6sicTpoe npeobpa3zoBanue
dPypse).

Bien doi Fourier nhanh

©® Theorem 6

Bién d6i Fourier rdi rac (fo, e fn,l) c6 thé dugce tinh bang:
e nt phép cong trong vanh R;
e nt phép nhan véi liy thua cia ¢, trong vanh R.
Bién ddi Fourier rdi rac (fi,..., fon—1) ¢6 thé duge tinh bing:
e nt phép cong trong vanh R;
e nt phép nhan véi liay thia cta (3, trong vanh R.
Néu ¢6 (f;) va (fi) thi co thé tinh duge vector (fo, ..., fn—1) bing:
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e nt phép cong trong vanh R;
e nt phép nhan véi liy thia cta (3, trong vanh R;

e n phép nhan véi n=! € R.

©® Chitng minh

bat

n—1
Fz)=> fis'= > fid+ Y fad
j=0 0<j<n—1 0<j<n—1
j chén jlé

= Fy(z?) + 2 Fy (2?),

v6i deg Fy(z), deg Fi(z) < g =
Khi do

F(¢) = Fo(GR) + G R (¢, (2.14)
véit=0,...,n—1.

Dt ¢,/2 = (2. Khi do

{o<i<n-1}={¢p0<i<Z-1}.

Dua trén quy nap ta sé chitng minh bién ddi Fourier rdi rac loai 1, tc 1a tinh (F(¢9), ..., F(¢?™1)), theo
cong thitc (2.14) biang n phép cong trong vanh R va n phép tinh nhan vdi liy thita clia ¢, trong vanh R
néu ta da biét cac gia tri Fo(C}, o) va F1(¢}, ) v6i i =0,..., 5= 1.

Khit=1van =2 =2" (budc cd s6 quy nap) thi dé tinh (fo, fl) ta can tim Fy + (A F) vé6i Fy va Fy 1a
cac phan ti thuéc vanh R, i = 0, 1. Nhu vay, v6i n = 2 thi can:

e 2 = nt phép nhan vdi lity thita cia ¢, = (o trong vanh R, ting v6i (4 Fy khii = 0, 1;
e 2 = nt phép cong trong vanh R, ing vdi Fo+(LF).
Gia st v6i moi j < t, dé tinh bién ddi Fourier r&i rac loai 1 trén vector 27 chiéu ta can:
e 2/ . j phép nhan véi liy thita ciia Cos = (Co)?  trong vanh R;
e 27 .4 phép cong trong vanh R.

Khi d6, néu j = ¢ thi viec tinh (fo,. .., fn_1) theo cong thic (2.14) bao gdm tinh Fo(C o) va F1(C o)

v6ii=0,...,n—1. Néi cach khac la tinh bién ddi Fourier cho vector do dai n/2 gom cac hé s6 Fy(x) va
Fi(z) cong them:

e n phép cong trong vanh R;
e 1 phép nhén véi liuy thiua cta ¢, trong vanh R.

Khi do, theo gid thiét quy nap, viec tinh vector (fo, ..., fn_1) can khong nhiéu hon:
e n phép cong trong vanh R;

e cong v4i n phép nhan trong vanh R;
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e cong v6i 2- 271 . (t — 1) phép nhéan véi liiy thita clia ¢, trong vanh R.

Nhu vay can tong cong n + n(t — 1) = nt phép cong trong vanh R va n + n(t — 1) = nt phép nhan véi
lily thita ctia ¢, trong vanh R. Nhu vay ménh dé dau tién ctia dinh ly dugde ching minh.

Meénh dé tht hai chitng minh tuong tiu, ta thay ¢, thanh Co,.

Meénh dé thit ba suy ra tit hai ménh dé trén va Bo dé 2.

©® Example 16

Xét vector (fo, f1, f2, f3) = (1,2,3,4) thuoc C* nhu bén trén.
(3déy,n=4:22 vat=2.
Chon nghiem (g = €'™/* clia phuong trinh z* + 1 = 0. Khi d6 ¢4 = ¢Z = ¢™™/? = i.
Ta chia vector thanh hai phan:
e vector con gom céc phan tit ¢ vi tri chén 1a (fo, f2) = (1, 3);
e vector con gom céc phan tit & vi tri 18 1a (f1, f3) = (2,4).
Dit (o =& = —1.
Khi d6, véi vector con (fo, f2) = (1,3) ta tinh:
Fo=fo+¢ - for=1+1-3=4,
Fi=fo+¢ - fa=1+(-1)-3=-2.
Tuong tu, v6i vector con (f1, f3) = (2,4) ta tinh
FB=f+@G fs=2+1-4=6,
Fa=fi+(-fs=2+(-1)-4=-2.
Két hgp hai vector (Fy, Fy) va (Fs, Fy) ta tinh dugc bién doi Fourier nhanh.
fo=Fo+¢ - F,=4+41-6=10,
fa=Fo+(G -Fo=4+(-1)-6=-2
fi=FR+¢ F3=-24i (-2)=-2-2,
fa=Fi+( Fy=—-2+ (=) (-2) = —2+2i.
0O day, he ) fz G vi tri 1é sé duge tinh nhd cac F; & vi tri 1é cung véi lay thia 1é cia ,, va ngudc lai, hé
s6 f; & vi tri chén sé& dugc tinh nhd cidc F & vi tri chin ciing véi liiy thita chin cia ,.
Nhu vay két qua 1a
(fo, f1, fa, f3) = (10, =2 — 2i, -2, —2 + 2i),
gidng véi vi du 6 trén. Tuy nhién ching ta chi dimg 4 phép cong va 4 phép nhan véi ¢z dé tinh cac F,

cong thém 4 phép cong va 4 phép nhan véi ¢4 dé tinh cac f;. Nhu vay tong cong ta diing 8 = nt phép
cong, va 8 = nt phép nhan cho cac lay thita ctia {4 (vi (o cing 1a lay thia ctia (4).
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Bién ddi Fourier va phép nhan da thirc

® Lemma 3

Mot phép nhéan trong vanh R[z]/(z% + 1) ¢6 thé dugc tinh béi:
e n = 2¢ phép nhan trong vanh R;
e 3nt phép cong trong vanh R;
e 3nt phép nhén vdi liy thita cta (s, trong vanh R;

e n phép nhan véi n~! trong vanh R.

©® Remark 9

B6 dé khong ap dung khi R = Z va R = Q vi hai vanh nay khong cé phan tit (a,, (cin bac n ctia don vi).

Sau day ta ching minh Bo dé 3.

© Ching minh

n—1 . n—1 . Y 5 R a
Dat > fix® va Y gix® v6i F,G € R[x] va la biéu dién clia phan ti trong 16p nhan ti R[z]/(z? + 1).
i=0 i=0

n—1 i

bat H = ) hia* € R[z] sao cho F-G = H (mod z" + 1). Noi cach khac H 1a tich F - G trong vanh va
i=0

ta sé tinh H.

Bién dbi Fourier loai 2 cho vector (fo,..., fn_1) V& (go,---,9n_1) cho ta ding thitc:
voiils, 1<i<2n—1,vi(P +1=0.

Nhu vay néu ta biét tat ca f; va §; thi co thé tinh moi h; v6i n phép nhan trong vanh R.

Theo Pinh lij 6, cac phan ti f; va §; co thé tinh véi 2tn phép cong trong vanh R va 2tn phép nhan véi
lay thia cta (o, trong vanh R.

Ciing theo Pinh lj 6, cac phan tit h; co thé tinh, véi didu kien da biét h,, véi
e tn phép cong trong vanh R;
e tn phép nhan véi liy thia cta (3, trong vanh R
e n phép nhan véi phan ti& n~! trong vanh R.

Ta c6 diéu phai ching minh.

O Corollary 1

Dt T 1a vanh giao hoan véi don vi, 271 € T, C4r, = (oe+2 € T 13 nghiém phuong trinh 22” + 1 = 0. Néu
F(z),G(z) € T[z], deg F(z) < n, deg G(x) < n thi tich F(x) - G(x) c6 thé tinh véi:
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2n phép nhan trong T,
e 6n(t + 1) phép cong trong T;

6n(t + 1) phép nhan véi lay thia cta (4, trong T

2n phép nhan véi (271) ! trong T

©® Chitng minh
Vi chén trén cta bac da thic F(z) va G(z) nén bac cia F(x) - G(x) s& nh6 hon 2n. Khi chia F(x) - G(x)
cho 22" 4+ 1 ta thu dugc chinh da thic F(x) - G(x). Khi @6 tich F(z) - G(z) trong R[z] c6 thé tinh véi

mot phép nhan trong R[x]/(x2" +1). Tit Bo dé 1, ta thay n thanh 2n va t thay thanh ¢ + 1, két hgp Bo
dé 3 ta c6 diéu phai chiing minh.

Pbit T 1a vanh giao hoan véi don vi 1 va c6 phan tit 271

Ta hiéu phép cong trong T 1a ci phép cong 1an phép trit (cong cho s6 dbi). Ta can bd dé cd s sau.

® Lemma 4

Néu ¢ > 2 thi mot phép nhan trong vanh T'[z]/(22" + 1) ¢6 thé thyc hien véi:
e O(2!-t) phép nhan trong T}
e O(2t-t-logt) phép cong trong T.

©® Remark 10
Két qua trén co thé ap dung véi vanh sé nguyén Z néu ta xem 7' 1a vanh nhu sau:
m
T:{?:mez,kezw}, T>Z.

Trén méay tinh, mdi phan ti ctia T duge luu chinh x4c, vi du dudi dang cap (m, k).
Ta sé xem xét dinh 1i quan trong tiép theo roi quay lai chitng minh Bo dé 4.

©® Theorem 7

Phép nhan hai da thic ¢6 bac khong qua n trong vanh T'[z], v6i n > 3, duge tinh véi M (n) = O(nlogn)
phép nhan trong T va A(n) = O(nlognloglogn) phép cong trong T

©® Chitng minh

Goi t € N 1a s6 sao cho 27! < 2n < 2t. D& thay t > 2 va 2n < 2t < 4n.

Do d6 phép nhan hai da thiic c6 bac khong qué n theo modulo 22 +11a phép nhan théng thuong, két
qué khong thay ddi sau phép modulo.
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Theo Bo dé / thi ta c6 thé tinh tich v6i M(n) = O(2! - t) = O(nlogn) phép nhan trong T va A(n) =
O(2! - tlogt) = O(n -logn - loglogn) phép cong trong T.

Tiép theo ching ta quay lai chitng minh Bo dé 4.

©® Chitng minh

Diat F = F(z) va G = G(x) 1a cac da thiic bac khong qua 2f — 1. Dat

2t—1

= Z Hil‘i
=0

véi H = FG (mod 22° + 1). Ta can tinh cac he sé Hy, Hy, ..., Har_1 theo cac he sb ciia F va G.
bit k 1a tham sb tu nhién v6i 1 < k < t ma ta sé chon & dudi.

Ta biéu dién F va G dudi dang

vOl1
o fi@),g:() € Tlal;
o deg fiw) <2 — 1;
e deggi(w) <2 1.

Thuat toan tinh F' - G duge thuc hién theo cic bude sau.

2t7k_1 2t7k_1

Budc 1. Nhan > fi(2)Y; v6i >, gi(2)Y; trén vanh T[x,Y]/(YQt_kil). Két qua dugc biéu dién
i=0 i=0
U |
béi H= > hi(x)Y
i=0
Buéc 2. Thay Y = 22" vao H vao tinh modulo 22° +1 = Y2 " + 1. Khi do6

2t—k71 2t—k 1 2t k 1

F@)-G@)= Y fila)e®'- Y g = Z i (mod (222" +1).
=0

=0

=il ] i
T bude 2 ta sé tinh duge H(z) = > H;z'. Ta can hiéu tai sao & budc 2 day {h;(z)} theo modulo
i=0

22" 4+ 1 tim dude he s6 H; ctia H(z).
O bude 1 ta nhan

=Ll =l = .
Yo A@Y Y gi@Yi= Y hi(@)Y' (mod Y2 +1).
1=0 j=0 i=0
O day [+ j < 20+ —2 < 2t=k+1 _ 1 Khi d6 ¢6 hai truong hop ¢ thé xay ra.
Trudng hop 1. Néu 0 <1+ 5 < 207% — 1 thi

2t7k

YV, =Y (mod Y2 4 1).
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Truong hop 2. Néu 267 <1 +5<2-207F — 2 thi
Y =y (mod Y2 4 1),

voii=1+j— 2tk
Khi do
hi(w)= > f@)gi@) — > file)g;(x),
1§ 1,j
j+jJ:i l+j:i—j|—2t’k
v6ii=0,...,2t7%F — 1.

Tu day suy ra
deg h;(z) < deg fi(z) = degg;(z) < 2°F! —2 < 2FF1 1.

Vik < tnéndegh; <2 —1.
Budc 2 thyc hien khong nhiéu hon 2! phép cong trén T vi néu chiing ta da biét cac gia tri h;(z) =
ok+1_1 , , .

> hgja? thi khi thay ¥ = 22" ta ¢6 biéu thic

=

2t7k_1 2k+1_1

Z Z hija:j”ki (mod a2+ 1).
i=0  j=0
Phép tinh modulo 22 41 ta sé dugc cac biéu thic véi j + 25 > 2¢.

=
Khi @6, véi j +2Fi = r2t +1, 0 < 1 < 2¢, néu thay 27+2% thanh (—1)"- 2! thi dai luong (—1)" - h;; s& duge
thém vao hé s6 ciia 2! (ttic 1a thyc hién mot phép cong hoic trir). Cac phép cong nhu vay sé khong 16n
hon s6 luogng s6 hang, titc 1a khong 16n hon 26k . 2k+1 = 9t+1,

O day, khi 0 < i < 207%+1 ta c6 bat ding thic
TR )5 S ) oo, R R S |

vi k <t — 1. Véi nhitng s6 7 nhu vay thi phép tinh modulo 1a khéng can thiét.

Ltc nay con cac gia tri ¢ trong doan 207%~1 < i < 28=% — 1, 6 lugng cac gia tri nay khong nhiéu hon
2t=k=1 Khi dé, cip (i,) 6 budc 2 s& triet tiéu theo modulo, va c6 khong nhiéu hon 2¢—F=1. 2k+1 — 9t
cap. Nhu vay ta da chiing minh duge 6 buée 2 thyc hién khong nhid¢u hon 2¢ phép cong trong 7.

Bay gid xét buéec 1. Phép nhan ta khong thuc hién trong vanh T[:c,Y]/(YQFk — 1) ma trong vanh
R[Y]/(Y? ™" —1)véi R = T[z]/(a®"" +1).

Trong vanh R ¢6 phan ti (pese = 2 (mod 22° ' + 1) 1a nghiem phuong trinh X2 + 1 = 0.
Chon k = [;} > 1. Khi do

t—1

t
k>, k<5<t
Vi 207F+1 < 2542 nen trong R c6 phan tit Cor—x+1 13 mot lity thita clia phan tit Corse.

Mot phép nhéan cho liiy thita ciia phan ti (ye—r+1 trong vanh R duge thuc hien bsi 281 phép cong trong
T.
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Vi & = Corsz (mod 22" +1) nén

R= {ao+a1C2k+2 —|—-~-—|—a2k+1C22::21_1 ra; €T :0,1,...,2k+1 = 1}.

Phép nhan véi ¢J, 1., = (Jiy» v6i ding thiic CS:I; = —1 s& cho két qua la hoan vi cac hé s6 ag, aq, ...,
Qor+1_1 VA MOt s6 phan ti sé ddi dau.
Ta diing Bo de 3 @é danh gia do phic tap clia mot phép nhan trong vanh R[Y]/(YQtik +1).
Ta can thuc hién:
e 2% phép nhan trong R;

e 3-(t—k)-2!7F phép cong trong R (& day c6 3- (t — k) - 2¢=% . 2F+1 phép cong trong T vi cic phan
t1t ctia vanh R duge biéu dién bdi da thuc bac khong qua 281 — 1 trong T'z]);

e 3-(t—k)-2!=% phép nhan véi liiy thita ctia Coe—ri1;

e 2% phép nhan véi (271)!~F (1an nita, can 2¢=% . 281 = 241 phép nhan trong T cho phan ti
2715,

Téng cong ta can:
e 2!=F phép nhan trong R;
e 6-(t—k)- 251 phép cong trong T}
e 2!*1 phép nhan cho (271)!* trong 7.

Ta tinh thém 2¢ phép cong trong T' & budc 2, diit
t
Et)=k+1= [2} +1>2 (2.15)

Khi d6, mot phép nhan trong T[z]/(z2" + 1) duge thyc hien bdi 2¢=F()+1 phép nhan trong vanh
R= T[x]/(x2km + 1), cong v6i khong nhidu hon 12 - ¢ - 28 phép cong trong T, cong véi 28+ phép nhan
trong 7.

Khi ¢ > 3 thi k(t) < t. Ta chuyén phép nhan & trén trong vanh T'[z]/(2% + 1) thanh phép nhan trong
vanh T[z] /(22" + 1), va di xudng tiép cho t6i khi gap vanh T[z]/(z* + 1). O buéc cudi nay phép nhan
bat ki déu can O(1) phép cong va phép nhan trong 7.

Ta ki higu M;(27) va A1(27) 1a s6 lugng phép nhan va cong trong T', tuong tng véi s6 lugng can thiét dé
thuc hien phép nhan & trén trong vanh T'[z]/(z? +1).

Khi d6, v6i t > 3 ta co bat ding thiic

t—k(t)+1 M1(2k(t)) 4ot

M;(2) <2
< 2tk®+1 A1(2k(t)) e - A

A1(2%)
v6i k(t) dinh nghia 6 (2.15).

Aq(27)
2
Khi d6 a(j) < 2a(k(t)) + 12t.

Dt a(j) = véij=2,3,...

Gia st ta co bat ding thiic sau véi 2 < j < t:

a(j) <c-jlogj
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v6i hiing s6 tuyét doéi ¢ nao do.

Khi d6 ta c6 bat ding thic
a(t) < 2¢- k(t) - log(k(t)) + 12t < 2¢ <; -+ 1> log (; + 1) + 12t < c-tlogt
khi hing s6 ¢ @u 16n.
Nhu vay
A (2" <2 -c-tlogt = O(2" - tlogt)
va ta da ching minh duge ¥ thi hai ctia Bo dé 4 vé phép cong.

M; (27
Bay giv, lai dat 8(j) = 12(3 ) vi ji=2,3,...

Ta c6 bat déng thic
B(t) < 28(k(1)) + 2.
Tir day suy ra
B(t) < 22B(k(k(1))) +2) +2 = 22B(k(k(1))) + 2% + 2,
va tuong tu nhu vay.
Vi k(t) < % + 1 nén

t

1 t 1 t
Bkt <=(=+1 1=—+1 :
(k(t)) 2<2+>+ 22++

5,...'
v6i moi j > 1. Vi vay khi j = [log, t] ta c6 bat ding thiic
BA)< 2 e +24+27 4+ +21 <27 + 27T Lopt

v6i c1, cp 1a cac hing s tuyét dbi.

Nhu vay M;(t) = O(t - 2¢) va ta da chitng minh xong ¥ dau ctia Bo dé 4.

Vi du nhan da thidc véi Sympy
Pé vi du, minh sé& viét chuong trinh Python nhan hai da thic bac 4 trén Q trong modulo z* + 1.
Thuat toan 6 cac ching minh trén la thuat toan Cooley-Tukey FFT.

Dau tién minh sé viét ham dao nguge bit (ding cho radix-2 decimal-in-time).

def _reverse_bit(n: int, nbits: int) -> int:
m =0
for _ in range(nbits):
m=(m<< 1) + (n & 1)
n=mn>1
return m

(continues on next page)

246 Chapter 2. Toan khé6 qua ngudi oi




Math Book

(continued from previous page)

N

assert _reverse_bit(3, 3) ==
assert _reverse_bit(l, 3) == 4

FFT la thuat toan chia dé tri -- @8 tinh toan FFT cho vector do dai n = 2%, ta sé tinh trén hai vector do dai
n/2 va két hgp két qua lai.

from sympy import pi, sin, cos, I, simplify
from sympy.codegen.cfunctions import log2

def mult W(v: list[int]) -> list[int]:

n = len(v)
w=cos(2 *x pi /n) + I * sin(2 * pi / n)
u=[0] *n

for i in range(0, n // 2):

ulil] = v[i] + wxi * v[i + n // 2]

uli +n // 2] = v[i] + wex(i + n // 2) * v[i + n // 2]
return u

def _fft(v: list[int]) -> list[int]:
n = len(v)

if n ==
return _mult_W(v)

else:
u= _fft(vl:in // 2]1) + _fft(vln // 2:1)
return _mult_W(u)

def fft(v: list[int]) -> list[int]:
n = len(v)
b = int(log2(n))
idx = [_reverse_bit(i, b) for i in range(n)]
v = [v[idx[i]] for i in range(n)]

return list(map(simplify, _fft(v)))

def mult_iW(v: list[int]) -> list[int]:
n = len(v)
w =cos(-2 * pi / n) + I * sin(-2 * pi / n)
u= [0] *n
for i in range(0, n // 2):
uli] = v[i] + w#*i * v[i + n // 2]
uli +n // 2] = v[i] + w¥x(d + n // 2) * v[i + n // 2]
return u

def _ifft(v: list[int]) -> list[int]:
n = len(v)
if n ==
return mult_iW(v)
else:
u = _ifft(v[l:n // 2]1) + _ifft(v[n // 2:])
return _mult_iW(u)

(continues on next page)
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(continued from previous page)
def ifft(v: list[int]) -> list[int]:
n = len(v)
b = int(log2(n))
idx = [_reverse_bit(i, b) for i in range(n)]
v = [v[idx[i]] for i in range(n)]

return [simplify(i / n) for i in _ifft(v)]

Tiép theo minh kiém tra céc ham da viét bén trén.

assert fft([2, 3, 0, 0]) == [5, 2 + 3*xI, -1, 2 - 3x*I]
assert ifft([5, 2 + 3*I, -1, 2 - 3*I]) == [2, 3, 0, O]

import random
v = [random.randint(-4, 4) for _ in range(8)]
assert ifft(fft(v)) == v, fft(v)

Vi duy, dé nhan hai da thrc
a(x) =142z — 2% 4 323,
b(x) = —1 — 4z + 322 — 223,

trong modulo z* 4 1, dau tién minh viét hé s6 ctia mdi da thitc thanh vector theo sé mii tang dan, nhu vay
a=(1,2-1,3), b=(-1,-4,3 -2).

Tiép theo, minh sé thém vao sau cac vector a va b cac s6 0 dé dat do dai la lity thita ctia 2 nhung 16n hon
bac ctia modulo. O day modulo 1a z* + 1 nén minh s& thém cac s6 0 dé dat do dai 4 -2 = 8.

a' =(1,2,-1,3,0,0,0,0), b =(—1,4,3,-2,0,0,0,0).

Tiép theo, minh 4p dung FFT cho hai vector a’ va b'.

a=I[1, 2, -1, 3, 0, 0, 0, 0]
b= [-1, -4, 3, -2, 0, 0, 0, O]
fa = fft(a)

fb = £ft(b)

bat

fa = FFT((I’) = (ao,al, . 7(],7),
fo =FFT(b') = (bo, b1,-..,b7).

Khi d6 ta tinh vector f. theo 1a tich theo cidp cia f, va fp, nghia la
fe=(co,c1,...,¢7), ¢i =a;-b;.
Tiép theo, ta tinh ¢’ 1a bién ddi Fourier rai rac ngudc clia f.:
¢ =FFT(f.) = (Co,C,...,Cq).
Khi do, ta tinh vector ¢ dd dai 4 theo cong thic

¢ = (Ci — Ciza)iy.
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fc = [1 * j for i, j in zip(fa, £fb)]

fc = list(map(simplify, ifft(fc)))

c = [fc[i] - fc[i + 4] for i in range(4)]
print(c)

Két qua 1a vector (18, —17,2,5).

Kiém tra két qua bang tay, minh c6

a(x) -b(x) = (14 2z — 2 + 323) - (=1 — 4o + 322 — 223)
= —1—4x + 32% — 223
— 22 — 822 + 62° — 4a?
+ 22 4+ 42 — 3% + 225
—32% — 122" 4 92° — 62°
= —1— 62 — 42® + 52® — 192" + 112° — 62°.

Trong modulo 2* + 1 ta c6 thé thay thé 2 thanh —1, nhu vay két qua trén tuong duong

a(x) - b(x) = —1 — 6z — 4a® + 52° — 192" + 112° — 62°
=—1—6z—42® +52° —19- (1) + 11z - (1) — 622 - (—1)
=18 — 17z + 22% 4 52° mod x* + 1.

Néu viét he s6 ctia két qua dudi dang vector theo s6 mii ting dan thi minh c6 (18,—17,2,5), bing ding
phép tinh véi thuat toan Cooley-Tukey.

Mot 1y do khién minh viét code trong khi nhiéu thu vién Python nhu numpy, sympy, sagemath da hé trg la
vi trong [12] (tai lieu tham khao chinh ctia bai viét nay) thi DFT thuan st dung (2, 1a nghiem cta 2™ + 1
nén néu xét trén C thi ¢a,, = e*™/™. Trong khi d6 céc tai lieu khac nhu wikipedia, numpy, sympy, ... sit dung
e~""/™ @é tinh DFT thuan. Ngugc lai, [12] sit dung e~/ dé tinh DFT ngugc, trong khi cac tai lieu khéc
ding e™/™. O day ching ta c6 thé thay dit la cch nao thi dé thyc hien phép nhan nhanh da thic modulo
22" 4+ 1 déu can ca DFT thuan va ngudc, nén két qua khong thay ddi nhd vao tinh chat ctia DFT.

2.8.4 Dai cuong té hap

Ching ta c6 hai quy tic dém, va nhitng céng thitc dém khac déu duge sinh ra ciing nhu tuan theo hai quy
tac nay. Do 1a quy tic cong va quy tic nhan.

Quy tic cong va quy tic nhan

Khi mot cong viéc co thé thuc hien bing mot trong nhiéu phuong &n, ta sit dung quy tic cong. Vi duy, néu
chiing ta muén lay mot cay bt trong hop c6 3 cay but do, 4 cay but xanh va 5 cay bt vang, thi chiing ta
c6 tat cd 3+ 4+ 5 = 12 cach lay.

Khi mot cong viec dude thye hién trén nhidu cong doan, & médi cong doan c6 nhiéu phuong an thi ta si dung
quy tic nhan. Vi dy, néu chung ta di tit thanh phd A téi thanh phd B, gitta duong di ngang thanh phé C.
Tir A t6i C c6 4 con dudng, tit C t6i B c¢6 3 con dudng thi c6 tit cd 4 -3 = 12 con dudng di tit A t6i B ma
di ngang qua C.

Nguyén ly bu tru. 0 quy téc cong, khi cAc phuong 4n rdi nhau, thi ta cong ching lai. Tuy nhién, khi cac
phuong 4n c6 sy giao nhau thi ching ta st dung nguyén 1y bu trit, hay con goi la quy tic cong md rong.
Goi A va B 1a hai tap hgp. Ki hieu |A U B| 1a s6 lugng phan tit ctia A hgp B va |[A N B| 1a s6 lugng phan
t cua A giao B.
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Khi do
|[AUB| = |A|+|B| - [ANB|.

Sit dung s6 A6 Venn dé mo ta cong thiic trén:

Hinh 2.48: Nguyén ly bu trit cho hai tap hgp

Ta thay rang, khi ching ta cong s6 phan ti clia hai tap hop lai v6i nhau thi phan giao ciia ching bi trimg.
Do d6 ta phai trit di moét 1lan phan giao thi méi c6 hop clia hai tap hop.

©® Example 17

Trong mot 16p hoc c¢6 20 hoc sinh. Trong d6 c6 13 hoc sinh biét choi béng chuyén, 15 hoc sinh biét choi
béng ban. Biét ring hoc sinh nao ciing biét choi bong chuyén hosic béng ban. Hbi c6 bao nhiéu hoc sinh
biét chdi c& hai mon béng chuyén va béng ban?

p
0 Giai
Dit A 1a tap hop cac hoc sinh biét choi béng chuyén. Ta co |A| = 13.
Dit B 1a tap hgp cac hoc sinh biét choi bong ban. Ta c6 |B| = 15.

Do 16p hoc ¢6 20 hoc sinh va hoc sinh nao ciing biét chai hodc béng chuyén, hodc béng ban, nén
|AU B| = 20.

Theo nguyén ly bi trit, sé lugng hoc sinh biét choi cd hai bo mon 1a

|[ANB|=|A|+|B|] - |AUB| =13+ 15—-20 =8.

Nhu vay c6 8 hoc sinh biét choi cd hai mon.
& J

Ta c6 thé co cong thiic bit trit cho ba tap hgp.

JAUBUC| =|A|+|B|+|C| - (JANnB|+ |BNC|+|CNA|)+|AnBNC|.
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Trong trudng hop téng quéat cho n tap hap A1, As, ..., A, thi cong thitc b trir la:
n
[A1UA UL U AL =) |4
i=1

- Z |A21 n A12|

1<y ,i2,<n,i1 Fi2

+ > |Ai, N A, N Ay | + ...

1<y i2,13,91 Aia Al A1

+(=1)t1 > A N A+
1<t ig i1 o Aol
+H=1)""HA N N AL
Hoan vi, té hgp, chinh hop
Xét mot tap hop n phan ti
A={ay,a9,...,a,}.

Mot cach xép n phan t nay theo thit tu 1a mot hoan vi clia tap hop d6. Tap hop c6 n phan ti thi sé hoan
vi la nl.

©® Chitng minh

Xét vi tri dau tien, ta c6 thé xép mot trong n phan tit vao vi tri nay.

D6i v6i vi tri thi hai, vi ta da xép mot phan ti vao vi tri ddu nén ta con n — 1 phan t& c6 thé xép vao
vi tri tha hai.

Tuong tu, véi vi tri thi ba ta c6 n — 2 cach chon.
Tiép tuc nhu vay cho tdi vi trf cudi cing (vi tri thit n) ta con dung 1 phan ti.

Do d6, theo quy tic nhan, sd cach xép n phan ti theo thit tu 1

n-(n—1)-(n—2)---2-1=nl

Vi du, véi tap A = {1,2, 3} thi ta c6 cac hoan vi 1a
{1,2,3},11,3,2},{2,1,3},{2,3,1},{3,1,2},{3,2, 1}

Chinh hgp 14 mot truong hgp nhé hon clia hoan vi. Khi d6 tit mot tap hgp c6 n phan ti, ta lay ra k phan
|

(n— k)

t va sap k phan t dé theo thi tw. Khi dé v6i k < n thi s6 chinh hgp 1a

©® Chitng minh

Vi tri dau tién ta c6 n cach chon.
Vi tri thi hai ta ¢6 n — 1 cach chon.

Tuwong tu vay, ta thay ring & vi tri thit 4 thi ta c6 n — i + 1 cAch chon (chf 86 ctia vi tri va s6 cach chon
luén c6 tong bang n + 1).

Do doé, t6i vi tri thi k thi s6 cAch chon la n — k + 1.
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Nhu vay theo quy tic nhan, s6 chinh hgp la

n-(n—1)---(n—k+1)
n-(n—=1)---n—k+1)-(n—k)-n—k—-1)---2-1
n—k)-(n—k—-1)---2-1

(n—Fk)!"

Khi chiing ta lay ra k phan ti tit n phan ti nhung khong sip chiing theo thit tu, ta co td hop. Do do ta can
|

chia cho s6 hoan vi ctia k& phan t&. Nhu vay sb t6 hop & phan t@ tit tap hop n phan ti 1a ﬁ
n—k)! -k

2.8.5 Cong thirc truy hoi
Day s6 1a mot anh xa tit N t6i R
u:N—=>R, n— u(n).

Khi d6 cac gia tri u(1), u(2), ... dudc goi l1a sd hang clia day s6. Chiing ta ciing c6 thé viét u, us, ... thay
vi u(1), u(2), ..., hodc tham chi 1a {u,}.

Chp sb cong va cong thirc truy hdi bac nhat
Cho day sb6 {u,} véi phan t dau ug va cong sai d. Khi d6 cac phan tit sau d6 duge tinh véi cong thiic
Up = Up—1 +d

v6i moi n > 1 thi {u,} dugc goi la cip sb cong.

Nhu vay cap s6 cong 1a mot day sé co dang
Up = (N, Up—1).

Day s6 c6 dang nhu trén goi 14 truy hoéi bac nhéat (hay first order).

(5 ) Example 18
Day s6 {u,} xac dinh béi
Up = QUp—1 +bn +C

v6i ug 14 s6 hang dau; a, b va c 1a cac s6 thue.
. J

©® Example 19
Day s6 {u,} xac dinh béi

Uy, = aui_l +bu,_1+c¢

v6i ug 1a sd hang dau; a, b va ¢ la cac s6 thuc.
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Ta can chu ¥y rang viéc néi truy hoi bac nhat mang nghia la s6 hang thi n chi phu thudc vao sé hang thi
n — 1, chit khong phai cac s6 hang truéc dé nhu sé hang thi n — 2, n — 3, vAn van va may may.

O vi du tht hai thi s6 hang thid n 1a ham bac hai theo s6 hang thit n — 1 nhung day 1a cong thic truy hdi
bac nhat.
Day sb Fibonacci va cong thic truy hdi bac hai

Pay c6 16 1a day s6 ndi tiéng nhit trong toan hoc. Coéng thiic clia diy s6 13 v6i hai phan ti ban dau uy = 0
va u; = 1, cac phan ti sau sé dudc tinh véi cong thic

Up = Up—1 + Up—2

v6i moi n > 2.

O day, s6 hang thid n duge tinh bdi hai sb hang truée né nén day 1a vi du ciia truy hdi bac hai. Day sb
truy hoi bac hai 13 day s6 c6 dang

Up = 50(7% Un—1, un72)-

©® Example 20
Day s6 {u,} dugc xac dinh béi
Up, = QUp—1 + bUp_o +C

v6i ug va uq 14 s6 hang dau; a, b va ¢ 1a céc s6 thuec.

Cong thirc truy hdi bac cao
Téng quét, néu s6 hang thit n ctia day s6 {u,} duge tinh bdi k s6 hang truée no, nghia 1a
un = QO(TL, un—17 un—Qa ct 7un—k)

thi ta goi la céng thidc truy héi bac k.

Céc day truy hoi co tng dung rong rai trong toan hoc va cic nganh khoa hoc khac, tiéu biéu nhét 1a day
Fibonacci & trén. Trong khoa hoc may tinh, céng thic truy hdi c6 mot dng dung dé sinh mot day sé cho
nhiéu muc dich khac nhau nhu sinh s6 gid ngdu nhién (pseudo-random), sinh khoéa cho thuat toin ma hoa
dong (stream cipher). Céc tng dung nay thudng sit dung day truy hoi tuyén tinh, tic 1a bac ciia cac hang
0 Up—1, Up—2, -, Up—k KhOng qua 1. N6i cach khac thi

Up = Ap—1Up—1 F Gp—2Un—2 + -+ Cpn_gUn—k + d)(n)v

trong d6 ¢(n) 1a mot ham sb6 nao d6 khong phu thudce céc hang t1k wy,_1, ..., tun_g. Cac he 86 an_1, ..., an_r
nam trong truong sé nao do tiy thude bai toan. Vi du véi cdc day LFSR (Linear Feedback Shift Register)
dé sinh day trong tin hoc & trén thi cac phép tinh duge thuc trén trén truong Fo. Hién tai ching ta sé khao
sat day sd vé6i he sb thuec.

Chuing ta quan tam dén cong thic tong quat ciia day s6 truy hdi. Dé thay ring, dé tinh s6 hang thit n theo
truy hoi thi ta phai biét di k s6 hang truée d6. Nhung véi mdi s hang trong k s6 hang do ta lai can di
ngudc vé trude doé nita cho dén khi t6i cac s6 hang ban dau ug, U1, ..., ux—1. Tuy nhién déi khi ching ta quan
tam mot s6 tinh chat dai s6 ma can cong thiic téng quat cho {u,} va chi phu thuoc n, nghia 1a u,, = f(n).
Khi do ching ta s& st dung phuong phap ham sinh (hay generating function method, hay meros,
npoBoAdammux (PyHKIWI).
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Phuong phap ham sinh
Phuong phap ham sinh thyc hién theo cac bude sau:
1. Xac dinh cac s6 hang ban dau ug, U1, ..., Uk_1-
2. Goi G(z) la da thiic v6i he s6 1a céc s6 hang ctia day sb, tic 1a

G(x) = up + w1 + ugx® 4 -+ upax™ 4 - -

. 1 .
3. Phén tich G(x) thanh tong cac phan thic dang i) Sau do6 ta gom cac s6 hang c6 cing lay thita
x

ctia x lai dé duge cong thitc tong quat ciia {u, }. Cac ham H(z) sé dugc trinh bay ¢ phan cudi véi cac
vi dy, va ta goi chung la ham sinh.

Mot vi du hay diing ctia ham sinh 1a khai trién sau.

1
1—mx

=14+mz+m2z®+- - +mta"+--- (2.16)
Cong thitc trén c6 thé thu duge tit khai trién Taylor-Maclaurin hosic bing quy nap.

Vidul

Xeét day s6 {un} v6i ug =0, up =1, va

Up = DUp—1 — OUp—_o V61 MOi N > 2.

G(z) = up + w1z + upx® + -+ + upa™ + -+ - (2.17)
Khi do, ta nhan G(x) véi z, 2 va nhan thém s6 hang dé khit cAc hang t1t theo cong thitc truy hoi
Up — DUp—1 + 6U,—o = 0.
Cu thé, ta tinh

r-G(x) = uor + uw? +Fugx® + - Fupy_ "+

va
22 G(x) = uox® + uw® +ugat + - Fupy oz + - -
Khi do
G(x) — 5z - G(x) + 627 - G(z) = ug + ur @ + ugw? + + o tupz 4
— Bugr—5up 2” — o —Bup_z" 4 -
+6uga? + - Oup oz + - -

Cac ban c¢6 thay diéu gi khong? Céc s6 hang trude z2, 23, ... déu bang 0 theo cong thiic truy hoi. Nhu vay
thu gon vé trai va thay wug, u; vao vé phai ta ¢

(1 — 5z + 62%) - G(z) = up + w1 — Sugr = x,

tuong duong véi

X

G(z) = 1— 5z + 622
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Vi 1 — 52 + 622 phan tich thanh nhan tit 14 (1 — 22)(1 — 3x) nén ta mudn phan tich G(z) thanh tong

_ o B _(atB)+ (3028
C1-2r 1-3z  (1-22)(1-3z)

G(x)
v6i a va 8 1a he s6 can tim dé
(a+8)+ (—3a—20)z ==x.
Nhu vay, dong nhat hé s6 ta co
a+6=0 -3a-28=1,

gidi hé ta co a« = —1 va § = 1. Ta thu dugc

Theo cong thic (2.16), ta co

=142 +2%2% 4 427" ...,

1—2x
va

=143z +3%2% +--- +3"2" - .
1-3x

Thay hai khai trién trén vao G(z) ta co
Gx)=— (142242222 + - +2"2" +---)
+(1+3z+3%2%+ - +3"" + )
=0+ (3—-2)z+ (32 -2%)2% + -+ (3" —2")a" +---
Dong nhat he s6 véi (2.17) ta co
Uy, = 3" — 27,
Day chinh 14 cong thitc téng quat ctia day {u,}.

T4&t nhién 1a vi du trén c6 thé dude gidi bang cach khac 1a da thdc ddac trung va day 1a phuong phap phd
bién & phd thong. Tuy nhién mot s6 bai toan khac khong thé sit dung da thic ddc trung. Trude khi dén véi
céac bai toan nhu vay thi minh sé liet ké mot s6 ham sinh thong dung dé gidi quyét cac bai toan do.

M6t sb ham sinh théng dung

1

=1l4+maz+m?z?+--+miaz" +---
1—mx

1 < .
1—a)y Z Ciyia®'
i=0

. i+ 1)! ,
Khit:2th‘10§+1:%:i+lnéntacc’)kétqué
1 > ,
=D > (i+1)a',
=0

Két hop hai cong thitc trén
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Vi du Il
Cho day sb6 {u,} xac dinh béi ug =1, ug = 2 va
Up = 6Up_1 — 8Up_9 +n, V6l MOi n > 2.
Tuong tu, dau tién ta dat G(z) la da thic c6 he s6 1a day {u, }, nghia 1a
G(x) = up + w12 + ugx® + - + upz™ + - -

Ta ciing nhan x va 22 cho G(z) va thu duge

z-G(x) = uox + urx? +uoa® + - Fupy_ 1"+ -,
va

22 G(x) = uox® + ux® +ugat + - Fupy oz + - -
Nhu vay, hoan toan tuong tu vi du I, minh tinh duge

G(x) — 6z - G(x) + 82% - G(x) = ug
+ (u1 — 6Bug)x
+ (ug — 6uy + Sug)z?
+ (us — 6ug + 8uqp)z?
+ (up — 6tp—1 + Bupy_g)z"™
+ e

Co ma & day uy, — 6up_1 + Sun—o khong da dé triet tieu thanh 0 ma can thém n nita. VAy phai lam sao?
Chuing ta sé can mot ham F(x) sao cho

G(z) — 6z - G(x) + 82% - G(x) + F(x) = ug
+ (u1 — 6ug)x
+ (ug — 6uy + 8ug—2)2?
+ (ug — 6ug + 8u;—3)2®
+ e
+ (up, — 6up—1 + Bup_o—n)z"

+---
Nhu vay minh gom céac hé s6 mau dé lai sé dudc
Fz)=—-22*-32>+-- —na" +---
Khi do
G(x) — 61 - G(x) +82% - G(z) + F(x) = uo + (u1 — 6ug),

va viéc clia chiing ta 1a tim mot ham sinh biéu thi cho F(z) nita dé c6 thé biéu dién G(x) nhu & vi du L
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Ta c6
F(z) =222 - 32— —na" +---
=1z —z(14+20 432>+ +na" ' +-.)
—z—az(l4+az+a?+234- - Fa"+...)

1 /
oo (125)

B 1
=z—=z e
Cax(l-2z42%) 42 _m2(2—:1c)
- (1—=)? IO
Thay wug, u; va F(z) vao ta tinh duge G(z) 1a ham
22(2 — 1)
tuong duong véi
1 22(2 — 1)
Ga)=—— |1 —da+ =22
@) = st 822 SR g

(1 —4x)(1 — 22 + 22) — 222 + 23
(1 —6x+822)(1 —x)?
1—2x+ 2% — 4o + 822 — 423 + 222 — 23
(1 -6z +822)(1 —x)?
_ 1— 62 + 1122 — 523
(1 —6x+822)(1 — )2’
Bay gio, 1 — 62 + 822 phan tich thanh nhéan ti (1 — 22)(1 — 4x). Vay minh s& can tach G(z) thanh
A B C D

T1 2 T 1oz T a_ap

G(x)

v6i A, B, C va D la cac hé s6 can tim. Quy ddng mau s6 minh c6
Al —4z)(1 —2)?> + B(1 —22)(1 —2)?> + C(1 — 22)(1 — 42)(1 — x) + D(1 — 22)(1 — 4z)

G(z) = (1= 62 +822)(1 — x)?

Thu gon t s6 lai minh dudc
(A+ B+C+ D)+ (—6A—4B —7C — 6D)z + (9A + 5B + 14C + 8D)x* + (—4A — 2B — 8C)a?,

va dong nhit he s6 thi minh can giai heé phuong trinh

A+B+C+D =1 A=—-1/2
~64—4B-7C-6D =6 _ |B="1/18
9A+5B+14C +8D =11 C=17/9
—4A — 2B - 8C =5 D=1/3

Bay gio thay céc ham sinh vao G(z) (chua can thay A, B, C va D vi) thi minh c6
Glz)=A - 1+2z+2%2°+-- +2"2" +--+)

+B-(1+4z+4%2° + - +4"2" + )
+C-(I+z+2®+-+a"+--)
+D-(1+2x+3z+---+(n+1)z"+---).

Nhin vao hé s cia 2" minh c6 cong thiic téng quat

747

18

n+1

un:A.2n+B.4"+C+D,(n+1):_271—1+ ;

+
NoNEEN|
+
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Vi du 11
Trong mot sé truong hop "hoi 14", vi du nhu
Up = 4Un—1 - 4un—2

thi néu st dung da thic dic trung ta c6 mot phuong trinh bac hai véi nghiem kép. Khi d6 cong thitc tdng
quat khong con ¢ dang

Up =27 + B+ 25

v6i z1 VA 2z 1a hai nghiém phan biét cia phuong trinh dic trung, ma ¢ mot dang khac. Phuong phap ham
sinh s& gitp chung ta tim cong thitc tong quat & trudng hgp nay.

Xét da thic G(z) v6i he s6 1a cac s6 hang ctia day {u,} cho bdi cong thite truy hoi ¢ trén:
G(x) = up +urx + ugx® 4+ - Fupax™ 4 - -
Thuc hién tuong ty bén trén, minh tinh

z-G(r) = upxr + ura® + uga® + - F 1" 4 -

va
22 G(r) = upr® + uya® + Ut + o Uy 4 -
Nhu vay
G(x) — 4z - G(x) + 42* - G(z) = g
+ (w1 — dup)x
0
+ (ug = Jug)z?
+ I
+ (tn — et F Aty —2) 2"
+ ..

= ug + (u1 — 4’110).73.
Dit G(x) 1am nhan tit chung va chuyén vé minh c6

ug + (u1 — 4dup)x

Glo) = ——q g2

Minh can téach G(x) thanh tong
_ 4, B
S 1-22 (1-—22)?

G(x)

Quy dong mau s6 va dong nhat hé s6 minh can tim A va B théa méan hé phuong trinh

A+B:’LL() A:(—’ul +4U0)/2
—
—2A = (ul — 4’LL()) B = (Ul - 2“0)/2

Thay ham sinh vao G(z) minh duge
Gx)=A-(1+2z+2%%+ - +2"2" +-.+)
+B-[1+2-20+43-2%2°+- -+ (n+1)-2"2"].
Heé s6 trudc z™ cho ta cong thiic tdng quat cia day sb

Up=A-2"+B-(n+1)-2" =2""1 . [2ug + (u; — 2up) - n].
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2.8.6 Hé phuong trinh tuyén tinh trén trudng hitu han

Xét hé phuong trinh tuyén tinh trén tap cac s6 nguyén

a1 aiz -+ Qip

a1 Q22 - Q2p
A=

apl1  Ap2 - Onp

2.8.7 Ly thuyét d6 thi

Phan nay minh st dung cac quyén sach danh cho hoc sinh chuyén Tin [13].

Cac dinh nghia cd ban

O Definition 27 (P56 thi)

Do thi (hay graph, hay rpad) G = (V, E) gdm mot tap hop cac dinh V' va tap hgp cac canh E ndi céac
dinh v6i nhau.

Db thi vé hudng

© Example 21
Do thi sau co:
1. Tap hgp céc dinh
V = {v1,v2,v3, v4, V5, 6}

2. Tap hgp cac canh

E = {e12,e23, €24, €26, €56 }-

Hinh 2.49: D6 thi vo huéng

O vi du trén, canh e;; n6i dinh v; va dinh v;. Trong trudng hgp nay huéng ctia canh khong quan trong nén
vige viét e;; va ej; 1a tuong duong. Do thi ltc nay goi 1a dé thi vé huéng (hay undirected graph).

Hai dinh duge goi 1a ké nhau (hay adjacent) néu c6 canh nbi giita ching.
O vi du trén thi hai dinh v; va vy k& nhau, nhung dinh v; khong ké véi vz vi khong co6 canh egs.
Khi d6 canh néi hai dinh ké nhau duge goi 1a canh lién thudc (hay incident).

O a5 thi vo huéng, ta noi bac (hay degree) cila dinh v 14 s6 canh lién thuoc véi dinh v, va ki hicu 1a deg(v).
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O hinh 2.49 ta thiy deg(vy) = 1, deg(vy) = 3, deg(vs) = 1, deg(vs) = 1, deg(vs) = 1, deg(vg) = 2. Téng
quét ta c6 dinh li sau.

©® Theorem 8

Gia st G = (V, E) 1a d6 thi vo huéng, khi d6 tdng tat ci cic bac ciia cdc dinh trong V sé bing hai lan
s6 canh:

Z deg(v) = 2|E|.

veV

©® Chitng minh

Khi lay tong tat cd cdc bac thi méi canh e;; s& duge tinh mot lan cho dinh v; va mot lan cho dinh v;.
Tt do suy ra két qua.

©® Corollary 2

Trong dd thi vo huéng thi s6 dinh c6 bac 1é 1a s6 chan.
. J

© Ching minh

Gia stt v1 1a tap cac dinh c6 bac 18 va vy 1a tap cac dinh c6 bac chdn. Khido UVa =V va ViNV,y = 0.
Theo dinh li trén thi

S deg(vr) + 3 deg(ve) = 2|E]

v1€VY vo € Vo

14 86 chiin, ma tdng bac ciia cic dinh bac chin Y deg(v2) ciing 14 86 chin nén suy ra tong Y. deg(vy)
5 v2 €Va v1€VY
ciing 1a chan.

Do méi gia tri deg(v;) 14 1& véi moi vy € V; nén tdng clia ching 1a chin khi va chi khi s6 phan tit ciia vy
14 chén. Ta c6 diéu phai chiing minh.

Db thi c6 huéng

Néu ching ta quan tam dén huéng thi khi v& canh e;; ta v&é mii tén tu dinh v; t6i dinh v;. D6 thi khi do
goi 1a @6 thi c6 huéng (hay directed graph).
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Hinh 2.50: D6 thi c6 huéng

O hinh trén:
e chi c6 canh tt v1 t6i vo 1a e1o ch khong c6 canh tit vo t6i vy
e co canh tlt vg t6i vy 14 egs va cling co canh tlt v5 t6i vg 14 exq.

Liic nay tap dinh 1a
V = {v1,v9,v3,v4,v5,06},
va tap canh la
E = {e12, €23, €24, €52, €56, €65 }-

D6i v6i do thi ¢6 hudng thi canh e;; 1a canh di ra tir dinh ¢ va di vao dinh j. Dinh i goi la dinh dau, dinh j
goi 1a dinh cudi.

O Definition 28 (Ban bac vao, ban bac ra)

Ban bac ra (hay out-degree) ctia dinh v 1a s6 lugng canh di ra khéi no va ki higu 1a deg™ (v).

Ban bac vao (hay in-degree) ciia dinh v 14 s6 lugng canh di vao no va ki hieu 1a deg™ (v).

Véi vi du & hinh 2.50 thi:

e deg®(v1) =1, deg™ (v1) = 0;
e deg™ (v3) =2, deg™ (v2) = 1;
e deg™(v3) =0, deg™ (v3) = 1;
o degt(vy) =0, deg™ (v4) = 1;
e deg™(vs) =2, deg™ (vs) = 1;
e deg’(vg) =1, deg™ (vg) = 1.

©® Theorem 9

Néu G = (V, E) la dd thi c6 huéng thi tong tat cd cac ban bac ra clia cac dinh bing tong tat ci cac ban
bac vao, va ciing bing téng sé cung ctia dd thi

S degt(v) = 3 deg(v) = |E.

veV veV
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©® Chitng minh
M&5i canh ctia d6 thi di ra tit dang mot dinh nén 3 deg™t(v) = |E|.
veV

Tuong tu, mdi canh ctia do thi di vao ding mot dinh nén > deg™ (v) = |E].
veV

Két hop hai déng thic trén ta c6 diéu phai ching minh.

BPudng di va chu trinh

Mot day co6 thit tu cdc dinh vy, v, ..., v, sao cho e, , € Ev6imoit=0,1,...,n— 1 dugc goi la dudng
di. Ltc nay duong di ¢6 n+ 1 dinh v;, vs,, ..., v;, V& n canh €y, iy, -y €ip iy, -

n

Néu ton tai mot duong di tit dinh v;, t6i dinh v;, thi ta n6i dinh v;, dén dugc (hay reachable) tit dinh
v, va ki hiéu la vy, ~ v;,, .

1. Dinh v;, duge goi la dinh dau ctia dudng di.

2. Dinh v;, dugc goi 1a dinh cudi ctia duong di.

3. Céc dinh v;,, ..., v;,_, dugc goi la dinh trong ctia duong di.
Duong di duge goi la dudng di don (hay simple) néu tat ca cac dinh trén duong di hoan toan phan bigt.
Hinh 2.51 thé hien hai dudng di don tit dinh v; t6i dinh vs:

e dudng di thi nhéat 14 vy, t6i vy va tdi vs

o dudng di thit hai 14 vy, t6i vo, di xudng vy, di lén vg va quay lai vs.

— — —
_>

Hinh 2.51: Duong di tt v1 t6i vs

Duong di duge goi la chu trinh (hay circuit) néu dinh dau trung véi dinh cudi, nghia 1a v;, = v;, .

Ping chu db thi

O Definition 29

Hai d6 thi G = (V, E) va G’ = (V', E') dugc goi 1a dang céu (hay isomorphic) néu ton tai mot song
anh f:V — V' sao cho s6 cung ndi dinh u vé6i dinh v trén E bing s6 cung néi dinh f(u) véi dinh f(v)
trén E'.

Noi cach khac, ki hiéu e;; 1a canh néi dinh v; va v; trén E. Dat v] = f(v;) va v; = f(v;) 1a cac dinh thuoc
V. Khi do e}, 1a canh thuoc E’ ndi dinh v} va dinh vj. Néu gitta v; va v; khong co canh nao thi ciing khong

¢6 canh noi v; va v}
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Bai toan déng cau do thi (graph isomorphism problem) 14 mot trong nhitng bai toan kho hién nay (thang 1
nam 2025) vé viec tim 10i giai trong thoi gian da thitc. Néu cho trude hai do thi thi nhiem vu ctia bai toan
14 x4c dinh xem hai dd thi c6 ding cau hay khong. Ro rang néu s6 dinh nhé thi ching ta c6 thé thit timg
hoan vi (song 4nh) ctia tap dinh, nhung khi s6 dinh 16n thi viéc thit sai tat cd hoan vi 1a khong thé.

Pb thi con

O Definition 30 (P5 thi con)

D6 thi G’ = (V’, E’) 1a @5 thi con (hay subgraph, hay moarpad) ctia d6 thi G = (V,E) néu V' C V
va B CE.

No6i cach khac, dd thi con thu dugc tit dd thi ban dau bang viéc 1iy mot lugng nhat dinh dinh va canh.

O @b thi trén hinh 2.52, minh lay cac dinh v, v, vs va vs, va 14y cac canh esq, es5 thi minh c6 dd thi con
trén hinh 2.53. Céc ban c6 thé thiy ¢ do thi ban dau thi v; néi véi vy, nhung & dd thi con thi khong co

canh ndi gitta hai dinh nay.

Hinh 2.52: D thi ban dau

() G&

Hinh 2.53: D6 thi con

Do thi day da

Do thi vo huéng duge goi 1a day dt (hay complete, hay mommsrit) néu moi cip dinh déu ké nhau.

Do thi day di gom n dinh ki hieu 1a K,,.
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Hinh 2.54: Vi du Kg

D& thay sb canh ctia d6 thi day di n dinh 1a C2.
Do thi hai phia

Do thi vo huéng duge goi 1a hai phia (hay bipartite) néu tap dinh ciia n6 c6 thé chia thanh hai tap roi
nhau Vi va V; sao cho khéng ton tai canh néi hai dinh ctia Vi, va ciing khong ton tai canh ndi hai dinh cta
Vs.

Néu |Vi| = n1 va |[Va| = na va gitta moi cip dinh (vy,vs), trong d6 v € V4 va vy € Vo, déu c6 canh ndi thi
do thi hai phia d6 dugc goi 1a do thi hai phia day du, ki hieu 1a K, ,,.

Hinh 2.55: Vi du d6 thi hai phia day du K3 o

Theo quy tic nhan, sd canh ctia dd thi hai phia day di 1a vy - vo vi mdi dinh 6 V; déu c6 vy canh néi véi no,
va ¢6 tat ci vy dinh trong V;.

Do thi phing

Do thi duge goi 1a @6 thi phang (hay planar graph, hay mianapusrii rpad) néu ching ta co thé vé do
thi trén mit phing sao cho:

1. Mbi dinh tuong tng véi mot diém trén mat phang, khong co hai dinh ciing toa do.

2. M&i canh tuong tng v6i mot duong lién tuc ndi hai dinh va hai canh bat ki khong giao nhau.

Phép vé do thi phiing nay duge goi 14 bidu dién phing cta dd thi.

©® Theorem 10 (Pinh 1li Kuratowski)
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Mot dd thi vo hudng 1a dd thi phang khi va chi khi n6 khong chita do thi con ddng cau véi K3 3 hodc K.

©® Theorem 11 (Céng thitc Euler)

Néu mot do thi vé hudng lien thong 14 do thi phang va biéu dién phing ctia do thi d6 gom v dinh va e
canh chia mat phdng thanh f phan thi

v—e+ f=2.

Coéng thitc Euler nay ching ta ciing thiy ¢ hinh hoc khong gian dbi véi mot khéi da dien. Néu v 1a s6 dinh
(vertices), e 1a s6 canh (edges) va f 1a s6 mit (faces) thi v —e+ f = 2.

1. Hinh t@ dién ¢6 4 dinh, 6 canh vA 4 m&t nén 4 — 6 + 4 = 2.
2. Hinh lap phuong c6 8 dinh, 12 canh va 6 mat nén 8 — 12 + 6 = 2.

® Theorem 12
Néu do thi vo huéng G = (V, E) 1a do thi phiang c6 it nhat 3 dinh thi
|E| < 3|V| - 6.

Ngoai ra néu G khong c6 chu trinh do dai 3 thi

|E| < 2|V] — 4.

Tinh lién théng cia db thi

Tinh lién théng trén dd thi vé hudng

O Definition 31 (P56 thi lién théng)

Mot d6 thi vo huéng duge goi 1a lien thong (hay connected, hay cBsizamubIit) néu giita hai dinh bat
ki clia do thi ton tai duong di.

Db thi chi gdm mot dinh duy nhat ciing duge coi 1a do6 thi lien thong.

(m) () () o

Hinh 2.56: Do thi lién thong
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© Definition 32 (Thanh phan lién théng)

Cho do thi G = (V, E). Néu d6 thi con G’ = (V’, E’) clia G 1a d6 thi lién thong thi G’ dugc goi la thanh
phan lién théng (hay connected component, cBazannbIii KoMIoHeHT) clia do thi G.

) —)
()
()

Hinh 2.57: C4c thanh phan lién thong trén dd thi

Trén hinh 2.57 ¢6 ba thanh phan lién thong:
e thanh phan lién thong thi nhat gdm hai dinh vy, ve, va canh e1o
e thanh phan lién thong thit hai gdm ba dinh vs, v4, vg, VA cic canh esg, esq
e thanh phan lién thong thit ba chi gdm dinh vs.

Doi khi viec bo di mot dinh va tat cd canh lién thudc véi no sé tang sd lugng thanh phan lién théng hon so véi
dd thi ban dau. Céac dinh nhu vay goi 1a dinh cat (hay cut vertices), hodac ntit khép (hay articulation
nodes).

Tuong ty, khi bo di mot canh ma s6 lugng thanh phan lién thong tang 1én thi canh d6 goi la canh cat (hay
cut edges) hoic cau (hay bridge).

O hinh 2.58 1a mot dd thi lien thong, néu ching ta x6a canh ess (canh mau d6) thi chiing ta s& c6 hai thanh
phan lién thong:

e thanh phan lién théng thi nhit gdm hai dinh vy va vy

e thanh phan lién thong thit hai gom bdn dinh vs, vy, v5 VA vg.

\ ()

Hinh 2.58: Vi du vé cau

D& thi ¢6 thé c6 nhidu cau. O hinh 2.58, thay vi x6a canh esy, néu ta xo6a canh esq thi ciing lam ting sd
thanh phan lién thong. Do d6 canh ey ciing la cau. Tuong tu cho canh ey, ...

Tinh lién théng trén dd thi c6 hudng
Mot @b thi co6 huéng dude goi la:
e lién thong manh (hay strongly connected) néu ton tai duong di gitta hai dinh bat ki ctia do thi;

e lién thong yéu (hay weakly connected) néu phién ban v6 huéng ciia n6 1a do thi lién thong.
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Bai toan xac dinh cac thanh phan lién théng

Bai toan xéac dinh cac thanh phan lién thong ctia dd thi 1a mot bai toan quan trong trong ly thuyét do thi.
Bai to4n sé& tim tat cd thanh phan lién thong ctia dod thi vo huéng.

Dé liet ké cac thanh phan lién thong ctia do thi vo huéng G = (V, E) ta thyc hién cac budc sau:

1. B4t dau tir mot dinh bat ki, ta tim tat ca dinh dén dugc tit dinh d6. Nhu vay ching ta tim duge mot
thanh phan lién thong.

2. Loai nhitng dinh & thanh phan lién thong dau tién va xét mot trong nhing dinh con lai. Lip lai cong
viéc & bude 1, ta tim tat ca dinh dén duge ti dinh dang xét. Nhu vay ching ta tim dudc thém mot
thanh phan lién thong.

3. Thuc hién dén khi da xét hét tat ci dinh trong dd thi.
O day, dé tim tat ca dinh dén duge tit mot dinh nao d6 trong dd thi ta sit dung thuat todn DFS (Depth
First Search, Duyét Sau) hodc BFS (Breadth First Search, Duyét Rong).

Cay

O Definition 33 (Cay)

Cay (hay tree, hay mepeso) 1a do thi vo huéng, lién thong, va khong c6 chu trinh don.

Hinh 2.59: Vi du vé cay

O Definition 34 (Cay khung)

Xeét do thi G = (V, E) vaT = (V', E’) 1a @ thi con ctia G. Néu T 1a cay thi ta goi T' 1a cay khung hoiic
cay bao trum (hay spanning tree) ctia @6 thi G.

biéu kién can va dt dé mot do thi vé hudng co cay khung 1a @6 thi dé phai lién théng.

Mot dd thi cé thé co nhidu cay khung. O hinh 2.60 ta xo6a di canh es3 va eyq (hai canh mau do6) thi thu duge
mot cay khung. Tuong tyw, 6 hinh 2.61 ta x6a di hai canh mau dd 1a e;3 va ess thi cing thu duge mot cay
khung khac.
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Hinh 2.60: Cay khung thit nhét

Hinh 2.61: Cay khung thit hai

©® Theorem 13 (Daisy Chain Theorem)

Gia st T = (V, E) 1a @6 thi v6 huéng v6i n dinh. Khi d6 cac meénh dé sau tuong duong:

1.

2
3
4.
5
6

T 1a cay.

. T khoéng chita chu trinh don va c6 n — 1 canh.

. T lién thong va mdi canh ciia né déu 1a cau.

Gitta hai dinh bat ki ctia G’ déu ton tai ding mot dudng di don.

. T lién thong va ¢6 n — 1 canh.

. T khong chita chu trinh don nhung néu ta thém vao mét canh thi ta thu dude chu trinh don.

Céac ménh dé trén c6 thé xem nhu céc dinh nghia tuong duong clia cay. Trong nhiéu trusng hgp thi tinh
chat ciia ciy c6 thé thu dugc tit cac dinh nghia nay nén minh sé chitng minh chudi ménh dé nay.

(i ) Ching minh 1 = 2

Tu T 1a cay, theo dinh nghia thi 7" khong chia chu trinh don. Ta chiing minh cay 7" ¢6 n dinh thi s€ c6
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n — 1 canh bing quy nap.
V6i n =1 thi ciy chi c6 thé c¢6 0 canh (khong ndi di dau ca).
Gia thiét quy nap: v6i n > 1 thi cay T vdi n dinh c6 n — 1 canh. Dt cac dinh 1a vy, ve, ..., Vp.
Bay gio ta thém dinh v, vao cay T dé dugc cay méi T7”. Ta can chitng minh cay méi c6 n canh.
Do T lién théng nén gitta moi ciap dinh u va v ciia T déu c6 dudng di, gid sit 1a
U = Vj; = Uiy =+ — Vg, = 0.

Khi @6, néu ca hai dinh u va v déu c6 canh ndi v6i v,41 thi ta thu duge chu trinh

Un4l —> U= V5 —> Vjy =+ —> Vi, =V —> Upt1,
nhu vay sé khong tao thanh cdy. Nghia 14 tt v, 1 chi co thé néi véi mot trong cac dinh vy, ..., v, nén

s6 canh chi c6 thé tang lén 1 dé c6 duge cay méi. Khi d6, véi n + 1 dinh ta c6 n canh, theo quy nap ta
¢6 diéu phai chitng minh.

©® Chiing minh 2 = 3

Gia st T c6 k thanh phan lién thong Ty, Tb, ..., Ty. Vi T khong chita chu trinh don nén céc thanh phan
lién thong ctia T' ciing khong chita chu trinh don, tic 1a T, Tb, ..., T} déu la cay.

Goi nq, na, ..., ny lan luot 1a s6 dinh cta Ty, Ts, ..., T} thi
e N+ - -+ng=mn;

e ciy T1 c6 nq — 1 canh (t@t ching minh 1 = 2), tuong tu cay T c6 ny — 1 canh, ..., T c6 ny — 1
canh.

Cong s6 luong canh ctia k cay lai ta ¢ tong s6 canh ciia cay T, két hgp gia thiét ban dau ta co
n+ne+---+ngy—k=n—k=n-—1.

Nhu vay k = 1, nghia 1a T lién thong. Tu day, do T khong c6 chu trinh nén néu bé mot canh bat ki

thi do thi méi ciing khong cé chu trinh. D6 thi méi khong thé lién thong vi néu gid sit nguge lai (phan

chiing) @6 thi mdi lién thong thi n6 s& phai 1a cay c6 n dinh. Nhung hién tai do thi chi ¢6 n — 2 canh vi
da bd di mot canh, khong phai n — 1. Do d6 canh bd di 1a cau.

©® Chitng minh 3 = 4
Goi u va v 14 hai dinh bat ki trong T. Vi T lién thong nén sé c6 mot duong di don tit u ti v 1a
U=y —>Viy —> >V, = .
Gia st ton tai mot duong di don khac tit u t6i v 1a
U=V, =V, = =V, = 0.
Khi d6 néu ta x6a di mot canh & dudng di don dau nhung khong nim trén dudng di don thi hai thi u

van t6i duge v nhd vao duong di don thi hai. No6i cach khac u va v van lién thong nén di kien "moi
canh déu 1a cau" mau thuin.
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N6i r6 hon, khong mat tinh tdng quét, gia st dudng di don thit nhat va thit hai c6 canh chung 1a v, — vy,
nghia 1a v;, = v;, va v;; = v;,. Khi d6 néu ta x6a canh v;, — v;; thi u van t6i dugc v va s6 lugng thanh
phan lién thong khong ting.

©® Chiing minh 4 = 5
Cay T sé khong chita chu trinh don vi khi d6 sé c6 hai duong di don tit hai diém bat ki trén chu trinh do
(chting ta c6 thé tuéng tugng di ciing chidu va nguge chidu kim dong hod déu co thé di tit 1 t6i 3).

Khi d6, hai dinh bat ki v va v luén lién thong, nghia la ton tai dusng di
U =Vj; = Uiy —> = Vi, = 0.

Néu ta thém bat ki bat ki canh nao nbi gitta hai dinh trén duong di, khong mét tinh téng quat gia st 1a
v;, va v;,, khi d6 ta c6 chu trinh vi

U="Vj; —> Vjy —> "+ = Vi, =V — Vs

Nhu vay c thém vao mot canh ta sé c¢6 chu trinh.

(i ) Ching minh 5 = 6

Gifta hai dinh bat ki u va v clia T ¢6 hai trudng hop:
e 1 va t dudc ndi béi mot canh;

e u va t khong ké nhau (khong 6 canh néi). O trudng hop nay, néu ching ta vé canh néi u véi v thi
theo gid thiét sé& tao ra chu trinh. Diéu nay chi xdy ra khi va chi khi c6 mot dudng di don tit v t6i
V.
Nhu vay trong ca hai truéng hop thi luén ton tai dudng di tit w t6i v, néi cach khéac 1a hai dinh lién
thong. Diéu nay ding v6i moi dinh trong dd thi nén T lién thong.
Do ta da chitng minh duge T lién thong, va gia thiét 1a 7' khong chita chu trinh don, nén suy ra 7T 13 cay.
Nhu vay T c6 n — 1 canh.

©® Chiing minh 6 = 1

Stt dung phan ching, gia st T khong la cay. Khi d6 T khong lién thong hodac T c¢é chu trinh. Do gia
thiét T lién thong nén ta chi xét trudng hop T ¢6 chu trinh.

Néu ta bé mot canh trén chu trinh nay thi 7 van lién thong. Néu 7' van con chu trinh thi ta lai bd di
mot canh ctia chu trinh d6. Tiép tuc cho dén khi 7' khong con chu trinh nao. Liic nay T 1a ciy nhung
lai c6 it hon n — 1 canh do ching ta d& bo it nhat mot canh. Pidu nay vo 1i vi & chitng minh trén 1=
2), néu T 1a cay thi T ¢6 n — 1 canh. Nhu vay theo phan ching suy ra T 1a cay.

©® Theorem 14

S6 cay khung ctia do thi day du K, la n” 2.
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Do thi Euler va d6 thi Hamilton

Do thi Euler

Leonhard Euler 1a ngudi dau tién mé hinh hoéa bai toan rdi rac nay thanh moét hé thdng hoan chinh la Ly
thuyét do thi hien nay.

O Definition 35 (Chu trinh Euler)

Chu trinh di qua tat c4 cac canh ctia do thi, mdi canh ding mot 1an, duge goi 1a chu trinh Euler (hay
Euler circuit, Euler circle, Euler tour).

O Definition 36 (Pudng di Euler)

Duong di di qua tat ca cic canh clia dd thi, mdi canh ding mot 1an, dudc goi la dudng di Euler.

Luc nay, bai toan 7 ciy cau noi tiéng ctia thanh ph6 Konigsberg (nay la thanh phd Kaliningrad thuoc Lién
bang Nga) trd thanh bai toan x4c dinh xem c6 ton tai chu trinh Euler hay khong.

O Definition 37 (Pd thi Euler)

Do thi c¢6 chu trinh Euler duge goi 1a d6 thi Euler (hay Eulerian graph, unicursal graph).

O Definition 38 (P56 thi nita Euler)

b6 thi c6 dudng di Euler duge goi 1a d6 thi nita Euler (hay Semi-Eulerian graph, Traversable
graph).

Cac dinh li va thuat toan trén d6 thi Euler

©® Theorem 15

Mot do6 thi vo huéng lién thong G = (V, E) c6 chu trinh Euler khi va chi khi moi dinh ctia n6 déu c6 bac
chén.

O [TODO] Chitng minh

Chiéu thuan. Néu G c6 chu trinh Euler thi khi di theo chu trinh dé, méi dinh sé di vao mot lan va
di ra mot 1lan nén bac cia n6 ting lén 2. Ap dung cho mdi lan gap mot dinh thi cudi ciing bac ctia mdi
dinh phai 1a s6 chan

[TODO] Chiéu ngugc. Néu moi dinh ctia do thi déu c6 bac chiin, ta can xay dyng cach tim chu trinh
Euler.
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O Corollary 3

Mot dd thi vo hudng lién thong G = (V, E) ¢6 duong di Euler khi va chi khi n6 ¢6 ding hai dinh bac 18.

©® Chitng minh

biéu kien ctia dudng di Euler "1éng hon" chu trinh vi diém dau khong can phai tring véi diém cudi. Do
d6 néu G c6 dudng di Euler thi dinh bat dau va két thic sé co bac 18, cic dinh con lai c6 bac chin. Ngudc
lai néu d@d thi lién thong c6 dung hai dinh bac 18, khi d6 ta vé canh néi hai dinh d6 thi tat ca dinh cla
a6 thi déu c6 bac chin, nghia 13 ton tai chu trinh Euler. Loai bé canh d6 thi ta c6 dudng di Euler.

[TODO] Chu trinh Euler va dudng di Euler ctia do thi c¢6 hudéng lién thong yéu.

Po6 thi Hamilton

Khéi niem dudng di va chu trinh Hamilton duge dua ra bdi William Rowan Hamilton (1856).

O Definition 39 (Chu trinh Hamilton va d6 thi Hamilton)
D6 thi G = (V, E) dudc goi 1a @6 thi Hamilton (hay Hamilton graph) néu ton tai chu trinh don di
qua tat ca cac dinh.

Chu trinh don di qua tét ca cdc dinh goi 1a chu trinh Hamilton (hay Hamiltonian circuit, Hamilton
circle).

Ngudi ta quy udc rang do thi chi gdm mot dinh 14 do thi Hamilton nhung d6 thi gom hai dinh lién thong
khong phai 1a d6 thi Hamilton.

2.9 Topology

2.9.1 Nhap mon topology

Phan nay minh st dung tai lieu [14] (phan II, bai 3).

O Definition 40
Khoéng gian topo (hay topological space) 1a mot ciap (X, 7), trong do:
1. X 14 mot tap hgp khac rong.
2. 714 mot ho cac tap con clia X théa ba tién dé
eerTvaXer;
e hgp bat ki mot ho (hitu han ho#ic vo6 han) cac tap thudc 7 ciing 14 tap thuoc 7;
e giao clia mot sd hitu han cac tap thude 7 ciing 1a tap thuoc 7.
Céc phan tt thuoc 7 duge goi 1a tap mé (hay open set, OTKpbITOE MHOXKECTBO).

Nhu vay:

e () va X 1a cac tap md;
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e hgp cla cac tap mé cing 1a tap md;

e giao cila mot s6 hitu han tap mé cling 1a tap ma.

(i ) Example 22

Topo tho hay topo tam thuong (indiscrete/trivial) 13 tap 7 = {0, X}. Topo nay chi gébm hai phan ti 1a
tap réng va ban than tap X. D& thiy ba tién dé dugc théa man.

(5 ) Example 23
Khi 7 = P(X) 1a tap hop tét ca tap con cia tap X.
Vi dy, néu X = {x1, 22} thi
P(X) = {[2)7 {:L‘1}, {xQ}v {Ilv 31'2}}

Mot két qua thong dung 1a khi tap X c¢6 n phan tit thi P(X) c6 2" phan ti. Ltc nay 7 ciing théa ba
tién dé trong dinh nghia.

(i ) Example 24

Topo chuan (standard) trén R: tap U C R dugc goi 1a mé néu véi moi diém = € U, ton tai mot khoang
m§ (a;b) sao cho z € (a;b) CU.

Tap md (open set, orkpbiToe MHO)KecTBO) 14 dinh nghia cac phan tit trong 7.

Tap dong (closed set, samkHyTOe MHOMKecTBO) néu phan clia né trong X la tap md. Noi cach khac, néu
F C X la tap dong thi X \ F 1a tap md.

® Remark 11

Tap mé va tap dong khong phai hai khai niém loai trit nhau. Mot tap thude 7 co thé vita mé va vira
dong.

O Vi du 23 th {21} va {x2} 1a cac tap mé. Pong thai, {z1} = X \ {22} nén {1} ciing la tap dong, tuong
tu cho {z2}.
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Mat ma hoc ciing khé

3.1 DPai s6 Bool va mat ma hoc

3.1.1 Gii thiéu

GiGi thiéu

Trung tdm cua stream cipher va block cipher 14 cdc ham boolean.

0 nhitng bai viét & phan "Dai s6 boolean va mat ma hoc" nay minh s& mo ta cic dic trung khi xay dyng
cac he mat ma dang dong (stream cipher) va khéi (block cipher) tit cac ham boolean.

Nhic lai, ham boolean n bién 1a anh xa f tit {0,1}" t6i {0,1}. O phan nay minh sé sit dung ki hieu truong
F,. Nhu vay ham boolean trén n bién 14 4nh xa

f:JFg%F27 f($173327~--,$n):y-

Tiép theo, khi "ghép" cac ham boolean lai ta ¢6 ham boolean vector (hay vectorial Boolean function).
Nhu vay ham boolean vector 1a dnh xa

FFEL%FQH f('rhx?v"wxn):(y17y27"'aym)eFT'

Nhu vay chiing ta c6 thé coi mdi ham y; = fi(x1,...,7,) 1A mot ham boolean nén khi ghép canh nhau chiing
ta c6 ham boolean vector.

1 x2 o T fi(x) fa(z) oo ()
0 0 -~ 0 fi1(0,...,0)  f2(0,...,0) -+ fn(0,...,0)
11 1 f1(17...,1) fz(l,...,l) . fm(l,...,l)
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Bang ki hiéu

Ki hiéu Y nghia

Fn Tap hop tat cd ham boolean n bién
A, Tap hop tat cd ham boolean affine n bién
L, Tap hop tat cd ham boolean tuyén tinh n bién

deg f  Bac clia ham boolean f ¢ dang chuan tic dai s6 (ANF)
wt(f)  Trong sb ctia ham boolean f

N¢ Nonlinearity ctia ham boolean f

Wy(a) He s6 Walsh ctia ham f tng véi vector a

Cac tinh chat mat ma cia ham boolean
Bac dai so6 cao

Tham s6 deg f phai cao. Diéu nay dic biét quan trong trong cac stream cipher st dung LFSR.

Nonlinearity cao

Nonlinearity cuc ki quan trong trong viéc chéng pha ma tuyén tinh (linear cryptanalysis). Nonlinearity cang
cao, dau vét tuyén tinh cang thap.

Ham boolean c¢6 nonlinearity cyc dai duge goi 1a ham bent (hay bent function).
Theo phan dai s6 boolean & trude thi
o1 2-1
Npgont— 290/
2
khi n chin.
Diéu kien can va du dé ton tai ham boolean n bién 1a n chin.

Néu n 1é thi khong ton tai ham bent n bién. Tuy nhién chung ta vAn c6 thé xem xét cac ham c6 nonlinearity
Ny 16n nhat va goi ching 1a Almost Bent (AB).

Khi do
Nf < 271—1 _ 2(”—1)/2.
Bai tap
1. Chitng minh ring khoang cach tit ham boolean f vdi n bién t6i ham boolean affine

lap(@) =121 D ... Payz, b

véi a = (a1,...,a,) € Fy va b € Fy duge tinh theo cong thic:
_ 1

A(f laof)) = 2" — LWy (a),
1

d(f,la(x)) = 2" + §Wf(a)

2. Chting minh ring nonlinearity ctia ham boolean f bat ki dugc tinh bdi cong thiic

1
Np =2 = S max Wy (y)|

3. Chiing minh rang ham boolean f 1a ham bent khi va chi khi Wy (y) = +27/2 v6i moi vector y.
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Balanced

Ham boolean dugc goi la balanced (hay can bing, c6anancuposauubii) néu nhan gia tri 0 va 1 nhiéu
nhu nhau. Nhu vay néu ham boolean f trén m bién can bang khi va chi khi

wt(f) = 2" 1.
Bai tap: Xac dinh s6 lugng ham boolean can bang c6 n bién.

r-resillient
Dit r 14 s6 nguyén khong am nhé hon n. Ham boolean f vé6i n bién dugc goi 1a r-resillient (hay r-ycroitausoii)
néu véi moi ham con ma nhan duge tit viée ¢6 dinh r bién thi déu 14 ham can bing.

Ham boolean nay c6 dd an toan cao hon so v6i ham can bing, gitp chéng lai cach tAn cong correlation
cryptanalysis.

Correlation immune

Ham boolean f véi n bién dugc goi 14 correlation immune of order r (KoppensaIuOHHO-UMMYHHOMN
nopsaka r, tam dich 1 khdng tuong quan bac r) véi 1 < r < n néu véi moi ham con f' " nhan dugc tit
viec ¢6 dinh r bién thi déu théa ding thiic

W[ =

’Ll,...,ir

Bai tap
1. Chitng minh ring ham boolean f 13 r-resillient khi va chi khi né can béng va correlation immune bac
.

2. (Pinh 1i Siegenthaler I, 1984). Ching minh réing néu ham boolean f 1a correlation immune bac r
thi deg f +r < n.

3. (Pinh 1i Siegenthaler IT) Ching minh ring néu ham boolean f 1a r-resillient va r < n — 2 thi
deg f+r<n—1.

Chitng minh cho cac dinh Ii Siegenthaler c¢6 thé tim & [15].

4. Chiing minh ring ham boolean f 1a correlation immune bac r khi va chi khi Wy (y) = 0 v6i moi vector
y théa 1 < wt(y) < 7.

Nam 2007 . I'. ®on—dep—Paacc tim duge chiin trén cho correlation immune ctia ham boolean khong can
bing.

5. (Pinh li . T'. ®on—dep—Paaacc, [16]). Goi f 1a ham boolean khong can bing c6 correlation
immune bac r khac 0. Ching minh ring r < (2n/3) — 1.

6. Chiing minh ring véi ham boolean r-resillient f sao cho r» < n — 2 thi ta c6 bat déng thiic Ny <
an—1 —or+l [17].

Algebraic immune

Tinh chat nay dude gisi thigu vao ndm 2004.

Algebraic immune (tam dich 1& khdng dai s6) ctia ham boolean f 1a s6 d nhé nhat sao cho ton tai ham
boolean g bac d, khong dong nhat vé6i 0, thoa man fg = 0 hosc (f ® 1)g = 0.

Algebraic immune ctia ham f duge ki higu 1a Al(f).
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Vi du algebraic immune ham f(x) = z12973 @ x1 bing 1, vi ta ¢6 thé chon g(z) = z; ® 1. Khi do
fg= (12003 ® 1) (21 B 1) = 1.
Bai tap
1. Chiing minh rang algebraic immune ctia ham boolean f bat ki véi n bién khong vugt qua gia tri [n/2].
2. Chitng minh mot s6 tinh chit co ban ctia algebraic immune:
o Al(f) < deg f;
o Al(f - g) < AI(f) + Al(g);

o Al(f @ g) <AI(f) + Al(g);

e Al(f) = Al(g) néu g nhan dugc tit f qua mot bién doi affine trén cac bién, nghia la g(x) = f(AzDb)
v6i A la ma tran khé nghich bac n va b 1a vector.

3. Xac dinh gia tri ctia Al(f) v6i cac ham boolean sau va tim ham ¢ tuong tng:

o f(x) = 212004 B X122 15

o f(x)=0;

o f(x)=1;

o fl)=a1 - véik=1,2,...,m

o fl&)=21D... Dy

o f(x)=2120® ... ® w17, (tdng tat ca cap tich);
o f(x) =x1200374 D T5T6.

4. Cho vi du ham boolean f vdi gié tri algebraic immune nhé nhat, nghia 1a Al(f) = d véid =1,2,... k.

Differentially j-uniform
Differential §-uniform

Khai niém nay lan dau duge dinh nghia trong [18].
Ham boolean vector F' : F3 — F% goi la differentially J- uniform néu véi moi vector a khac khong va
vector b bat ki thi phuong trinh

Flx)eo F(x®a)=">b

c6 khong qua ¢ nghiem véi § 1a sé nguyén duong.

D@ y ring néu phuong trinh c6 nghiém 1a 2 thi ciing c6 nghiém x @ a. S6 § cang nho thi phép bién ddi ciia
thuat toan ma hoa cang it c6 dau higu vi sai, ting kha ning khang pha ma vi sai.

Mot cach téng quét ta co6 dinh nghia sau.

O Definition (Differential §-uniform)

Ham boolean vector tit F}) t6i F)" dude goi 1a differential J- uniform néu véi moi a € I} khac khong
va v6i moi F7* thi phuong trinh

Fx+a)—F(x)=5

c6 khong qua § nghiém.
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Trong mat ma hoc thudng dung p = 2. Thong thuong cac ham boolean tap trung vao viéc xdy dung cac
S-box nén n thuong 1a 4 hodc 8.

Perfect Nonlinear va Almost Perfect Nonlinear

O Definition (Ham Perfect Nonlinear)

Ham boolean vector F' tit ) t6i F* dugc goi 1a ham Perfect Nonlinear (PN) néu phuong trinh
Fx+a)—F(x)=0b

c6 dang p"~™ nghiém v6i moi vector a € I khac khong va b € )"

S6 lugng ham PN rat it. Ddi v6i cac gia tri n va p thudng dude st dung trong mat méa tham chi khéng toén
tai ham PN. Do d6 chung ta sé& néi long diéu kieén thanh ham Almost Perfect Nonlinear (APN).

©® Definition (Ham Almost Perfect Nonlinear)

Ham boolean vector F' tu F)) t6i F* dugc goi la ham Almost Perfect Nonlinear (APN) néu phuong
trinh

Fx+a)—F(x)=0b

¢6 khong qua hai nghiém v6i moi a € F) khéc khong va véi moi b € F}'.

Bai toan kho hién nay 1a xay dung ham APN 1a song anh vdi s6 bién n chin. Dac biét 1a n c6 dang liiy thita
cla 2.

Nhu vay, theo dinh nghia cé thé thiy diéu tuong duong sau
e APN la differential 2-uniform.

e PN 14 differential 1-uniform khi n = m.

Hoan vi APN

T trude t6i nay c6 ba phuong phap xay dung hoan vi APN trén F5. Tuy nhién ca ba phuong phép chi hoat
dong trén n 16. Cau hoi vé viec xay dung hoan vi APN t6i gid vAn 14 vAn dé md v6i n chin, dac biét 1a n
c6 dang 1y thua ctia 2 nhu da néi & trén.

Bai tap

Ching minh ham S : F§ — F§ ctia S-box trong thuat toan AES la differentially 4-uniform.

Bai tap nay cho thay ring S-box t6t thi § sé nhd nhat c6 thé nhim khang pha ma vi sai.

3.1.2 Dai s6 Boolean
Boolean (hay luan ly) chi gia tri ding hodc sai cia ménh dé nao do.

Theo cach hiéu co ban, boolean gom hai gia tri 0 hosic 1 (sai hodc ding). Chuong nay tham khao chinh tit
[19], [20] va [21].

Mot s6 ki hieu hay ding:
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1. Dé chi tap hop tat cd ham boolean n bién ta ding F,.

2. Dé chi tap hop tat cid ham boolean affine n bién ta ding A,,.

3. Dé chi tap hop tat cd ham boolean tuyén tinh n bién ta ding £,.
Ham boolean f dbi v6i cac bién x1, xa, ..., T, 1a ham s6 nhan gia tri trong FY va tra vé gia tri thuoc Fa.
Noi cach khac f 1a anh xa tit Fy t6i Fo.
Ta ki hieu ham boolean n bién 1a f(z1,z2,...,2y,).

Do z; € Fy nén ta c6 2™ vector (bd s6) (z1, 2, ..., oy,). Gia tri cia ham f lai ndm trong tap {0, 1} nén tng
v6i mbi vector c6 thé co 2 gia tri ctia ham boolean, va ta c6 2" vector nén sé lugng ham boolean c6 thé co
la 22",

Mot s6 toan tit boolean hay dung: déi, AND, OR, XOR, NAND, NOR, kéo theo, tuong duong.

DPé biéu dién ham boolean ching ta dung bang chan tri. Bang chan tri tuong tng véi cac toan ti boolean
trén la:

AND OR XOR NAND NOR
X1 T I1 X2 1V Ty 1 D T ’121|IL’2 T \L"EQ
0O 0 O 0 0 1 1
0 1 0 1 1 1 0
1 0 0 1 1 1 0
1 1 1 1 0 0 0

Toan tt doi lam ddi gid tri ctia ham bool (0 thanh 1 va 1 thanh 0), ki higu Z.

Bang 3.1: Toan ti doi

X

o g

Béang 3.2: Toan tit kéo theo va tuong duong

T To 1 — To T, ~ Ty

1 1

-0 O
= o = O

1 0
0 0
1 1

Toan ti& tuong ducng con chi sy tuong duong ciia hai ménh dé logic.

Khi hai biéu thtic logic c6 ciing bang chan tri thi hai ménh dé d6 tuong duong nhau. Do d6 ta c6 thé viét
mot s6 két qui nhu sau (t cac bang chan tri co ban trén):

o 11|ry ~ Ty T3. O day ta ddi dau tling gia tri ham boolean x1 - x9;

o 11 | 2y ~ T V. Tuong tu ta déi dau timg gia tri ham boolean z; V 5.
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Ham boolean

Algebraic Normal Form

Dit f(x) 1a ham boolean n bién. Véi s6 m < n thi

fl@,.. zn) = @ (z1®a1 ®1) x---x

Q1,...,0m €F2

X (T @ am 1) - f(a1,- -y Gy Tint1s- -5 Tny)
©® Chitng minh
Chon bo (b1, . ..,bn,) bat ki thuoc F5*.
Thay x; bdi b; v6ii=1,...,m thi
fb1, .o by Tt Tn) = @ ®ar @) (b @am®l)- flar, . GmyTmt1s---,Tn)-

ay,...,am E€Fs

O vé phai, tich [] (b; ® a; ®1) =1 khi va chi khi b; ®a; ®1=1v6imoii=1,...,m.

i=1
No6i cach khac 1a khi b; = a; thi ta con f & vé phai, con cic trudng hgp kia thi bang 0. Do d6 ta co didu
phai chitng minh.

Khi @6, f(a1,...,Gm, Tmi1s---;Tm) duge goi 1a hé sb khai trién ciia ham f theo cac bién z, ..., z,,.

© Example 2.8
Xét f(x1,22) = x122 ® 1. V6i m = 1, ta cod

CL1:O:>(I1@O€B1)f((),l‘g):(l‘l@l)1:$1@1,
0,121:>(.T1691@1)'f(1,$2):1‘1@($2EB1).

Nhu vay

flzr,22) = (21 @ 1) ® (21 - (22D 1)).

Néu khai trién vé phai ra ching ta thiy bing véi ham f ban dau.

Tuong ting véi m bién ta c6 2™ hé sb khai trién.

bit f1, ..., fom 1a cac hé s6 khai trién ham f theo m bién bat ki. Khi do

wt(f) = Zwt(m (3.1)

O Definition 2.21 (Algebraic Normal Form)

Vé6i ham boolean n bién f(z1,zs,...,,), algrebaric normal form (hay ANF, dang chuan tic dai
s6, anrebpamyeckasi HopMaabHas ¢popma) tuong iing véi ham bool d6 1a cach biéu dién da thic do
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duéi dang téng cac tich nhu sau
flz1,29,...,2n) = ap D a121 @ asrs B azz122 B ... B apT1Ta. .. Ty

véi a; € {0,1}.

Ta thiy rang c6 n bién, do d6 c6 2™ hé s6 a; v6i mdii = 0,1,...,2" — 1.
Trong cac tai lieu tiéng Nga thi ANF con duge goi 1a da thic Zhegalkin (hay mosmmaom 2Kerasnkuna)

O Definition 2.22 (Bac ctia da thitc Zhegalkin)

Tuong ty nhu bac ciia mot da thiic dai sé thong thudng, bac clia da thic Zhegalkin 13 bac ctia don thitc
chita nhiéu bién x; nhat. Ki higu 1a deg(f).

©® Example 2.9

Xét ham boolean f(x,y,2) =1 ® z ® yz ® xyz. Khi d6 deg(f) = 3 vi don thifc chia nhiéu bién nhat 1a
zyz ¢6 3 don thiec.

Xét ham boolean f(z,y,2) = 1® 2 ® 2y @ zy. Khi d6 deg(f) = 2 vi don thitc chita nhiéu bién nhat 1a zy
(cting c6 thé xét xy).

O Definition 2.23 (Trong s6 ciia ham boolean)

Trong s6 (hay weight, Bec) clia ham boolean n bién f(z1,zo,...,2,) 1a s6 lugng gia tri khac 0 clia
ham f.

K1 hieu 1a wt(f).

©® Example 2.10

Ham boolean f(z,y) = (0,1,0,1) c6 trong s6 wt(f) = 2.
Ham boolean f(x,y,2) = (1,0,1,1,1,0,0,1) c6 trong s6 wt(f) = 5.

© Property 2.2 (M6t s6 tinh chit ctia trong sb)
Goi f 1a ham boolean n bién. Khi do:
1.0 < wt(f) < 2.
2. wt(f @ 1) = 2" — wt(f).
3. Néu h ciing la mo6t ham boolean n bién thi
wt(f @ h) = wt(f) + wt(h) — 2wt(fh).
4. wt(f) nhan gia tri 1é khi va chi khi deg(f) = n.
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O Definition 2.24 (Ham boolean can bing)

Néu ham boolean n bién f c6 trong s6 bing 27! thi f dugc goi 14 ham boolean can bang (hay balanced,
cbaslaHCUpOBaHHAs ).

® Remark 2.5

Ta n6i ham boolean g gid phu thudc vao bién y néu g(z1,...,%n,y) = f(x1,...2,). Khi do wt(g) =

2wt(f).

©® Chitng minh
Do

g(xla"waHO):g(xla"'axvu]-):f(x17"',mn)

nén ta c6 dicéu phai chitng minh.

©® Remark 2.6

Dat f(z1,...,2n) va g(y1, ..., Ym) 12 cac ham boolean phu thuoc vao tap cic bién khong giao nhau. Khi
do:

1. Néu f va g la cac ham s khéac hing 1 thi f - g khong 14 ham can bang.

2. f hodc g can bing khi va chi khi f @ ¢ can bing.

©® Chitng minh

bat € = (z1,...,2n) VA Yy = (Y1, -, Ym)-
1. Bat wt(f) = r < 2" va wt(g) = s < 2™. Vi f(x) - g(y) = 1 khi va chi khi f(x) = g(y) = 1 nén
wt(f-g)=r-s.
Do d6 néu f - g can bang thi 2"T™ ! = wt(f - g) =7 - s.
Nhuvay r=2Fvas=2'véik<n—1val<m-—1.

Suy ra r-s < 2"™=2, Pidu nay vo Iy vir - s = 27T~ > 2n+tm=2 Nhy vay gia st ban dau r < 2" 1a
sai, tuong tu véi s va ta co diéu phai ching minh.
2. Chu y ring f(x) @ g(y) = 1 khi va chi khi f(x) # g(y), suy ra

wi(f @ g) = wt(f) - wt(g) + wt(f) - wt(g).

Diéu kién di. Gia st ham f can bang, suy ra

Nhu vay

wt(f @ g) =2""1-wt(g) +2" - wt(g) = 2" - 2™
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Vay f @ g 1a ham can bing.
Diéu kién can. Gid st wt(f) = r # 2"~ va wt(g) = s. Nhu vay

Wt(f D g) = T(Qm — S) + 5(2” _ 1") _ gntm-—1

do f @ ¢ 1a ham can bing. Tiép theo

_ _ 2’m—1
s on — 2
Vay g 1a ham can béng.
bat
f(-rla--wxn): @ g(al,...,a,”)-l“lj’l...xf’lbn' (32)
Ql,...y an €F2

Ham ¢ khi d6 dugc goi 1a hé s ANF ciia ham f.
Anh xa u(f) = g duge goi 1a bién ddi Mobius (hay npeo6pasosanue Mé6uyca).

©® Example 2.11

Cho ham bool f(z,y) =z Vy. Ta co6 bang chan tri sau.

fx,y)

== O o8
O = Ol
=== O

Bang chan tri nay tuong duong vdi da thic Zhegalkin

flz,y) =r Dy Dy.

ANF & vi du trén co6 thé duge viét lai
flr,y)=0-2%"@1- 2% ' @1 -2y @1 2ty

Nhu vay bién d6i Mobius ciia ham f 1a

oy flz,y) g=npf)
0 0 0 0
0 1 1 1
1 0 1 1
1 1 1 1

Ta ki higu @ = z{* --- 2% v6i

o = (x1,...,%p);
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e a=(ay,...,anp).

Do z* = 1 khi va chi khi a; < x;, ta c6 * = 1 khi va chi khi @ 5 @ theo nghia a; < z; v6i math:i = I,

ldots, n.
Ta co thé viét lai (3.2) 1a

©® Remark 2.7 (Bién ddi Mobius)

bat f € F, va g = p(f). Khi d6 véi moi a € F} ta co

g(a) = P f(=).

rxa

© Ching minh

Ta chiing minh bing quy nap theo trong s6 ctia a.

O budc co s6 khi trong s6 biing khong, g(0) = f(0) v6i 0 1a vector chita n s6 0.
Gia thiét quy nap: gia s ménh dé dtng v6i moi vector a cé trong s6 nhé hon p.

Khi a c6 trong s6 bang p, ta co

fla) = @ g(x) = (@ g(m)) @ g(a) (tach thanh phan nho hon va binga)

ra xr<a

= @ @ f(y) | ®g(a) (st dung gia thiét quy nap thay g(x)).

r<a yxx

S=DDIW=-Drw) B 1=Diw).

r<a yxx y<a yr<a y<a

Déng thitc thit hai ding la do y nhan tat ci vector tit 0 t6i £ ma & < a nén thiyc chat co thé thay x

thanh y.

Déng thitc cudi dang la do 2¥H@)—v4¥) _ 1 13 56 1é nao do ma y < = < a, suy ra g(a) = S @ f(a) =

D f(y).

ysa

©® Corollary 2.1
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( 0\
©® Remark 2.8
9(1) = P f(=)
xzeFy
v6i 1 1a vector ¢6 n s 1.
©® Remark 2.9
Néu f € F, vadeg f =d > 1 thi
2= L wt(f) 2" —2n
©® Chitng minh
Dat x;, - x;, 1a don thitc c6 bac cao nhat § ANF. Khai trién f thanh n — d bién va dat fi, ..., fon-a 12
cac heé sb khai trién.
O ANF, méi hé s6 déu ¢6 @, , ..., ¥;, nén moi h¢ s6 déu khac hiing, suy ra
1<wt(fi) <2¢9—1
véii=1,...,2"¢ Ta co6 diéu phai ching minh.
No6i riéng, néu deg f = 1 thi f la ham can bang.
Phu thudc tuyén tinh
(" N\
O Definition 2.25
Ham f(x1,...,2,) dugc goi 1a linear dependent (hay siuneiino 3aBucuTh) vao bién z; néu f co thé

biéu dién & dang
f(xl,.. . ,]}n) = g(l‘l, . ,xi_l,l‘i+1,. . ,l‘n) @in

v6i g € Fr_1.

Theo trudng hop riéng & trén thi néu f linear dependent vao mat bién bat ki thi f 1a ham can bing.

Ta c6 thé dién dat dinh nghia trén theo cach khac:

f(xlw-~7xi71a0axi+1a"'axn) 7é f(xla"'a$i71317xi+l7---axn)-

©® Definition 2.26

286 Chapter 3. Mat ma hoc ciing khé



Math Book

Ham f(z1,...,z,) dugc goi la quasi-linear dependent (hay kBasusmmHeliHo 3aBUCHTD) trén cip bién
x; va z; néu f doi gia tri khi ta ddo gid tri & vi tri i va j.

Noéi cach khac, ta co

f(xh...,l‘,‘,...,I‘j,...,In) :f($1,...,.fi,...,.fj,...,an)
véi x;,x; € Fa.
O Remark 2.10
Ham f(z1,...,%n,y,2) 1a ham quasi-linear dependent trén bién y va z khi va chi khi f c6 dang

f(xla“"xnayvz) :g(wla"'axnvy@’z)@y'

©® Chitng minh

DPiéu kién can. bt = F}. Khi d6

f(ma(),O):g(an)a f(m,l,l):g(m,O)GBl:f(a:,(),O)

f(2,0,1) = g(x,1), f(z,1,0)=g(z,1)®1= f(z,1,0).
Nhu vay f 1a quasi-linear dependent.

DPiéu kién di. Khai trién f theo y va z, sau d6 thay $:math: (bm{z}, 0, 0) béi f(x,0,0) @ 1, tuong tu
f(2,0,1) thanh f(x,0,1) @ 1. No6i cach khac la

f®y,2)=(@y®1)-(201) - f(,0,0)
®ydl) z- f(x,0,1)
Dy-(zd1)- f(x,1,0)
Ta gom hai nhom:
(yol)-(201)- f(x,0,0)®y -2 f(x,1,1)
:(:‘/Z@y@z@l)'f(m7070)@yz'(f(w7070)®1)
va

=(y®1l) -z f(x,0,))By-(zd1) (f(x,0,1)D1)
(yo®2)- f(x,0,1) Dyzdy.

Tém lai, phuong trinh khai trién & (3.3) sé tuong duong véi

fle,y,2)=(y®z®1): f(x,0,0) D (y® 2) - f(x,0,1) Dy.

9(x,y®z)
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® Remark 2.11

Néu ham boolean quasi-linear dependent trén hai bién bat ki thi ham boolean d6 can bang.

P
©® Chitng minh

Dit ¢ € F2. Do f(x,y,2) € Fnoiz va f quasi-linear dependent trén hai bién y va z nén theo Chi ¢ 2.10
thi f c6 dang

fl@,y,2) =g(z,y®2) Y.

Do téng (XOR) ctia f c6 phan tuyén tinh nén f can bing.
Chuing ta ciing c6 thé chitng minh theo cich khac bing khai trién f theo y va z

f@,y,2)=y -z - (g(z,0)01) Dy - (201)(9(z,1) ®1)
Oyol)-z-gxz,1)®@Yel) (281)-9g(z,0).

Theo déng thiic (3.1) thi

wt(f) = wt(g(,0)) + wt(g(@, 1)) + wt(g(, 1)) + wt(g(,0)) = 2"*".

p
©® Example 2.12 (ham quasi-linear dependent)
Ham boolean
fl@,y,2) =y®zz® Ty

quasi-linear dependent trén hai bién y va 2.
(. J

Cach tim da thdc Zhegalkin tor bang chan tri
Ta c6 nhiéu phuong phap dé tim da thitc Zhegalkin ctia mot ham boolean tit bang chan tri.
Phuong phap tam giac

O hang dau ta viét cac phan ti bang chan tri tit trai sang phai. V6i n bién sé 6 2" 6.

Hang tht hai ¢c6 2® — 1 6. Phan tit dudi sé bing XOR ciia 2 phan tit ngay trén né (tao thanh tam giéc).
Tiép tuc nhu vay téi khi ta c6 hang cudi chi co 1 6.

el Ll =2 E=R S}
= Rl il K=
el Ll =R

Hinh 3.1: Phuong phap tam giéac
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Khi do, tuong ting v6i cac bién, néu bién d6 1a 1 thi don thic sé chifa bién do, 0 thi khong ghi. O vi du
trén, néu (z,y) = (0,0) thi khong c¢6 gi (phan ti 1), (z,y) = (0,1) tuong ting véi don thitc y trong da thic
Zhegalkin, (x,y) = (1,0) tuong ting don thitc z. Cubi cung (z,y) = (1,1) tuong tng don thic zy.

Heé s6 trude mdi don thitc 14 phan ti dau tién bén trai theo bang kim tu thap. Nhu vay da thic Zhegalkin
la:

flz,y)=0-181-ypl-2pl-zy=dy D xy.

Pa thitc Zhegalkin déng vai trd quan trong trong nhiéu linh vige, bao gom cd toan hoc, vat 1y, khoa hoc
may tinh, vi AND va XOR la hai toan tit dai s6 co ban, do do6 biéu dién da thitc Zhegalkin dudc goi la dang
chuan tic dai s6 nhu & trén dé cap.

Mot vi du khac ctia da thitc Zhegalkin véi ham 3 bién z, y va z nhu hinh sau:

el el Ll el =R E=] E=] K= IR =}
e L=l k=R = =N E el Rewll BN
=l K= Rl K= R Kool Bl el BR N
el L =l =l il = S

Nhu vay tng v6i ham boolean f thi da thic Zhegalkin la:

flx,y,2) =2®yz®x®xz®ayz.

Phuaong phap Mdabius

Phuong phép nay cho phép chiing ta tinh hé s6 da thic Zhegalkin nhu phuong phap tam gidc nhung nhanh
hon va dé sai so6t hon.

Dau tién ching ta chia doi bang chan tri thanh hai nita trai phai. Ntta trai gitta nguyén, mdi phan tit & nia
phai duge XOR (cong modulo 2) véi phan tif tuong tng & nita trai.

Vi du v6i ham f(z,y) = (0,1,1,1) nhu trén.

Budc 1, ta git nguyén hai phan tit dau 0 va 1. Phan ti thi ba (mdi) bing phan ti thi ba (cii) XOR v6i
phéan tt dau, nghia 1a 0@ 1 = 1. Phan ti th tu (m6i) bang phan ti thi tu (cii) XOR véi phan tit thit hai,
nghiala 141 =0.

Tiép theo, chiing ta xit I nhu trén cho hai phan tit bén nita trai (hai phan tit bén nita phai x1t 1y tuong tu).

IENER

Hinh 3.2: Buéce 1
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Hinh 3.3: Budc 2

Nhu vay ta c6 két qua la (0,1, 1, 1), tuong ting v6i cdc don thite 1, y, z, zy (nhu trén). Vay da thitc Zhegalkin
la f(z,y) =z ®y D zy.

Ham affine va ham tuyén tinh

Ham affine va ham tuyén tinh

O Definition (Ham boolean affine)
Xét ham boolean n bién f(z1,zs,...,2,). Khi d6 f dugc goi 1a ham boolean affine néu n6 c6 dang
f(x1,22,...,2n) = a0 ® 0171 D 4222 D ... © AnTh.

Khi ag = 0 thi ta goi la ham boolean tuyén tinh (linear).
A J

Ta thay ring chi c6 cac hang tit dang a;z; xuat hién trong biéu dién da thic Zhegalkin tuong tng ctia ham
boolean d6, hay noéi cach khac ham boolean 14 affine khi deg(f) = 1.

©® Example

Ham boolean f(z,y) = x @ y 13 ham boolean affine va cling tuyén tinh.

Ham boolean f(z,y) = = @ xy khong 1a ham boolean affine.

S6 lugng ham affine va ham tuyén tinh

O phan trén ta da tinh dugc

| Fnl = 22",
S6 lugng ham boolean affine 1a s6 cach chon céc hé sb ag, a1, ..., a,. Nhu vay can chon n + 1 sb trong [Fy
nén

|A,| = 2"t

Déi véi ham boolean tuyén tinh thi chon tit a; t6i a,, nén can chon n s6, suy ra

L] = 27,

Ham don diéu
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O Definition 2.28 (Vector so sanh dugc)

Xét hai vector @ = (a1, ag,...,a,) va b= (by,ba,...,b,) v6i a;,b; € F.

Ta néi a so sAnh dugc nhé hon b néu v6i moi i = 1,2,...,n ta c6 a; < b;. Ki hieu a < b.

(i ) Example 2.14

Ta c6 (1,0,0) < (1,0,1), con (1,0,0) va (0,1,0) thi khong so sanh duge (vi tri thi nhat va thi hai).

O Definition 2.29 (Ham boolean don diéu)

Ham boolean n bién f(z1,xs,...,2,) dudc goi 14 ham don diéu (hay monotone) néu véi moi vector
(a1,a2,...,a,) < (b1,ba,...,by,) thi ta co

flar,a9,...,a,) < f(b1,ba,...,0,).

(i ) Example 2.15

Xét ham boolean f(z,y) = (0,1,0,1).
Ta thiy ring:

(0,0) < (0,1) va f(0,0) =0< 1= f(0,1);
e (0,0) = (1,0) va £(0,0) =0< 0= f(1,0);
o (0,0) < (1,1) va £(0,0) =0 < 1= f(1,1);
e (0,1) va (1,0) khong so sanh duge nén bd qua
o (0,1) < (1,1) va f(0,1) =1 < 1= f(1,1)
o (1,0) < (1,1) va £(1,0) =0 < 1 = f(1,1).

Vay day 1a ham don diéu.

Disjunctive va Conjunctive Normal Form

Khi xt 1y cAc mach logic c6 ba toan tit chiing ta diic biet quan tam la AND, OR, NOT. Diéu nay khac véi
dai s6 boolean & phan truée chi quan tam phép XOR va AND - phép cong va nhan trong IFs.

O phan nay ki hieu:
e NOT cua bién a la —a;

e AND ciia hai bién a va b 1a a A b. Ching ta ciing c6 thé ki hieu 1a a - b hodc ab nhu dai s6 boolean &
phan trudc.

e OR ciia hai bién a va b 1a a vV b. Ching ta KHONG dung ki hieu a + b ¢ day vi phép cong da dudce
dung & phan ANF.

Phép AND va OR c6 tinh giao hoan, két hop.
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Mot sb luat logic

Sau day 1a mot s6 "hing dang thiic dang nhs" trong logic:
1. Luat bu:
e aVa=1;
e aA—-a=0.
2. Luat hap thu:
o zV(rAy) =u;
e A (xVy) ==z
3. Luat dong nhat:
e xV0=uz;
e xNl=u=x.
4. Luat giao hoan:
e xVy=yVu;
e xANy=yANx.
5. Luat két hgp:
e xV(yVz)=(xVyVz;
e s A(yAz)=(zAy) Az
6. Luat phan phdi:
e zV(yAz)=(zVy A(zVz);
e zA(yVz)=(zxAy)V(zAz).
7. Luat De Morgan:
o ~(xAy)=aV-y;

Téng cda tich

Néu biéu thitc boolean dugc biéu dién & dang tong clia céc tich thi ta goi la disjunctive normal form (hay
DNF).

©® Example 2.16

(aN=bA=c)V (aNb)V(bA —c).

O day, mdi tich sé bao gdm céc literal (hay don t&). Vi du véi tich (a A —b A =c) thi céc literal s& 1a a, —b
va —c.

MBai tich sé dugce goi 1a term (hay hang ti&). Trong vi du trén c6 ba term 14 (a A=bA—c), (aAb) va (bA—c).

Biéu thitc boolean véi n bién w1, ..., z,, § dang full disjunctive normal form (hay full DNF) mdi term
ciia no6 ¢6 du n literal.

2092 Chapter 3. Mat ma hoc ciing kho



Math Book

O vi du trén thi cac term a A b va b A —c¢ chi ¢6 hai literal nén khong phai 1a full DNF.

O Example 2.17 (Vi du vé full DNF)

(anb)V (aA-b)V(—aAbd).

Dbé chuyén mot ham boolean vé dang full DNF chiing ta c6 thé ding bang chan tri.
Dit f(x1,...,7,) 1a ham boolean can dua vé dang full DNF.
1. Néu f = 0 thi ta khong xét.
2. Néu f =1,véii=1,...,n ta xay dyng term nhu sau:
e néu x; = 0 thi literal 1a —z;;

e néu z; = 1 thi literal 1a z;.

(5 ) Example 2.18
St dung vi du 6 trén
fla,b,¢) =(aN=bA=c)V (aAb)V(bA—c).

Bang chéan tri ctia f sé c¢6 dang

el i i e R e M e R an B Y =
PR OO, RPFRLROO|CS
_— OO OMFKEO|O
—_—_O R OO O |

O day f nhan gi4 tri 1 khi (a,b,c) 1a cac bo (0,1,0), (1,0,0), (1,1,0) va (1,1,1).
e d6i véi (0,1,0) thi term tuong ting 1a —a A b A —c;
e ddi vai (1,0,0) thi term tuong ng 1a a A —b A —c;
e ddi vdi (1,1,0) thi term tuong ting 1a a A b A —¢;
e ddi vdi (1,1,1) thi term tuong iing la a A b A c.

Nhu vay ham f c6 thé viét lai 1a

fla,b,c) = (maANbA=C)V (aA-bDA=C)V (aAbA—C)V (aAbAC).
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Tich cha cac tong

Néu bidu thitc boolean duge biéu dién 6 dang tich ctia céc téng thi ta goi 1a conjunctive normal form
(hay CNF).

©® Example 2.19

(aV=bV=c)A(aVb)A bV -c).

Tuong ty, mdi tong sé bao gdom céc literal (hay don ti&). Vi du vé6i tong (a V —b V —c¢) thi cac literal sé 1a
a, -b va —c.

MObi tich s& duge goi 1a term (hay hang t&). Trong vi du trén c6 ba term 1a (aV—-bV —¢), (aVb) va (bV —c).

Biéu thiic boolean véi n bién z1, ..., 2, é dang full conjunctive normal form (hay full CNF) mdi term
ctia n6 c¢6 du n literal.

O vi du trén thi cac term a V b va bV —c chi ¢6 hai literal nén khong phai 1a full CNF.

Tuong ty, dé chuyén mot ham boolean vé dang full CNF chung ta c6 thé dimg bang chan tri nhung lam
ngudgc lai so véi DNF.

bat f(x1,...,7y,) 1a ham boolean can dua vé dang full CNF.
1. Néu f =1 thi ta khong xét.
2. Néu f =0,véii=1,...,n ta xay dyng term nhu sau:
e néu x; = 0 thi literal 1a x;;

e néu z; = 1 thi literal la —x;.

©® Example 2.20
St dung vi du & trén
fla,b,¢) = (aV=bV=c)A(aVb)A(bV —c).

Béang chéan tri ctia f sé c6 dang

R R R PR, OOOO|S
R PO, OO
R OoORrRrROFR,RORFR,O|O
—_—_ O RO = OO |-

0 day f nhan gia tri 0 khi (a, b, ¢) 1a cac bo (0,0,0), (0,0,1), (0,1,1), va (1,0, 1).
e ddi vdi (0,0,0) thi term tuong tng la a VbV ¢;
e ddi vdi (0,0,1) thi term tuong ting 1a a V bV —¢;
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e d6i véi (0,1,1) thi term tuong ting 1a a V —bV —c;
e d6i véi (1,0,1) thi term tuong tng la —a V bV —ec.

Nhu vay ham f c6 thé viét lai 1a

fla,b,c) =(aVbVe)A(aVbV—c)A(aV bV —c)A(—aVbV-e).

Chiing ta c6 thé sit dung doan code sau ciia SageMath dé tim full CNF (cic ban c6 thé xem & day):

import sage.logic.propcalc as propcalc

s = propcalc.formula("(a | ~b | ~c) & (a | b) & (b | ~c)™)
s.convert_cnf ()

print(s)

Phuong phap bia Karnaugh tim biéu thirc téi tiéu

Chung ta da thay ring tit mot biéu thitc DNF hodac CNF thi tim duge biéu thiic full DNF hosc full CNF.

Tuy nhién trong thuc té ching ta quan tam dén biéu thic it term, va mdi term c6 it literal nhét c6 thé. Do
d6 chiung ta cin mot phuong &n rat gon biéu thic boolean.

Dé&i véi ham ba hogc boén bién ching ta co thé sit dung bia Karnaugh (hay Karnaugh map, kapra
Kapso).

O phan sau minh sé trinh bay cach tim tat ca biéu thic t6i tiéu déi véi DNF. Déi véi CNF lam nguge lai.
Trudng hop ba bién

Gia st ta co biéu thiic boolean f(x1, s, 3).

Ta viét bang gom 2 hang (ting véi 2 gia tri ctia z; thuoc {0,1}) va 4 cot (ing véi 4 gid tri zows thuoc
(00,01, 10, 11}).

@ Quan trong

Hai 6 ké nhau khéc nhau dang MOT bit.

23

00 01 11 10

x1

Hinh 3.4: Bia Karnaugh

O Hinh 3.4, zoz5 dude viét theo thi tu 00, 01, 11 rdi méi t6i 10. Diéu nay dam bao véi luu ¥ & trén 1 hai
6 ké nhau khac nhau ding mot bit.
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Tiép theo, ta dién gid tri cia ham f vao bang. O day, 6 & hang 21 va & cOt xoxs 86 14 gid tri f(z1, 2o, 23).

T2X3

00 01 11 10

Hinh 3.5: Dién gia tri vao bia Karnaugh

Lay vi du DNF & trén véi bang chan tri tuong tng:

f($1,$(}2,$6'3) = (1'1 VANl WA ﬁl‘g,) V (.%'1 N ,TQ) V (1‘2 A\ ﬁ$3).

ry x w3 f
0 0 0 0
0 0 1 0
0 1 0 1
0 1 1 0
1 0 0 1
1 0 1 0
1 1 0 1
1 1 1 1
Khi d6 bia Karnaugh sé 1a
23

00 01 11 10

0 (r [[1]] 1
1
1 L

Tiép theo chiing ta xac dinh céc té bao, 1a cac term véi s6 lugng literal nhé nhat ¢ thé.

Déi v6i dang DNF, chiing ta quan tiAm cac & c6 gia tri 1. Ta gom céc 6 c¢6 gia tri 1 ké nhau tao thanh hinh
chit nhat c6 2 6 v6ii=0,1,...

O hinh trén 6 ba té bao theo thit tu 13 1, 2o va x5 (Hinh 3.6):
e 001 va 011;
e 011 v& 010;
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e 011 va 111.
o233

00 01 11 10

0 (r [[1]] 1
T1
1 =

Hinh 3.6: Céc té bao ciia biéu thiic f

MB&i té bao sé tuong tng véi term & cac vi tri gidng nhau. Noéi cach khéc:

e t& bao mau do 001 va 011 gidng nhau & bit dau va bit thit ba, tuong @ng x; va x3 nén term la ~z; Axs.
Ta dat T1 =z A I3,

e t& bao mau xanh 14 011 va 010 giéng nhau & bit dau va bit thit hai, tuong Gng x; va z2 nén term la
—x] A\ Zo. Ta dét T2 =z N\ T2,

e t& bao mau vang 011 va 111 gibng nhau & bit thit hai va thi ba, tuong Gng x» va 3 nén term la
ro A x3. Ta dit T3 = x9 A x3.

Luén nhé ring trong DNF thi gid tri 1 ta gitt nguyén (vi du z3) con gia tri 0 thi ta ddo (vi du $neg x_18).

Tiép theo, ta xét cac t& bao c6 s6 6 nhidu nhat trude. O day ca ba té bao déu c6 hai 6 nén tuong duong
nhau.

1. Chon té bao Ty. Ta gach bd tat ci 6 ciia té bao T;.

23

00 01 11 10

0 (2 [x]] 1)

x1

Hinh 3.7: Bia Karnaugh sau khi gach b6 T
2. Trong cac té bao con lai, ta chon té bao chua bi gach hét va ¢6 s6 6 cao nhat. O day ching ta c6 hai
phuong an:

e chon Ty, ta gach bé Th. Tiép tuc qua trinh véi T3, ta gach bd T3. Khi d6 cong thic téi tiéu 1a
T — 15 — T3;

e chon T3, ta gach bo T3. Tiép tuc qua trinh véi Th, ta gach bé Th. Khi d6 cong thiic téi tiéu la
T1 — T3 — TQ.

Nhu vay ta c6 hai cong thiic t6i tiéu 1a Ty — Ty — T3 va Ty — T3 — Th, nghia la:

f(xl, l‘g,l’g) = (ﬁl‘l AN 1'3) V (ﬁ!L‘l AN fL'Q) V (1‘2 A\ $3)
= (_\1'1 AN Zg) \Y (l‘g A\ Zg) V (—\xl A\ SUQ).
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Hai cong thic héa ra ... gibng nhau. D6 1a do biéu thiic ban dau chit khong phai tat ca trudng hop déu nhu
vay.

Khoang cach Hamming

O Definition 2.30 (Khoang cich Hamming giita hai vector)
Vi hai vector x, y thuoc Fy, dat
d(x,y) = wi(z & y)

la khoang cAch Hamming giita hai vector & va y. Trong d6 wt(z) la trong s6 vector z.

O Definition 2.31 (Khoang ciach Hamming tir vector téi tap vector)
Xét M C Fy. Khi d6 v6i moi € F3, ta néi khodng cach tit « t6i M 1a

d(x, M) = ;Iélj\r/l[ d(z,y).

O Definition 2.32 (Khoang cich Hamming giita hai ham boolean)

Xét hai ham boolean n bién 1 f(x1,xs,...,2,) va g(x1, T2, ..., 2,). Khi d6 khodng cach Hamming ti
ham f t6i ham g la

d(f,9)=wt(f@g)= 3 f(@) @ g(@).

xzeFy
Nonlinearity cia ham boolean
Bién d6i Fourier
V6i mbi vector @ = (a1, ..., a,) € F%, ta ki hiéu (a, ) 1a ham sau:
(a, ) = a121 D asx2 @ ... B anTy. (3.4)
M&i ham boolean f(x) = f(x1,22,...,7,) sé dugc biéu dién dusi dang duy nhat véi
flm)=27" Z Fy(a)- (_1)<a7m>7 (3.5)

ackFy

trong do

Frla)= Y f(z)- (-1)l*). (3.6)

xelFy

Khi do, tap hop {F(a),a € F4} dugc goi 1a phd Fourier (hay spectre Fourier) ciia ham boolean f.

©® Remark 2.12
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DPau tién ta c6 nhan xét rang, véi vector z c6 dinh thi

Z (—1)(@s) = {0, néu z # 0 (3.7)

/. 2N néu z = 0.
acFy

©® Chitng minh

Dé chitng minh nhan xét nay, ta thiy ring néu z # 0 thi co it nhat mot bit z; # 0.

Ta chon vector

véi bit 1 nd3m & vi tri q.
Khi d6 véi moi vector a € Fy ton tai duy nhat vector a’ € F§ sao cho a ® a’ = A.
Tasuyra (a@a’,z) = (A,z) =1viz -1=1, cac vi tri con lai z; - 0 = 0.

Ly do ta chon vector A nhu vay 1a vi
(ad®a,z)=(a,z)®{a, z)=1,

tuong duong véi (a,z) =1 (a’, z).

Do d6 (a, z) va (a’, z) 1a hai bit khac nhau, dan t6i (—1)®=) va (—1)(@"#) 13 hai s6 trai ddu nhau nén
téng chiing 1a 0. Chiing ta c6 2" /2 cip nhu vay va tong cudi cing 1a 0.

Trong trudng hop z = 0 thi (a, z) = 0 vé6i moi @ € F}. Do do (—1)(**) = (=1)° = 1 v6i moi vector a.
Ham boolean n bién c6 2" vector a nén tong la 2" - 1 = 27,

Déng thitc (3.7) da duge chitng minh. Ta quay lai bai toan.
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©® Chitng minh
Vé6i moi vector & € F, ta khai trién tit vé phai ctia (3.5) va tit (3.6):

27" Y Fr(a)- (-1

aclFy

2" Y [ X fw)- () | - (cpyee

acFy \yeFy

=2 3 fly) 3 (~1)eves),

yeFy acFy
Theo (3.7), néu ta coi y ® x = z thi

> oo {3 dveuzs

n A —
achy 2™, neuy x =0,

nghia 1 trong tong trén thi chi c6 y théa y ® = = 0 thi f(y) khong bi triet tieu. No6i cach khac la y = x
va do d6 tong trén con lai 27" (f(x) - 2") = f(x) va ta c6 diéu phai chiing minh.
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(i ) Example 2.21

Xét ham boolean f(x1,z2) = (1,0,0,1).
Xét a = (0,0). Ta co:

Véi & = (0,0),
f(x)=1, {a,) =0-0+0-0=0.
Véi z = (0,1),
f(x)=0,{a,z)=0-0+0-1=0.
Véi z = (1,0),
f(x)=0,{(a,z) =0-14+0-0=0.
Véi z = (1,1),
f(x)=1,{a,zy=0-14+0-1=0.
Ta suy ra
Fi(a)=1-(-1)°4+0-(-1)°40-(-1)°+1-(-1)°=2
khi a = (0,0).
Tuong tu, ta co cac gia tri Fy(a) sau:
e véia=(0,1), Fr(a) = Ff(0,1) = 0;
e véia=(1,0), Fy(a) = Fr(1,0) = 0;
e véia=(1,1), Ff(a) = Ff(1,1) =2
Bay gio ta da c6 di Fy(a) véi a € F3 nén ta c6 thé kiém ching véi moi @ € F3 théa cong thite (

3.5).

Bién d8i Walsh-Hadamard

V6i méi ham boolean f(x1,xs,...,2,) = f(2) ta dinh nghia mot ham tuong dng nhu sau:

Ta dinh nghia (a, ) nhu trén.
Khi d6 ham f*(x) sé c6 dang

z)=2"" Y Wi(a)(-1)!**),

3.8
a€cFy ( )
trong do
Wi(a) = ) (-1)/@o@), (3.9)
xcFy
Tap hop {W(a),a € F3} dude goi 1a phd Walsh (hay spectre Walsh) ctia ham f(x).
Céc gia tri Wy(a) duge goi 1a hé s6 Walsh.
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©® Chitng minh

Tuong tu nhu trén, ta khai trién vé phai ciia (3.8) va thay (3.9) vao

9—n 2{: VVf sz)

acky

—9—n Z Z (=1)fW)S(ay) | (_1)le®)
ackFy \yelky

=2~ " Z f(y) Z ,y@m
IS S ackFy

Cing ti (3.7), tuong tu nhu trén ta co

Y (~1)levem - 0, néu y @ # 0
2m, néuy®x = 0.

acFy
Do @6 trong céc y € F% thi chi c6 y = x khong bi triét tiéu nén két qua 1a

9=n . (=1)7@) . 9n — (_1)f@ = f*(g).

Cac hé s6 Walsh lién hé v6i nhau bdi cong thic

22n d=0
> Wi@)Wi(a®d) = ’
=t 0, d#0.

Truong hop d = 0 duge goi 1a dang thic Parcel:

> (Wi(a))? =2°".

aclkFy

Tinh chit chia bién d8i Walsh-Hadamard

1. W;(0) = 2" — 2wt(f), v W;(0) = 0 khi va chi khi f 1a ham cén bing.
2. Néu g = f thi W,(a) = —W;(a) véi moi a € F5.
3. Néu g(x) = f(x & b) véi vector b nao do, thi

Wyla) = So(- 1) el

_ Z f(ac)@ a,zdb)

= (— ) O Wi(a).
4. Bat f € Fp, be Fy, g(x) = f(x) ® (b,x). Khi do
Wy(a) = Z(_ 1)f (@) @(b.z)®(a.z)

_ Z f(m)@ (b®a,x)

= Wf(bEB a).
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5. Dt f(x) = ¢ 1a hing s6. Ham ¢ @ (a, ) 1a ham tuyén tinh v6i moi a # 0. He qué la Wy(a) = 0 véi
moi vector a khéac khong, trir khi

—2" néuc=1
W (0) =2" —2wt(f) = ’ ) ’
1(0) wi(/) { 2™ neuc=0.
6. bat f(x) = ¢® (b,x) 1a ham affine. Khi do, theo tinh chat 4 va 5 suy ra Wy(a) = 0 véi moi a # 0,
va Wy(b) = (—1)¢- 2.
7. Dat f(z,y) = g(x) ® h(y) v6i g € F,, vd h € F,, va hai tap hop bién x va y khong giao nhau. Noi
cach khac f 1a ham boolean n + m bién. Khi d6 véi moi a € F} va b € Fy thi

Wy (ab) = Z(, )9(@)Oh(Y)&(a.x)®(b.y)

_ Z g(w)éB a,x Z(_l)h(y@(lny)

y
— W,(a) - Wi (b).
8. Bat f(z1,...,x,) gid phu thudc vao bién x;. Khi d6 Wr(a) = 0 véi moi vector @ ma a; = 1.
Néi cach khac, néu dit @' = (z1,...,%i 1, Tit1,--,Tn) va @’ = (ay,...,a;_1,0i41,---,0,) va dé ¥ ring

(a,z) = (a’,x') ® a;z;. Khi d6 néu a; =1 thi
W) = (1)@

Z (:c)@ a,x’' + Z f(ac Ola’,z"YPp1 _ = 0.

zlfo :v.bfl

Lien hé giita hé s6 Fourier va hé s6 Walsh

©® Remark 2.13
Quan hé gitta hé s6 Fourier va hé s6 Walsh 1a biéu thtic sau
Wy(a) =2"A(a) — 2F¢(a)

véoi

©® Chitng minh
Ta c6

Wi(a) +2Fs(a) = Y (-1)/ @@ 12 % 7 f(a)(-1)(*®)

xzelFy xelFy
= 3 (D@1 +25()]
xzelFy

Dé y réing, néu f(x) = 0 thi

(-1)7® L 2f(x) = (-1)°+2-0=1,
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con néu f(x) =1 thi
(1)@ 4+ 2f(@) = (—1)1 +2-1= 1.
Noi cach khac bidu thic trén tré thanh

Wya) +2Fp(@) = 3 (~1)@).

xzelFy

T (3.5) ta co

Z (—1)lae) — {07 néu a # 0

A né =0.
ey , eua=0

1,néfua=0

i thi ta c6 diéu phai chiing minh.
0,néua #0

Nhu vay néu dat A(a) = {

O Remark 2.14
Khi @ = 0 thi véi moi @ € F} ta déu ¢6 (a,z) = 0. Do d6
Fr(0)= > f@) (-1 =} f(=)(-1)" = wt(f),
xz€lFy x€lFy
suy ra

W(0) = 2" — 2wi(f) < wi(f) = 2" — %Wf(o). (3.10)

Ham Bent
Ta ki hiéu A 14 tap hop tat ca cac ham boolean affine véi n bién, nghia 1a

A={ay®arz1 ® - B apzy|ao,a1,...,a, € Fal}.

O Definition 2.33 (Nonlinearity ciia haAm boolean)

Nonlinearity ctia ham boolean f bat ki dugc dinh nghia 14 khodng cAch Hamming tit f t6i A, hay noi
cach khac Ny = d(f, A).

® Remark 2.15

Xét ham f v6i n bién va phd Walsh tuong tng ctia ham f 1a {Wy(a),a € F5}. Khi do

1
Np=2""1— 5 max|W;(a)|. (3.11)

ackFy
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® Remark 2.16

Tt ddng thiic Parcel ta co

2. (max<wf<a>>2) > 3 (Wy(a))? = 220

achy acFy
9 22n
& w > —=2"
gé%zg( r@)” > o
& max|Wi(a)| > 272
acky

T nhan xét trén va tir dinh nghia nonlinearity G trén ta co
Ny <2l Lons2

Ham f khién d4u bing x4y ra dudc goi 14 ham Bent. Diéu kién can va da dé ton tai ham Bent f c6 n bién
1a khi n = 2k, tidc 1a n chin.

Tinh chit quan trong cia ham Bent 13 véi moi vector a thi

Wy(a) = £2/2.

© Example 2.22

Véin =2, ham f(x1,22) = 1 ® 2122 14 ham Bent.

Ta c6 thé tinh toan va thay raing W;(0,0) =2, W;(0,1) = —2, W;(1,0) = 2 va W;(1,1) = 2.

3.1.3 Block cipher

Chuong nay noi vé cac loai ma khéi.

SP network

SP network

Mang SP (SP network) la mot cach xay dung thuat toan ma hoa bén canh Feistel.

Mang SP thudng st dung mot S-box lam nhiém vy x40 tron va mot P-box lam nhiém vu hoan vi. Hai nhiém
vu ¢6 vé kha gibng nhau, tuy nhién S-box thudng la mot anh xa khong tuyén tinh va déi khi lam gidm sb
bit dau ra so véi dau vao (S-box ctia DES), con P-box thudng lam viéc hoan vi vi trf cac bit dau vao (P-box
ctia DES). C6 thé thay ring P-box la 4nh xa tuyén tinh (nhan véi ma tran ma mdi hang va mdi cot chia
dtng mot s6 1, con lai 1a 0).
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Hinh 3.9: Vi du SP network
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Tinh ch4t ctia SP network

Cac thuat todn dugc xay dung dua trén SP network thudng gdm hai phan:
1. Phan khong tuyén tinh (S-box).
2. Phan tuyén tinh.
Déi v6i mbi phép bién ddi clia SP network déu can c6 bién ddi nguge clia né cho qua trinh giai ma. Day la

didm khac nhau co ban ddi v6i mo hinh Feistel.

Mot sb thuat toan sitr dung SP network

Mot sé thudt toin bu’ dung SP network: AES (tiéu chuan ma hoa Hoa Ki, dinh nghia trong FISP 197),
Kuznyechik (tiéu chuan ma hoéa Nga, dinh nghia trong GOST 34.12.2015, version 128 bit).

AES

Phan nay st dung tai ligu mo ta thuat todn AES ctia NIST [22].

AES bién déi theo khéi 128 bit, sit dung mo hinh mang SPN.

Bén phép bién d6i chinh 1a Add Round Key, Substitute Bytes, Shift Rows va Mix Columns.

Qua4 trinh gidi ma st dung phép bién ddi ngude ctia bén phép bién ddi trén la Inverse Sub Bytes, Inverse
Shift Rows, Inverse Mix Columns. Déi v6i Add Round Key ban than 1a phép XOR nén phép bién ddi ngugc
1a chinh né.

AES ho trg key vdi cac kich thuge: 128 bit, 192 bit va 256 bit.

D6i véi kich thude khoa 128 bit, AES ding ham Expand Key dé mé rong khoa thanh 44 words, mdi word co
32 bits, v6i key 128 bit thanh 11 cum khoéa con. M&i 4 words lam tham s6 cho mot phép Add Round Key.

MB&i block ban 16 16 byte pg, p1, ..., p1s dude td chitc dudi dang mot ma tran 4 x 4 (goi la ma tran state)

Po P11 P2 P3 S00 So1  S02 S03
pPsa P5  DPs Pr N S10  S11 S12 S13
pbs P9 Pio P11 $20 S21 S22 S23
P12 P13 P14 Pis 530 S31 832 833

1. Céc phép bién ddi Add Round Key, Substitute Bytes, Shift Rows, Mix Columns dugc thic hién trén
ma tran 4 X 4 nay.

2. Céc phép tinh s6 hoc trong AES duge thyc hién trong GF(28) v6i da thiic t6i gidn 1a f(z) = 28+ 2% +
23+ x4+ 1.

Substitute Bytes
Substitute Bytes
Ta st dung mot bang tra ctu 16 x 16 (S-box).
1. Dién céc sb tit 0 t6i 255 theo titng hang.
2. Thay thé mdi byte trong bang bing nghich dio trong GF(2%). Quy uéc (00)~1 = 00.
3. V6i mdi byte trong bang, ta ki hieu 8 bit 14 bybbsbabsbabiby. Thay thé mdi b; bang b} nhu sau
b = bi @ b(i14) mod 8 P b(i+5) mod 8 D D(i46) mod 8 B b(i+7) mod 8 D Ci,

véi ¢; 1a bit tht ¢ ctia sd 0x63.
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Viéc tinh trén tuong duong véi phép nhan trén ma tran GF(2) 1a B’ = XB+ C

b0 ] 1 00 0 1 1 1 1] [ 1
b, 1100 0 1 1 1] b 1
b, 1 1100 0 1 1f]|b 0
bg_11110001b3+0
byl |1 1 1 1 1 0 0 0f [by 0
b 01 1 1 1 1 0 0] |bs 1
A 001 1 1 1 1 0|]|bg 1
% | 00 01 1 1 1 1f]|b7] [O]

Ma tran X la ma tran kha nghich, do d6 phép bién ddi S-box 1a song &nh (one-to-one va onto mapping).
Duya vao bang S-box, Substitute Bytes thiyic hién nhu sau: mdi byte trong ma tran state S duéi dang thap
luc phan 13 zy sé dudc thay biang gia tri § hang = va cot y ciia S-box.

Inverse Sub Bytes
Ta can xay dung bang Inverse Sub Bytes (IS-box).
Viéc xay dung bang nay gidng véi bang S-box & buée 1 va 2. Tai budc 3:

bi = b/(i+2) mod 8 © bl(iJrS) mod 8 © b2i+7) mod 8 P di,

v6i d; 1a bit thi i clia sd 0x05.
Y nghia

Bang S-box dung dé chéng lai known-plaintext va 14 budc duy nhét trong bén budc khéng cé quan hé tuyén
tinh.

Shift Rows

Shift Rows

Trong Shift Rows, cic dong clia ma tran state dugc bién ddi nhu sau:
1. Dong thit nhat gitt nguyén.
2. Dong 2 dich vong trai 1 6.
3. Dong 3 dich vong trai 2 6.
4. Dong 4 dich vong trai 3 6.
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Inverse Shift Rows

Céac dong tha 2, 3, 4 dich phai tuong tng 1, 2, 3 6.

Y nghia

Xao tron cac byte dé tao ra cac cot cho Mix Columns.
Mix Columns

Mix Columns

Mix cols bién ddi ting cot clia ma tran state mot cach doc lap bing phép nhan da thic. Gia st cot dau tién
clia ma tran state viét dudi dang da thiic 1

_ 3 2
- )
f(2) = s002° + s102” + 202 + 530

véi z € GF(28).

Khi d6 f(z) s& duge nhan véi a(z) = 323 + 22 + 2 + 2, luu ¥ ring tat ci he s6, phép cong va nhan thyc hien
trén GF(28), va sau d6 modulo cho n(z) = 2% + 1.

Bén byte hé s6 clia két qua sé thay thé cho bén byte tuong tng trong cot. Néu viét dusi dang ma tran, ta
cod

860 02 03 01 01 S00
8’10 01 02 03 01 S10
sho 01 01 02 03| |s20
sho 03 01 01 02| |s30

Luu ¥ ring cac s6 01, 02, 03 tuy viét dusi dang thap phan nhung khi tinh todn phéi ¢ dang GF(2%). Viec
st dung 1, 2, 3 gitp téng tdc do tinh toan vi 1 va 2 chi can phép dich bit, con 3 14 XOR ctia 1 va 2.

Inverse Mix Columns
Liic nay ma tran nghich déo c6 dang

OE 0B 0D 09
09 OE 0B 0D
0D 09 OE 0B
0B 0D 09 0OE

Y nghia
M&i cot méi chi phu thude cot ban dau. Cung véi sy két hop Shift Rows sau mot vai vong bién déi (cu thé

14 2, cac ban c6 thé thit chiing minh), 128 bit két qua phu thudce vao tat ca 128 bit ban dau. Tir d6 tao ra
tinh khuéch tan (diffusion).

Add Round Key
Add Round Key

128 bit ctia ma tran state duge XOR véi 128 bit ctia khoa con timg vong (4 dword 32 bit). Phép bién doi
nguge cia Add Round Key 1a chinh né.
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Y nghia
Su két hgp vé6i khoa tao ra tinh lam réi (confusion).
Expand Key

Expand Key

Dau vao ctia thao tdc Expand Key 1a 16 bytes (4 words) ctia khoa, sinh ra mot méang 44 words (176 bytes)
st dung cho 11 vong AES, mdi vong 4 words.

ko | ka | ks | k12
ki | ks | ko | ki3
ko | ke | k1o | k1a
ks | k7 | k11 | k15

<
<«

\
S?)

Tt bdén word dau vao wowiwsews, 1an lip dau sinh ra wswswewy, 1an 1ip th hai sinh ra wgwywigwi, ...

O Algorithm 3.1
1. if imod4 =0
1. g < SubWord(RotWord(w;_1)) & Rcon[i/4]
2. w; =wi—4Dg
2. else
1w = wi—g Qwi—y

3. endif

Trong do:
1. RotWord dich vong tréai 1 byte, nghia 1a tit bdn byte bob;bebs trd thanh bybabsby.
2. SubWord thay mdi byte trong word bing bang S-box.

3. Rcon 1a mot méang hing s6 gom 10 words tuong ting v6i 10 vong AES. 4 bytes clia mot phan tit Reon|j]
la RC[j],0,0,0 véi RC[j] 1a méng 10 bytes nhu sau
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j 1 2 3 45 6 7 8 9 10
RC[j] 1 2 4 8 10 20 40 80 18 36

Y nghia cia Expand Key

Dung dé chong lai known-plaintext (gidng Sub Bytes dung S-box). Dic diém ciia Expand Key gom:
1. Biét mot sb bit cia khoa hay khoa con khong thé tinh duge cac bit con lai.
9. KHONG THE tinh ngudc.

3. Khuéch tan: mdi bit clia khoa chinh tac dong lén tat ci khoa con.
Két luan

Ma hoa AES don gidn va c6 thé chay trén céc chip 8 bit.
AES cung cap ba bién thé cho do dai khoa la:
e 128 bits: 44 words 4 bytes cho 10 vong (11 lan ARK);
e 192 bits: 52 words 4 bytes cho 12 vong (13 lan ARK);
e 256 bits: 60 words 4 bytes cho 14 vong (15 lan ARK).

Vé phép Mix Columns
Sau day minh s& no6i vé viéc phép nhan trén da thitc c6 hé s6 trong GF(2°) lai tuong duong v6i phép nhan
ma tran trong Mix Columns & trén.
Gié st ma tran trang thai truée khi bude vao phép tinh Mix Column cia AES 14
Co C1 C2 C3
€4 ¢ Cg Ct

Cg Cg Cio C11

C12 €13 Ci4 Ci5
Phép tinh Mix Column ldy mdi c6t clia ma tran trang thai trén lam tham s6 cho da thitc véi hé sd trong
GF(2%) va nhan véi da thitc c(2) = 2 + z + 22 + 322 16i modulo cho z* + 1.
Gia st v6i cot dau tién, ta viét he s6 theo thit ty bac ting dan d(z) = co + ¢4z + cg2? + c122°.

Tinh trong GF(2%):

c(z)-d(z) = (24 2+ 2% +32%) - (co + caz + cg2® + ¢122%)
= 2¢o + 2¢c42 + 20822 + 201223 + coz + (:42;2 + 0823 + 01224
+ coz2 + 042'3 + csz4 + c1225 + 3coz3 + 30424 + 3082'5 + 3012z6
= 2co + (2¢4 + co)z + (25 + ¢4 + c0)2® + (2c12 + 5 + €4 + 3¢o) 2
+ (c12 + s + 3c4) 2t + (c12 + 3¢8)2° + 3c1225.

Trong GF(2%) thi moi phan ti déu co6 tinh chat 22" = 0, tuong duong véi 2™ = —a™. Do d6

2% (mod 2* +1)= -2 =2?
25 (mod 2* +1) = —2
z (mod 2t +1) = —1

z
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Suy ra

c(2) - d(2) = 2co + (2c4 + co)z + (2c8 + ¢4 + c0) 2% + (2¢12 + s + ¢4 + 3cp) 2
+ (c12 + g + 3c4) + (c12 + 3cg)z + 3c122>
= (c12 4 ¢s + 3cq + 2¢9) + (c12 + 3cs + 2¢4 + ¢o) 2
+ (3c12 + 2c8 + ¢4 + ¢9) 2% + (2¢12 + g + 4 + 300)23.

Nhu vay xét hé s6 lan lugt trude 1, z, 22 va 23 thi tuong duong véi phép nhan ma tran

2 3 11 co
1 2 3 1 cy
112 3 cs
3 1 1 2 C12

Pay chinh 1a két qua can tim.

Kuznyechik

Kuznyechik 1a mot thuat toan mé hoa khoi, déi xitng nhu AES. Kuznyechik tiéng Nga 14 Kysmeunx, c6 nghia
14 chau chidu. Tuy nhién trong vin ban quéc té thi chung ta giit nguyén tén goi 1a hé ma Kuznyechik.

Ma khéi Kuznyechik bién d6i trén khéi 128 bit, do dai khoa 1a 256 bit, bién d6i trén 9 vong. Kuznyechik st
dung mé hinh SPN tuong ty nhu AES, tré thanh chuan ma hoéa ctia Nga va duge dinh nghia trong GOST
R 34.12-2015.

Mot diém dic biét 1a qua trinh bién ddi qua cac vong st dung mang SPN, tuy nhién thuat toan sinh khoa
con cho cac vong st dung mo hinh Feistel.

Phan nay tham khao chinh tir [23].
Ma héa
Goi k; 1a khoa con clia vong thit 4,5 =0,1,...,9. Ta c6 cac dong tac bién doi sau:
Phép bién déi X
Ham X : F3%® — F12® bién ddi trén block 128 bits.
Ta chia block dau vao thanh 16 cum 8 bit, ki higu
a = apllay] ... ||a1allas

v6i ky tu || chi viéc ndi cac chudi bit (concatenate). Tuong tu k; ciing duge chia thanh 16 cum 8 bits. Khi
do,

X(k“ a) = ki,O EB a0||ki71 EB a1|| e ||ki714 @ a14||ki715 @ ais. (312)
No6i cach khac, chung ta xor 128 bit clia khéi dau vao va 128 bit clia khoa con k;.
Phép bién dé6i S
Ham S : F128 _ F128.

Block dau vao tiép tuc dudc chia thanh 16 cum 8 bits. M&i cum sé di qua mot bang tra citu SBox (goi 1a
bang 7). Sau d6 ta ndi céc két qua véi nhau.

S(a) = m(ao)||w(ar)| ... [|7(a1a)|[7(a15). (3.13)

Bang 7 duge dinh nghia sin va khong tuyén tinh, nén day 14 bude khong tuyén tinh ciia thuat toan.
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Phép bién d6i L
Ham L : F}2® — F128,
Block dau vao vAn dudgc chia thanh 16 cum 8 bit. Tuy nhién & day méi cum 8 bit bidu dién mot da thic
trong trudng GF(28) véi da thitc tdi gidn 1a g(x) = 2% + 27 + 2% + 2 + 1. Nhitng phép tinh cong va nhan sau
day ciing dugc thyc hién trén trudng GF(28) nay.
)\(a) = 148@15 + 32&14 + 133&13 + 160,12

+ 194a11 + 192a19 + a9 + 251ag

+ a7 + 192(16 + 194@5 + 16@4

+ 133(13 + 32(12 + 148@1 + agp.

(3.14)

Tiép theo, ta dinh nghia ham A : F}?® — F12® nhu sau

a = CLO||CL1|| . ||a14||a15 — a1||a2H . Ha15H>\(a) = A(a)

ag | ai | az |---|Gi4|0G15 ay | az | as|---|ais |A(a)

Hinh 3.10: Ham A

Luu y réing sau khi tinh toan trén ham A, da thitc trén GF(2%) duge chuyén trd lai thanh cum 8 bit sau do
méi ndi vao day aq, as, ..., a1 nhu mo ta ¢ Hinh 3.10.

Cubi cting, ham L ban dau la thic hién ham A 16 1an.

L(a) = A(... Aa)...).
—’\_/
16 lan

Nhu vay, phép bién ddi trén vong thit ¢ véi khoa con k; 1a

R(ki,a) = L(5(X(a))) (3.15)
Vi i=0,1,...,8
O vong thit 10 ta XOR véi khoa con kg nita: X (ko, a).
Thuat toan sinh khéa con
D@ sinh khoa con cho 10 lan XOR, thuat toan Kuznyechik ding mo hinh Feistel. Pau tién ta dinh nghia
ham F(c,a). Véi ¢ bat ki thuoe F128 va a = aglla; thuoc F3°¢. Ham F(c, a) bién phan tii thuoe Fi28 x F3%6
thanh phan tit thuoc F2°¢ bing ding thitc

F(c,a) = a1llap ® R(c, ay)

v6i ham R duge dinh nghia ¢ phuong trinh (3.15).
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Hinh 3.11: Bién ddi tit khoa kol|k; thanh kol/k3

Véi khoa dau vao 1a k € F25, minh ki hiéu & dang ghép hai chudi 128 bits k = ko| k1 v6i ko, k1 € F328 1a
nhitng khoa con mé dau. Khi d6 cac khoa con cho 10 phép XOR 1a kg, ki1, ..., ko.

Thuat toan sinh khoéa con duge st dung nhu sau
koita||k2its = F(cgitr, - - F(csi, kaillk2iv1)),

v6ii=0,1,2,3. Thuat toan c6 thé mo td & Hinh 3.11.

Theo dé, céac sb co, c1, ..., ¢z duge sit dung dé sinh khoa ko||k3 tit ko||ki. Tuong tu, cs, cg, ..., c15 duge dimng
dé sinh khoa ky||ks tit khoa ko||ks. Cac s6 co, c1, ..., c31 duge dinh nghia trong tiéu chuan.

So sanh Kuznyechik véi AES

biém giéng nhau la c& hai thuat toan déu c6 phan tuyén tinh va phan khéng tuyén tinh. Vé phan tuyén
tinh, d6i véi AES 13 cac dong tac Shift Rows, Mix Columns va Add Round Key, con déi véi Kuznyechik 1a
ham X va L bén trén. Vé phan khong tuyén tinh déu la viéc st dung mot bang tra citu SBox cla riéng
thuat toan do.

Piém khac nhau dau tién la cdch xay dyng ma tran tinh toan. Néu ta xem xét Shift Rows va Mix Columns
dusi dang phép nhan ma tran trén GF(28) thi ta thiy ring ma tran chita nhidu s6 0 nhat c6 thé. Diéu nay
gitp tang toc do tinh toan. Vé phan Kuznyechik, phép tinh ¢ ham M ciing thyc hién trén GF(2®) nhung
khong chita bat ki s6 0 ndo. Diéu nay lam ting do phiic tap tinh toaAn nhung ciing lam ting tinh an toan.

biém khac nhau tiép theo la viec sinh khoa con. AES sit dung thuat toan sinh khoa con timg vong tit toan
bo 256 bit ban dau. Trong khi Kuznyechik st dung moé hinh Feistel, theo d6 vdi 256 bit ban dau dugce st
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dung cho hai vong dau, cit méi hai khoa con sé sinh ra hai khoéa con tiép theo. Nhu vay thuat toan sinh
khoa con it phiic tap hon AES (Kuznyechik can 5 lan sinh khéa con AES 14 1an).

PRESENT

PRESENT 14 m4 khdi lightweight, nghia 1a dugce thiét ké cho cac thiét bi c6 bo xt 1y nhé gon, tap trung
vao do dai khoa khong qua 16n (t6i da 128 bits) nhung vAn ddm béo an toan va cé thé thuc hign trén céac
thiét bi c6 bo x1t Iy 8 bit (vi du embedded systems).

Phan nay minh tham khao trong tai lieu vé xay dung PRESENT cipher & [24].
M6 ta thuit toan

PRESENT gom 32 dong tac addRoundKey, duyét qua 31 vong.

(i ) Algorithm 3.2

1. generateRoundKeys()

2. for i =1 to 31 do
1. addRoundKey(STATE, K;)
2. sBoxLayer(STATE)
3. pLayer(STATE)

3. end for

4. addRoundKey(STATE, K3s)

PRESENT st dung mang SP dé ma hoa. Kich thudc khéi 1a 64 bits. PRESENT hé trg hai kich thuée khoa
14 80 va 128 bits. Trong [24], cac tac gid khuyén nghi st dung khoa 80 bits cho phut hgp v6i cai dit phan
cting. Diéu nay dé hiéu vi kich thudc khoa 16n thi van dé luu tri trén bo nhé va tinh toan sé chiém nhiéu
khong gian, ngoai ra tdc do tinh toan s& bi gidm vi kha ning ctia CPU khong 1én.

addRoundKey
Gia st round key G vong thi i 1a
K; :/ﬁ&...fié,
véi 1 < ¢ < 32, cing v6i STATE hién tai 14 bgs . . . bp, khi d6 addRoundKey chinh 14 phép XOR bit
b; — bj/-e;»
v6i 0 < 5 < 63.
sBoxLayer

PRESENT sit dung S-box bién déi 4 bits thanh 4 bits, nghia 1a S : F3 — F3. S-box dugc cho bdi bang sau.

z 0 1 2 3 456 7 8 9 A B C D E F
Sz] C 5 6 B 9 0 AD 3 EF 8 4 7 1 2

STATE dugc biéu dién & dang bgs . . . by sé& duge chia thanh 16 doan, mdi doan 4 bits va timg doan sé di qua
S-box. Sau d6 cac doan dugc ndi lai theo thit tu thanh khéi c6 64 bits méi.
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pLayer

Hoan vi bit (bit permutation) duge thyc hién theo bang sau véi bit thit i cia STATE s& tré thanh bit tha
P(i) ctia két qua.

: 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
PG 0 16 32 48 1 17 33 49 2 18 34 50 3 19 35 51

7 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

) 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47

7 48 49 50 51 52 53 54 55 56 57 58 59 60 61 62 63
PGE) 12 28 44 60 13 29 45 61 14 30 46 62 15 31 47 63

Thuec ra, viéc hoan vi bit tuong tng v6i mot phép nhan ma tran. Ma tran nay c6 tinh chat 1a trén mdi hang
va mdi cot c6 duy nhit mot phan tii 1, cdc phan ti con lai bang 0. Vi du véi 4 bit,

01 0 0\ /b by
100 0| [b]| [bs
000 1||o] " |00
00 1 0/ \b by

Phép nhan ma tran tuong tng véi bang hoan vi

P@ 1 0 3 2

key schedule

0 phan nay chiing ta xem xét phién ban khoa 80 bits cia PRESENT.
Gia sit khoa dau vao duge luu trong thanh ghi K va dude bidu dién & dang krokrs . . . ko.
Tai vong thit i, khoa K; 14 64 bits ngoai cung ctia K, nghia 1a & vong thi i ta co

Ki = Kg3...Ro = k79k78...k16.

Sau khi trich xuat round key K;, thanh ghi K sé dudc cap nhat theo cac bude sau
1. [krokzs ... kiko] = [kiski7 . .. kaok1o] - dich vong trai 61 vi tri.
2. [krokrskrrkre] = Slkrokrskrrkre] - ding S-box bién ddi 4 bits thanh 4 bits.
3. Goi round counter 1& ¢ ¢ dang 5 bits, khi do

[k‘lgkflgklﬂﬁﬁk‘ld = [k19k18k17k16]{115] D round_counter.
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M6 hinh Feistel

Mb tad mod hinh Feistel

Trong mo hinh Feistel, méi block dau vao duge chia thanh hai nita trai phai c6 s6 bit bing nhau.

Mot cach hinh thite, gia s plaintext dau vao 1a P c6 2n bit, thi P dugce chia thanh nta trai Lo va Ry, mbi
ntta c6 n bits.

Mabi hé ma Feistel c6 mot ham F(R;_1, K;) nhan dau vao 1a nita phai & vong thit (i — 1) va khoa K; 6 vong
tht 7. Ham F' dudc goi la round function.

3

O mbi vong i = 1,2, ..., hai ntta trai phai méi sé dudc tinh theo cong thitc
Li=Ri1, Ri=1Li1®F(Ri1,K;),

trong do:
e L, 1 vd R;_1 la nita trai va ntta phéi ¢ vong thit (i — 1);
e [; va R; 1a nita trai va nita phai 6 vong thi 4;
e K la khoa con dugc dung & vong ;

e F'la round function.

Hinh 3.12: M6 hinh Feistel
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Néu thuat toan két thic sau r vong (v6i r khoa con) thi ciphertext tuong tng sé 1a C = L, || R,.

Tinh ch4t cia mé hinh Feistel

Mo hinh Feistel khong doi héi round function F' phai khé& nghich. Gié sit ciphertext 1a C' = L, ||R,. Khi do
duya trén cong thiic ma hoa & trén thi co thé dé dang suy ra cong thic giai ma la

R,_.1=L;, Li_1=R;®FR;K,),

véii=r—1,...,0.

Plaintext nhan duge s& 1a P = Lg|| Ro.
M6t sb thuat toan sit dung mé hinh Feistel
Mb hinh Feistel chuan

Mo hinh Feistel chuan 1a mé hinh & trén. Cac thuat toan sit dung mo hinh Feistel chuan c6 thé ké dén la:
DES, Magma (tiéu chuan ma hoéa Nga, dinh nghia trong GOST 34.12.2015, version 64 bit), CAST-128 (tiéu
chuan ma hoéa Canada).

Mb hinh Feistel téng quat

Mo hinh Feistel tong quat (generalized Feistel model) c6 nhiéu bién thé. Trong d6 khdi dau vao khong duge
chia thanh hai nita trai phai ma c6 thé duge chia thanh bén phan P = Xo|| X1 || X2|| X3, mdi phan c6 s6 bit
bing nhau.

Sau do,  mdi vong, bén phan ¢ vong ¢ nhan duge tit bon phan & vong (i — 1), thong thuong la ti viec gitt
lai ba phan (nhung & vi trf khac) va XOR phan con lai v6i mot round function lay tham s6 la ba phan kia
cung véi khoa con & vong i. Vi du

Xéi) _ X{i—l),
XY) _ Xz(i—l)’
X = x G,
Xéz) _ Xo(ifl) @F(Xjfiil),X§i71)7X§i71)7Ki>7
trong do:
o X\ X xI9 X" 1a bén phan & vong thit i;
o XV x07D xI=Y X1 14 bén phan & vong thit (i — 1);
e K la khoa con G vong thu ¢;
e F la round function nhan bén dau vao gom ba phan & vong thi (i — 1) va khoa con & vong thi i.
Luu y ring trén day chi trinh bay mot dang bién thé clia mé hinh Feistel téng quat.
Mot s6 thuat toan st dung mo hinh Feistel tong quat: SM4 (tiéu chuan ma héa mang khong day ciia Trung
Qubc).
Magma

Hé mat ma Magma dugc chinh phtt X6 Viét chon lam chuan ma héa. Ciing giéng nhu hé mat ma DES,
Magma st dung mo hinh Feistel cho cac vong mé hoa, duge dinh nghia trong GOST 34.12-2015, trudc day
goi 1a GOST 28147-89.

Phan nay tham khéo chinh tur [25].
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Po dai khoa 1a 256 bits. Po dai khéi 1a 64 bits. Magma bién d6i trén 32 vong dé cho ra ciphertext.
Magma thic hién bién ddi trén 32 vong Feistel. Khéi dau vao 64 bits duge chia thanh hai nita trai phai, méi
nita 32 bits.

Key schedule
Khoa 256 bit dudce chia thanh 8 cum khoa con, mdi khoa con 32 bit.
Néu ta ki hieu 256 bit ctia khoa 1a koki . . . kasakass thi ta cod cac khoa con 13

k’o...kglkgg...kﬁg...k224...k255.
N — —— N———

Ko K K7
T vong 1 t6i 24 st dung 1an lugt cac khoa Ky, K1, ..., K7 16i lip lai thi ty do.
T vong 25 t6i 32 st dung theo thi tu ngugce lai, tu K7, Kg, ..., Kop.

Lo Ko | [ Ro
D] rot11 [+ SBOX |+

D

O

Ly K[ R
D] rot11 k— SBOX |«

[an

29 vong

N

T

D] rot11 [ SBOX 4

L3; R39

Hinh 3.13: M6 hinh ma khéi Magma

Round function

Nhu ta da biét, trong mo hinh Feistel, mdi khoi plaintext duge chia thanh hai nita trai phai (Lo, Ro). Sau
d6 & mdi vong bién ddi thi

Lis1=Ri, Rit1=L; @ f(R;, K;),

v6ii=0,1,... va K; 1a khoa con & vong i.
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Ham f ctia Magma kha don gidn, bao gdom ba dong tac 1a cong modulo 232, SBox va xoay 11 bits.

béi véi viec cong modulo 232, ta xem block R; va K; nhu nhiing sé nguyén 32 bit, cong chtng lai va modulo
232 nghia 1a (R; + K;) mod 232,

bat T; = (R; + K;) mod 232, Nhu vay T; c6 32 bits. Ta chia 32 bits nay thanh 8 cum 4 bits. Ung v6i mbi
cum 4 bits chiing ta cho qua mot hoan vi. Nhu vay can 8 hoan vi (SBox). SBox dugc st dung chung cho
tat ca vong.

Theo wiki thi SBox c6 thé bi mat. Tuy nhién viéc ma hoa va gidi ma can sit dung SBox giéng nhau. Do do
thiét bi ma hoa va gidi ma co cing cd ché pseudo-random dé sinh ra SBox giéng nhau.

SBox dugc quy dinh theo tiéu chuan chinh phii Nga la

sbox = [
[0xC, 0x4, 0x6, 0x2, OxA, Ox5, OxB, 0x9, OxE, 0x8, OxD, 0x7, 0x0, 0x3, OxF, Ox1],
[0x6, 0x8, 0x2, 0x3, 0x9, OxA, 0x5, 0xC, Ox1l, OxE, Ox4, 0x7, OxB, 0xD, 0x0, OxF],
[0xB, 0x3, 0x5, 0x8, 0x2, OxF, OxA, 0xD, OxE, Oxl, 0x7, Ox4, 0xC, 0x9, 0x6, 0x0],
[oxC, 0x8, 0x2, Ox1, O0xD, 0x4, OxF, 0x6, 0x7, 0x0, OxA, 0x5, 0x3, OxE, 0x9, O0xB],
[0x7, OxF, 0x5, OxA, 0x8, Oxl, 0x6, O0xD, 0x0, 0x9, 0x3, OxE, OxB, 0x4, 0x2, 0xC],
[0x5, 0xD, OxF, Ox6, 0x9, 0x2, 0xC, OxA, O0xB, 0x7, 0x8, Ox1, Ox4, 0x3, OxE, 0x0],
[0x8, OxE, 0x2, 0x5, O0x6, 0x9, Ox1, 0xC, OxF, Ox4, OxB, 0xO, OxD, OxA, 0x3, 0x7],
[0x1, 0x7, OxE, OxD, 0xO, 0x5, 0x8, 0x3, 0x4, OxF, OxA, 0x6, 0x9, 0xC, 0xB, 0x2],

Néu T; duge viét dudi dang 32 bits 14 t31t3¢ . . . t1to thi SBox tuong tng clia né la

t31...taglo7 ... tog... Ty ... tals... %o

—_——— — —— ——

Sz Se A So

Noi cach khéC, t4i+3t4i+2t4i+1t4i dfmg S7_1' véi i = 0, 1, 27 ey 7.
Cudi cung, viéc xoay trai 11 bits (rot11) chi don gian 1a dua 11 bit dau vé cudi va dua 21 bit cubi lén dau.
Dbé giai ma ta vAn st dung round function nhu liic ma hoa, chi can viét véi thit tu ngudce lai 1a duge. Nhu
vay

Ri=Liy1, Li=Riy1® f(Liy1, K;)

do R; = L;y1. Luu ¥ riing khoa con lic nay 14 0 t6i 7 cho 8 vong dau, va 7 vé 0 (rdi lip lai) cho 24 vong sau.

SMS4

SM4 (truée day 1a SMS4) 1a thuat todn ma hoa khoi cia Trung Qudc dé bdo vé mang khong day. Thuat
toan dugc phat trién vao nam 2006.

Phan nay minh dich tt [19] hodc ban dich tiéng Anh 1a [26].

Input, output va do dai khoa ctia SMS4 déu la 128 bit. Thuat toan gom 32 vong.

Plaintext 128 bit s& dugc chia thanh 4 phan do dai 32 bit (goi 1a word). Gi4 st plaintext 1a P c6 128 bit s&
duge biéu dién thanh

P= (X% X" X? X3).

Tit khoa ban dau 14 K, thuat toan sinh khoéa sinh ra cic khoa Ko, ..., K3;. Mai khoéa con do dai 32 bit.

SMS4 sit dung mé hinh Feistel tdng quat (hay generalized Feistel model).
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Ma héa
O vong thi i, véii = 0,1,...,31, ta tinh word méi X4 theo cong thic

Xi+4 _ Xz @ T(x?—‘rl @ X’i+2 @ Xi+3 @ Kz)

; Xi XHI Xi +2 X'HS

/L /] /]

e o B e— | i_!:

e

C-'z'— ] Xi+l Xt 2 Xi +3 X-i+4

¥,

ST

Hinh 3.14: Mot vong SMS4

Ciphertext sé 1a viét ngudc clia bdn word & vong cudi ciing, néi cach khac 1a

C = (X35,X34,X33,X32).

Round function

Bién ddi T gom hai phan 1a hoan vi (khong tuyén tinh) 7 va hoan vi (tuyén tinh) L. Néi cach khac la
T(:) = L(r(-))-

Hoan vi khong tuyén tinh c6 dang
7(X) = 7(ap, a1, az,a3) = (SBox(ag), SBox(ay), SBox(asz), SBox(as)),

v6i a; 14 cac byte clia X, nghia 14 X c6 32 bits s& dugc chia thanh bén khéi do dai 8 bits 1& ag, a1, as va as.
Bang S-box c6 thé xem & mot trong hai tai lieu trén.

Hoan vi tuyén tinh c6 dang
LX)=Xo(X k20X 1)) (X x18) o (X «x 24),
trong d6 < 1a phép dich vong bit sang tréai.
Thuat toan sinh khéa con
Khoa K ban dau (128 bit) dugc chia thanh bén word
K=MKy, MKy, MK>, MK3).
Cac khoéa con Ky, K1, ..., K3 dudc sinh ra theo quy tic sau. Véi méi i =0,1,...,31 thi

Ki=HKi 4, =HK;®T' (HK;;1 ® HK;42 ® HK; 3 & CK;),
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véi HK; = MK; ® FK; véii=0,1,2,3. Trong d6 FK 14 mot mang duge dinh nghia sin

FKy = (a3blbac6), FK; = (56aa3350),
FK, = (677d9197), FK3 = (b27022dc).

Ham 77 khac v6i ham T' & trén, thay vi dung L thi dung L’ ¢6 dang
I'(X)=Xo (X «13)® (X « 23).
CK ciing 14 mot mang c¢b dinh. CK; véii =0,1,...,31 1a bang sau

00070e15, 1c232a31, 383f464d, 545b6269,
70777e85, 8c939aal, a8afb6bd, c4cbd2d9,
eOe7eefb, £c030all, 181f262d, 343b4249,
50575e65, 6c737a81, 888f969d, adabb2b9,
cOc7cedb, dce3eafl, f£8ff060d, 141b2229,
30373e45, 4cb3b5a61, 686f767d, 848b9299,
al0a7aebb5, bcc3cadl, d8dfebed, £4£fb0209,
10171e25, 2c333a41, 484£f565d, 646b7279.

Giai ma
Dé giai ma ta dung round function & trén nhung theo thit tir nguge lai.

ARX

ARX 1a céch goi chung ctia nhitng mo hinh ma héa khéi chi sit dung ba toan ti Addition (A, phép cong
modulo 2"), Rotation (R, dich vong bit), va XOR, (X, toan ti xor).

Gia sit ta co6 hai s6 nguyén a va b c6 n bit.

Khi d6, néu ta biéu dién a € Zyn» dudi dang nhi phan
a=ap+2a; +2%a+ - +2" a4
thi s6 nguyén a ciing tuong ng véi vector
(ag,a1,az,...,a,_1) € Fy.

Phép cong modulo 27 giita hai s6 nguyén a va b duge dinh nghia la

la@b=(a+b)mod 2".|

Thong thudng n c¢b dinh va la lily thita cia 2. Vi du trong hé ma Magma thi n = 32.

Véi s6 nguyén duong r ¢6 dinh, phép dich vong trai va phai r bit lan lugt 1a

a<Kr= (aT,aT_H, ey Qp_—1,00,071, .. .,ar_l),

a3 1 = (Qpery Qg 1y ey Q1,005 A1y« - oy Apyp—1)-

Déi véi phép XOR thi ta thyc hién phép cong modulo 2 theo titng vi tri trong vector

‘aEBbz (ao@bo,al @b1’-~'70’71,—1 @bn—l)~‘

Duéi goc dd pha ma vi sai, phép dich vong bit va phép XOR 1a hai bién ddi tuyén tinh, va phép cong modulo
2" 1a bién d6i khong tuyén tinh. Do @6 phép cong modulo 2" c6 thé loai bd su c6 miit clia S-box trong thuat
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toan, phit hop véi cac thiét bi lightweight vi khong phai diing bo nhé dé luu trit S-box va céc chip hién nay
déu hé trg thuyc hién cic phép tinh ARX.

Nhuge diém ctia ARX 14 ¢6 nhiéu phan chwa duge nghién ctu rong rai, ching han, mic dit phép cong modulo
2" 1a bién ddi khong tuyén tinh nhung c6 quan hé gi véi phép XOR hay khong. Néi cach khéc, c6 nhiéu
diém chua 6 rang dbi véi cac toan tit ARX & thoi diém hien tai (2025).

Mot sb thuat toan lightweight sit dung ARX: ho SPECK /SIMON.

3.1.4 Stream cipher

Chuong nay néi vé ma dong.

Linear Feedback Shift Register

Linear Feedback Shift Register (LFSR) la mot ting dung quan trong ctia ham boolean dé sinh ra mot chudi
céc gia tri (gid ngdu nhién, pseudorandom).

Linear Feedback Shift Register

Xét ham boolean n bién f(xg,x1,...,2,—1). Khi d6 véi cac gia tri (bit) khéi tao zg, 21, ..., T,—1 thudc Fa,
ta c6 thé sinh ra bit & cac vi tri tiép theo

T = f(T0, X1,y Tpe1)-
Tuong tu:
Tpt1 = f(X1,%2, ..., Zn)y Tnpo = [(X2, 23, .., Znt1)s Tnys = [(T3,%ay .0 Tpga), ...
Tong quat, dé sinh bit thi n + ¢ thi dau vao sé 1a cac bit 5, Tig1y ooy Titn—1-
Tnti = f(@i, Tig1, ooy Tign—1)-

Theo Hinh 3.15, két qua clia ham f sé dudc ndi vao sau clia diy bit. Theo dé day bit sé luon c6 dang zg,
L1y ooy Ty eee

o[ [

Hinh 3.15: Feedback Shift Register

Thong qua ham f, cac vector trong F3 sé& chuyén trang thai 1an nhau theo cong thitc

(xnflvmn727 cee ,1’1,{170) — (xnvxnfla e 7x2,x1).
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©® Example
Xét ham boolean f(x3,x2,x1,x0) = T3x2 ® xo. Bang chan tri cia ham f 1a
f(.’L'37.’172,$1, (EO) = (07 1707 17 07 1707 17 07 17 07 17 17 03 170)

Vi dy, véi (0,0,0,1), ta c6 £(0,0,0,1) = 1 nén (0,0,0,1) bién dbi thanh (1,0,0,0). Nhu vay ching ta c6
céc chuyén doi déi véi ham f dugc thé hien thanh 4 chu trinh & céc hinh bén duéi.

0,0,0,0
.( )

Hinh 3.16: Chu trinh thi nhat cta f

(1,0,0,0)(0,0,0,1)

| [
(0,1,0,0)—{(0,0,1,0)

Hinh 3.17: Chu trinh thd hai cua f

Hinh 3.18: Chu trinh thit ba cta f

Hinh 3.19: Chu trinh thd tu cta f
Ta thay rang tap céc vector = (24, Ti11,...,Titn_1) ¢6 2" truong hgp. Do d6 s& c6 mot lac nao do (s6 i
nao do) ma vector x trd lai dtng vector ban dau. Nhu vay ton tai ¢ sao cho
(‘r07x17 e 71'7171) = (xiaxi+17 e 7xi+n71)-

Tt d6 day bit tiép theo duge sinh ra sé giéng hét trude d6 nén sb6 4 nhé nhat théa man déng thic duge goi
la chu ki ctia Feedback Shift Register.
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Trong céc ham boolean thi ham boolean tuyén tinh dugc quan tam nhiéu nhat dé sinh ra chudi bit Feedback
Shift Register. Do do6 tit day ta tap trung vao cac ham boolean tuyén tinh va Linear Feedback Shift Register.

Nhic lai, ham boolean tuyén tinh 13 ham boolean c6 dang
f(wo, 21, .., 2n1) = agTo D121 @ ... B Ap_1Tn_1.

Trong do6 a; € Fy 1a cac hé s6 cho trude. Ta dinh nghia da thic dic trung cho ham boolean tuyén tinh nhu
sau.

O Definition (Pa thic dic trung)
Xét ham boolean tuyén tinh
flxo,z1,.. ., Tp1) = apzo D a121 D ... D ap_1Tp_1-
Khi d6 da thitc diic trung tuong tng v6i ham f 1a da thitc c6 hé s trong Fo
Plx)=ao+aiz+...+ap_12" ' + 2

Do ham boolean tuyén tinh c6 tinh chat 1a $f(bm{0}) = 0$ nén chu ki téi da co6 thé dat duge 1a $2°n - 1.
Ta c¢6 mot vai dinh nghia sau dé mot LFSR dat duge chu ki t6i da.

© Definition (Pa thitc primitive)
Xét da thuc
Px)=ay+ a1z +...+ an_12" "+ 2"

thuoc Fon. Ta da biét truong Fan c6 2" — 1 phan tit khac khong. Dat p = 2" — 1. Da thitc P(z) dugc goi
14 primitive khi v6i moi wéc nguyén tb g ctia p thi:

2" —1
x® #Z 1 mod P(z), véis="L = .
q q

O Definition (Pa thic dic trung véi chu ki cuc dai)
Da thic
Plz)=ap+ a1z +...+ ap_12"t + 2"

dudc goi 1a da thitc dic trung véi chu ki cuc dai néu da thic d6 t6i gidn va 1a da thitc primitive.

(i ) Example
Xét da thic f(z) = 2% + 2% + 1. Ta c6 thé xac dinh xem da thiic nay c6 sinh ra LFSR v6i chu ki téi da
hay khong ma khong can tim do thi chuyén trang thai ctia LFSR.

Dau tién ta chitng minh f(x) 1a da thic ti gidn. That vay, gid sit nguge lai, f(x) 1a tich clia hai da thic
bac nhd hon 4. Hai trudng hgp c6 thé xay ra 1a f(z) chia hét cho da thitc t6i gidn bac 1 hodc bac 2.
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Céc da thiic t6i gian bac 114 x va x + 1. Ta c6 thé kiém ching ring f(x) khong chia hét cho bt ki da
thitc nao ¢ trén. Tuong tu, da thitc tdi gidn bac 2 (trong Fas) 1a 22 + 2 + 1 va f(x) ciing khong chia hét
cho da thitc nay. Nhu vay ta c6 thé két luan rang f(z) 1a da thiic tdi gian.

Trong Fos c6 2* — 1 = 15 phan tit khac 0. Cac wéc nguyén té ciia 15 1a 3 va 5. Ta thay ring
BZlvard=z-2t=2-P+)=s+z=2+c+1£1

Nhu vay f(z) 1a da thic primitive.
Nhu vay ta c6 thé két luan rang da thitc f(z) sinh ra LFSR véi chu ki t6i da.

Thuat toan Berlekamp-Massey

Thuat todn Berlekamp-Massey 1a thuat toan tim da thiic sinh c6 chu ki ngin nhat sinh ra mot day LFSR
cho trude.

Bai toan & day la, gia st chung ta c6 mot day bit
Up, ULy oy Ul—1

14 mot day bit duge sinh gid ngAu nhiéu (pseudorandom). Lam thé nao tit doan bit nay ta xay dung duge
da thiic dic trung ctia LFSR ma sinh ra tat ci cac bit sau d6? Hon nita [ phai nhé nhéat co thé.

Nhic lai, da thitc dic trung 1a da thitc c6 dang
P(x)=ay+a1x+...+ap 12" +a,z"
thi ham boolean tuyén tinh sinh ra bit tiép theo s& c6 dang
Ty = f(T0, @1, .., Tne1) = A0To D a121 D ... D Ap_1Tp_1.
Téng quat, cong thic dé sinh ra bit thi n + ¢ sé 1
Tpai = [(Xiy Tig1, oy Tprio1) = Q0% D aA1Ti41 D ... D Ap_1Tpai_1

véii=0,1,...

©® Algorithm (Thuat toan Berlekamp-Massey)

bau vao 1a day bit ug, u1, ..., ui_1.

DPau ra 1a da thitc dic trung bac nhd nhat ma sinh ra toan bo day bit trén, bit dau tit cac bit ug, ug, ...
nhat dinh.

Budc -1. Goi ng 1a vi tri dau tién ma u,, = 1 (cac bit duge danh s tur 0). Khi d6 diat P_q(x) = 1 va
k_1 = 1. Néu P_;(z) sinh ra toan bo day bit thi ta diing thuat toan. Ngugc lai thi tiép tuc bude 1.

Buéc 0. Dit Py(z) = 2™t @ P_q(x) véi ng 1a vi tri bit 1 dau tién va dat ko = deg Py(z) = no + 1.
O méi budc tix day tré di, goi m 1a s6 sao cho
ki1=ky=...=kn_1 <I€m:k‘s+2:...

Buéc n. Pé tim P, (z) ta tinh a =m —ky,_ 1 vab=n —k,_ ;.
1. Néu a > b thi
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Po(z) = Pp_1(z) ® 2°7° Py 1 ().
2. Néu a < b thi
P,(z) = xb_“Pn_l(x) ®P,_1.
Trong qué trinh tim P,(x), khi nao bac k,, ciia P,(z) théa man diéu kien s6 m thi ta cap nhat lai s6 m.

O méi buée, néu P, () sinh ra toan bo day bit thi ta ding thuat toan.

Pé xem céach hoat dong ctia thuat toan Berlekamp-Massey ta sé giai vi du sau.
Xét day bit 111100100.
Dat ng = 0, P_l(l‘) =1va k_l =0.

Theo P_i(xz) =1 thi1 — 1 — 1 — 1, nghia la bit dau thanh bit thit hai, bit thit hai thanh bit thit ba va
thit ba thanh tha tu. Tu do suy ra

Py(z) = Pi(z) = Pa(z) = P3(z) = 2" @l = 1.

Dok 1 <ky=k =ky=ks (0<1)nénm:O

Dét‘lmP4(a:),tacéa:m—km,1=O—0:0Vab:n—kzn,1:4—1:3. Do a < b nén
Py(z) =23P3(z) @ Pi(z) =2 - z@)@l=z'@z3® 1
Do k4 > k3 (4> 1) nén m = 4.

1 T 22 a3

NSNS T
AV AV AVA

Hinh 3.20: LFSR tuong ting Py(z)

Trong hinh trén, hang dau tir trai sang phai 1a ug, u1, ug, u3. Hang thit hai tir trai sang phai 1a uy, uo, us, ug.
Hang thi ba 1a us, us, u4, us, nhung us = 0 theo day ban dau nén LFSR sinh ra 1 14 chua dtng, thuat toin
chuyén sang budc tiép theo.

Dé tim Ps(z),tacoa=m —ky 1 =4—1=3vab=n—k, 1=5—-4=1. Suyra
Ps(z) = Py(z) @ 2’ Ps(z) = 2' @2’ @ 1@ (z@l) =202 1.

Theo Ps(z) = z* @ 22 @ 1 thi LFSR s& hoat dong nhu hinh duéi day. Ciing theo hinh duéi thi Ps(z) =
Ps(z)=2*@ 2?0 1.
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Dé tim Pr(z),tacoa=m —ky_1=3vab=n—k, 1=7—4=3. Doa >

P7(.1‘)

Khi d6 LFSR sé dugc sinh nhu hinh.

3

—_
—_

1 1

—_

NN

—_

1

—_
—_

G T

o O

\\\\\

1

o

v
o/ ol
0%
v

0 1

Hinh 3.22: LFSR tuong tng Pr(z)

Dé tim Py(z),a=3vab=8—4=4. Do a < bnén

Liic nay LFSR sé la

—_

\:\:\

1 1

/1/ / 7
G
VAV AV AV

1

H
T e

Hinh 3.23: LFSR tuong ting Pg(z)

Hinh 3.21: LFSR tuong tng Ps(z) va Ps(z)

b nén

=Px)o P =2'0r?0lozel=2"0r’ o

Py(z) =2P(z) @ Ps(z) =2 @2’ @2’ 9@ 1.
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Nhu vay da thtc sinh ra day bit ban dau la 2° @ 23 ® 22 ® « @ 1. Thuat toan Berlekamp-Massey tim ra da
thic dac trung véi do phic tap 1a 8 (tim t6i Ps(x)).

Vi du trén c6 thé duge kiém tra bdi chuong trinh Python & day.

3.1.5 Message Authentication Code
biém yéu ciia cac hé mat ma dbéi xiing 1a & tinh khong tit chdi. Bén nhan ciphertext khong co cach nao xac
minh duge bén giii, cling nhut bén giii hoan toan c6 thé chdi bd ring minh da giti ciphertext di.
Dé giai quyét van dé nay ngusi ta da nghi ra mot phuong 4n la Message Authentication Code (viét
tit 1a MAGC, tiéng Nga la mmuroBcTaska). Mot s6 tai lieu tiéng Viet minh doc thi MAC duge dich 1a ma
chiing thuc thong diép.
Khi d6, MAC gdm ba thanh phan:

1. Thuéat toadn tao khoa bi mat K.

2. Thuat toén tao ra tag T' 1a thong tin chiing thuc tir khoéa bi mat K va thong diép M, néi cich khac 1a
T =MAC(K, M).

3. Thuat toan kiém tra: v6i T, K va M, thuat toan tra vé chdp nhan hodic bdc bé. Bén nhan sé tinh toan
T' = MAC(K, M) va so sanh v6i T. Néu T = T’ thi chap nhan thong tin khong bi stta ddi va duge giti
tU mot bén sé httu khoa bi mat K.

Bén gui Bén nhan
Thong diép kénh truyen mé Thong diép
M M
R A,
' kénh truyén mé T = MAC(M, K Sai
] T = MAC(M, K) } - T — T= T(’? :
A
Khéa bi mat | ’Er_af)_d_é_i khéa R Khéa bi mat Ding
K K
A,
Chép nhén Bac bo

Hinh 3.24: So dd tao MAC

Nhin chung, MAC giéng véi quy trinh tao chi ky dién ti.

Hash-based Message Authentication Code (HMAC)

HMAC 1a mot cach tiép can dé xay dung MAC duya trén ham bam nén co6 tén goi hash-based MAC.
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ipad

K—»H—]M

7o

e S—

Y

h

HMAC (M)

Hinh 3.25: Hash-based message authentication code

HMAC duge dinh nghia trong RFC 2104 [27] bdi cong thite
HMAC(K, M) = H (K’ ® opad) |H (K’ & ipad) | M),

trong do:
e H 1a mot ham bam mat ma;
e M la thong diép can ching thuyc;
e K la khoa bi mat;
e K’ 1a khoa vé6i do dai c6 dinh dude tao tit khoa bi mat K;
e opad 14 mot day cac byte 0x5c, viét tit clia outer padding;
e ipad 1a mot day cac byte 0x36, viét tat clia inner padding.
Do dai ¢6 dinh (block-size) & mo t4 trén phu thuoc vao ham bam mat ma H.

M6 hinh HMAC cho phép ching thyc thong diep nhung khoéng cho phép méa hoa (encrypt). Mot y
tuéng cho viéc nay 1a chting ta ma hoa trude rdi chitng thiic bdn ma nhan duge. Day 1a cach tiép can
Encrypt-then-MAC va dugc tng dung kha rong rai, vi du nhu & [28]. Ching ta ciing c6 thé lam ngugc
lai, ching thyc ban r6 trude va sau d6 mé hoa, goi 1a MAC-then-encrypt. Tuy nhién MAC-then-encrypt
khong duge st dung nhidu.

Mot ting dung tiéu biéu ctia Encrypt-then-MAC 14 co ché GCM (Galois/Counter Mode) dudgc sit dung rong
rai khi di kém v6i thuat toan AES. Trudc tién chiing ta sé xem xét bai toan tong quat hon 1a Authentication
Encryption (tam dich 1& ma hda ¢ ching thuc).
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Authentication Encryption

Dau tién ta thdng nhit cic ki hiéu sau.

Ki hiéu Y nghia

P ban rd (plaintext)

K khoéa cho thuat toan mé hoa déi xiing

K’ khoa ding dé tao MAC

Enck(P) ham ma hoa ddi xing ban r6 P vdi khoa bi mat K

C ban ma (ciphertext) khi ma hoa ban ro P v6i khoa bi mat K
C = Enck(P)

A thong tin dé chitng thyc (Authentication Data)

Authentication Encryption (AE)
Authentication Encryption (hay AE) c6 thé biéu dién bdi ham
T = MAC(K', C),

khi d6 MAC dugc tao bdi khoa K’, ban ma C.
Thong thuong, K’ sé duge sinh ra tit K hodc ci hai déu duge sinh tit mot mat khau (password) hodc

passphrase nao do.

Authentication Encryption with Associated Data (AEAD)

Tuong tw v6i AE nhung luc nay ching ta thém mot doan thong tin goi 14 Associated Data hodc
Authentication Data. Luc nay MAC sé dugce tinh béi cong thiic

T = MAC(K',C, A),

v6i A 1a thong tin ching thuc (authentication data).
Hién nay trong cac giao thitc mat ma thi AEAD 1a bat budc di kém véi thuat toin méa hoa déi xiing.

O TLS v1.3 thi d6i v6i thuat todn AES c6 hai phuong an AEAD 1a GCM (Galois/Counter Mode) va CCM
(CBC-MAC). Déi véi cac cipher suites st dung cac thuat toan tiéu chuan GOST (Lién bang Nga) stt dung
phuong 4n AEAD 14 MGM (Multilinear Galois Mode). Chiing ta can luu y ring caic AEAD duge dinh
nghia trong cac khuyén nghi (recommendation) chit khong phai trong cac tiéu chuan [29, 30, 31]. Néi cach
khéac, khi phéat trién sdn pham mat ma thi day khong phai quy dinh bt budc nhung vé mit an toan thi
chiing ta nén ap dung vi nhimg mode khac luon c6 khuyét diém (ECB, CBC, v.v.).

Phan sau minh s& trinh bay cach tinh MAC dya trén GCM, CCM va MGM.

Cac loai AEAD

Sd lugc vé ma hoa véi bo dém (counter)

Cé ba phuong 4n AEAD sau day déu sit dung CTR (Counter Mode) dé méa héa. Sau d6 viéc viéc tinh toan
MAC dugc thyce hién theo nhitng cach khéc nhau.

Co ché ma hoéa véi bo dém nhu hinh sau.
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Y
Y
Y

incr incr incr
Counter; Counterq Counters Countery

Encg Encg Encg Encg

P P ) P4 P

Y Y 4 Y

Cl CQ 03 04

U~
U~
U~

Hinh 3.26: Ma hoa theo mode CTR

Bat dau véi gia tri Counter;, cac counter sau dé duge tao ra khi tang dan bo dém véi ham incr nao do:
Counter; 41 = incr(Counter;)

véii=1,2,...

Khi d6, néu Py, P, ..., P, la cac khoi ban 16 thi cac khoi ban ma tuong tng Cy, Cs, ..., C,, dudc tinh béi
C; = P; ® Enci (Counter;).

Ham incr 13 mot ham ting nao doé, khong nhat thiét 14 cong 1.
biéu quan trong khi ching ta st dung CTR 1a khong dude sit dung lai Counter;, cac ban c¢6 thé tim vé 16

héng reuse nonce. Néu sit dung lai counter thi chiing ta sé bi tan cong dang known-plaintext.

Galois/Counter Mode (GCM)

Day 1a dang AEAD dugc sit dung rong rai nhat hign nay (it ra 1a minh thay vay :v).

GCM sit dung CTR dé ma hoa va stt dung céc phép tinh trén trusng Galois dé tao MAC nén c6 tén goi la
Galois/Counter Mode.
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incr incr

Countery » Counter; ~ Counters

Enck Encg Enck

B4 B

NP

N
-l
=
=3
4
T
NP,
=
=3
=
N
D~
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len(A)]|len(C) 6'3

Bit dau véi Counterg, hay con goi 1a nonce, cac gia tri bo dém tiép theo dugc tinh bdi viée ting gia tri
trude do bsi ham incr. Viec ma hoa st dung CTR gidng nhu da trinh bay & trén.

Dbé tinh MAC, gia sit ching ta c6 m khdi associated data 1a Ay, Ag, ..., A,, va n khéi ban ma Cy, Oy, ...,
C,. Khi d6 céc khdi A; va C; c6 128 bit duge biéu dién thanh céc da thic trong GF(21%8) véi da thic toi
gidn la 2128 + 27 + 22 + 2 + 1.

Dit
A=Az [[Am, C=Cil|Call---|[Ch.

biat H = Ency (0'2®). Day la phan tit truong Galois ding dé tao MAC nén c6 thé n6i H chinh la K’ & phan
mo td MAC bén trén.
MAC T sé dugc tinh béi cong thic
T _ AlHn+m+2 o AZHn+m+1 D AmHn+3
SO H" o CH™ @0 C,H?
® LH @ Enck (Countery),
v6i L = len(A)||len(C), nghia 1a do dai ca doan A la len(A) s& duge biéu dién bing day 64 bit va tuong tu,

do dai ca doan C' 1a len(C) s& duge biéu dién bing day 64 bit. Khi ndi hai doan do lai ta c6 khéi L c6 128
bit.

O hinh minh hoa & trén thi m = 1 va n = 2 (c6 mot khéi AD va hai khéi ban ma).
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CBC-MAC
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Hinh 3.27: Ma hoa theo CCM

Viéc ma hoa ciing stt dung bo dém CTR, & day la ctr +14 v6ii = 1,2, ... con ctr thi ding dé tinh MAC sau.

Tuong tu, ta gid st ¢6 m khoi AD va n khdi ban ma. Khi d6 véi mot IV (c6 cong thite tao nhung minh
khong noéi ¢ day) thi dau tién ta dat By = Enck (IV), ta tinh

B; = Encg(A; © Bi—1)

v6ii=1,2,...,m. Phan nay 1a CBC danh cho AD.
Ta tiép tuc tinh CBC cho cac ban 16 Py, P, ..., P, bing

Biym = Encg (P; @ Bigm-1)

véii=1,2,...,n.

Tag T sé 1a By, 1., va MAC 1a 64 bit cao nhat (MSB) ctia Enck (ctr) & T', nghia la
U = MSBg4(Encg (ctr) & T').
O day MAC duge tao bdi CBC nén c6 tén goi la CBC-MAC.
Multilinear Galois Mode (MGM)
Pay 1a AEAD st dung cho cac GOST cipher suite cho TLS v1.3 va 14 mé rong ciia GCM. 0 day thay vi

chting ta chf nhan vé6i mot phan t¢ H nhu GCM ma 1a mot day Hiy, Ho, ... nén c6 tén goi la multilinear
Galois.
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0||nonce — Encg — Y3 mer ~ Y5
Enck Encg
Y Y
P —P Py, —P
Y \,
A ol Co len(A)||len(C)
H, ﬁéf) H, Hi? Hs Hﬁ@ Hy —
A o A Jany
N D D D
Y
Encg
MSBg
T

Hinh 3.28: M2a hoa theo MGM

Db6i v6i MGM chiing ta can mot doan 127 bit goi 14 nonce va sé sit dung dé ma hoa 1an tinh MAC.

Dé ma hoa, dat Y; = Encg (0|nonce). Day 1a diém khdi dau ciia bo dém. Khi dé cac phan tit bo dém duge
dugce sinh béi quy tac

Yip1 =iner.(Y;), i=1,2,... n.
Ban ma sé la
Ci=Encxk(Y))® P, i=12,...,n.
Tiép theo, @it Z; = Encg (1||nonce) va

Ziy1 =incr(Z;), i=1,2,...,n+m+ 1.
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1||nonce
Encg
Y
incr incr incr
Z1 > o > Z3 > 4
Y Y Y
Encg Encg Encg Encg
A, Y

Hinh 3.29: Qua trinh sinh day (H;)

Chung ta tinh mot day Hi, Ha, ... theo quy tic sau (Hinh 3.29)
H; =Encx(Z;), i=1,2,...,n+m+ 1L

Day H; sé duge dung ding dé tinh MAC. Goi

T=AH®AH & - ©AH, ®C1Hppi1 @ CroHypp ® LHp 141,
v6i L = len(A)]|len(C) nhu GCM. Mot didu luu y & day 1a MGM c6 thé sit dung cho thuat todn véi do dai
khoi 1a 64 bit (Magma) va 128 bit (Kuznyechik). Khi d6, néu do dai khoi 14 64 bit thi da thic t6i gidn 1a
2% 4+ 2% + 2% + 2 + 1 va néu do dai khdi 1a 128 bit thi da thic t6i gian 1a 228 + 27 + 22 + 2 + 1.
Khi d6, MAC 1a 64 bit cao (MSB) ctia két qui Encg (7)), nghia 1a

T = MSB64(EHCK(T))

Ham incr; va incr, hoat dong theo nguyén tic, giad sit ching ta c6 mot s6 128 bit 1a L||R, trong d6 L va R
déu c6 64 bit. Khi do

e incri(L|R) = L'||R v6i L' = (L + 1) mod 25;

e incr.(L||R) = L||R' v6i R' = (R+ 1) mod 254
O day L' (hoiic R') dugc bidu dién béi day 64 bit va gin vao R (hodic L) ban dau dé c6 mot day 128 bit.

3.2 Pha ma

3.2.1 Pha ma vi sai

Ph4 ma vi sai (differential cryptanalysis) da lam chuan ma hoa DES khéng con dii an toan.

Trong céc chuan ma hoa hien dai vé sau, kha ning khang pha ma vi sai va pha ma tuyén tinh tré thanh
tiéu chuan danh gia do an toan ctia thuat toin ma hoa.
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Nhap mon pha ma vi sai

Phan nay minh tham khdo & [32]. Ban nay viét kha nhiéu bai nhap moén cryptanalysis trén block cipher nén
rat t6t dé tham khéo.

Differential (vi sai)

©® Definition 1.63

Goi F% va FP* 1a hai khong gian vector trén Fy v6i s6 chidu lan lugt 1a n va m. Goi S 1a anh xa tir F3
t6i FD*. V6i mdi vector a, b € FY, ta noi input differential ciia S 1a § = a ® b va output differential
ctia S 1a A = S(a) @ S(b), trong d6 & la phép XOR.

Trén thuc té, néu trudng duge xét khong phai Fy ma 1a mot trudng F bat ki thi input differential 14 b — a va
output differential 1a S(b) — S(a). Trong mat ma ching ta thudng hay lam viéc trén cac khong gian vector
nhi phan nén phép trit ciing chinh 1a phép cong (XOR) trén Fs.

Anh xa S thuong duge st dung trong S-box 1a anh xa khong tuyén tinh, nghia la ching ta khong c6 tinh
chit S(a ® b) = S(a) ® S(b). Tuy nhién khi phan tich phan bd clia § = a ® b va A = S(a) ® S(b) ta co
thé trich ra cac thong tin phuc vu tan cong. Do st dung cac thong tin théng ké tit differential nén cach tan
cong nay duge goi 1a differential attack (hay pha ma vi sai).

Toy cipher
1. Do dai khéi 14 4 bits.
2. Do dai khoa la 8 bits.

Minh goi plaintext 4 bits 1a P va khoa 8 bits 1a K = Ky|| K7, trong d6 Ky va Ky c6 4 bits va || 1 toan ti
ghép chubi.

S-box ctia toy cipher 1a anh xa F3 t6i F5 theo bang sau.

x (0] 1]2]3|4]|5 67|89 ]10]|11]12]13]| 14|15 |
S@) 3|14 |1]10]4|9 5|6|8|11]|15] 2 |13][12] 0 | 7 |

Qua trinh ma héa mdi khdi plaintext 4 bit P thanh ciphertext C ciing 4 bit la:

P—PoKy— S(P®Ky) = S(PoKo) @K, =C.

K() Kl

O— SBox | O— C |

Hinh 3.30: So d@d toy cipher

Phan tich vi sai

Tiép theo chiing ta phéan tich sut phan bd vi sai clia S-box va biéu dién thanh bang.
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Trong bang nay, phan ti ¢ hang i va cot j thé hien s6 lugng cip (a,b) € F3 x F§ sao cho a ® b = i va
S(a@b) =j.

0|1/2|3|4|5 6|7|8]9 10 11 12 13| 14| 15|
0 16]|0 o|lojo|o oflo]JO]O O O O O]O]oO
1 0|2 0[4|/0/0 O0[2|0|0 O 2 0 6[0]0
2 0|2 2|0[2/0 0|/2/0|2 0 2 0 2|02
3 0[(0 2(0[2{0 0/0[0[2 4 0 4 0] 0|2
4 0|0 0[0|2|4 0[6[0|0 0 0 2 0]|0]|2
5 0(0 2(0[2{0 2|/2[2{0 4 0 0 0] 0|2
6 0|0 2(2/0[2 2|/0[4]0 0 0 2 0|2]|0
7 0]0 0|2(0[2 0|0|2(/0 0 4 0 O0]2]4
8 0|2 0(0|0|6 0|/0[2(2 0 2 0 O0|2]|0
9 0[0 2(2[2(2 4/0(4]/0 0 0 0 O] O0|O
100 02/ 0|0|2/0 0/0|2|2 2 0 4 0]2]0
11 0|4 22|00 0|{0|0|4 2 2 0 O0|O0]O
12 0|2 4|0|2]/0 0/0|0O|O0O 2 0 2 2]2]0
13 02 02|00 2(2(0|2 2 0 0 O0|O0]4
14 0]0 0|2|0[0 2(0|0|2 0 4 2 4]0]0
15 00 0/0|2]|0 4|2|0|0 0 0 0 2|60

Chiing ta quan tam t6i nhiing hang c6 nhiéu gia tri 0 va c6 mot phan ti& 16n nhét.
Cu thé thi 6 bang nay:
1. Néu input differential 1a 0 thi output differential 1a 0 v6i xac suat 16/16 = 1.
2. Néu input differential 1a 1 thi output differential 1a 13 v6i xac suat 6/16.
3. Néu input differential 14 4 thi output differential 13 7 v6i x4c suét 6/16.
4. Néu input differential 14 8 thi output differential 1a 5 v6i x4c suét 6/16.
5. Néu input differential 14 15 thi output differential 1a 14 v6i xéc suat 6/16.

Khi input differential 1a 0, no6i cach khac la @ @ b = 0, tuong duong véi @ = b. Suy ra S(a) = S(b) nén
output differential luén 13 0 = S(a) ® S(b). Tinh chat nay khong hitu dung.

Tiép theo, gia sit ta ma hoa plaintext P; va nhan dudc ciphertext tuong tng 1a C;.
Tuong tu ta ma hoa plaintext P; va nhan dugdc ciphertext tuong tng 1a Cf.
Theo céau tric cipher, Py & Ky va P] & Kj s6 la cadc dau vao ctia S-box. Do d6 input differential 1a
d=(PL® Ky ®(Pl®Ky) =P @ P.
biéu nay coé nghia 1a input differential khong phu thudc vao khoa va day 1a tinh chit quan trong cho pha
ma vi sai.
Theo quan sat s6 2 vé bang phan bd vi sai § trén, néu input differential 13 1 thi output differential 1a 13 véi
x4c suat 6/16.
Gia sit ta chon cac plaintext Py va Pj sao cho Py & P = 1.

bat I = S(P, @ Ko) va I} = S(P] & Ko). Khi d6 output differential ctia S-box 1a I @& I} va biang 13 véi
xéac suat 6/16.

bé y ring Cy = I, ® Ky va C = I{ & K nén

CieCl=NLoK)e(lieoK)=Lal
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chinh 14 output differential.

® Remark 1.15

Néu hai plaintext P; va P/ théa man P, & P} = 1 thi hai ciphertext tuong ting C; va C sé cho gia tri
C1 @ Cf = 13 vé6i xac suat 6/16.

No6i cach khac, trung binh 16 ciip plaintext ma Py @ P] = 16 thi s& ¢6 6 ciip cho két qua C; & C] = 13.

Chosen plaintext

Dua vao nhan xét trén, chién thuat pha ma vi sai thuc hién nhu sau:
1. Chon ngdu nhién plaintext Py va tinh Pl = P; & 1.
2. Ma hoa P; thu duge C1, ma hoa P] thu duge Cf.
3. Néu C; @ O] = 13 thi ta da tim dugec mot cap plaintext "tot". Néu khong thi ta quay lai budc 1.

X4c sudt 6/16 ddm bao riang viéc tim kiém s& khong mat thai gian vi xac suit nay kha 16n so véi phan con
lai. 1))

Khi ching ta da tim duge cdp plaintext (P, P{) ma Cy ¢ C] = 13, ching ta da sdn sang khoi phuc khoa con
K.

Dau tién, ta ligt ké tat ci cip (a,b) € F3 x F3 sao cho a ® b =1 va S(a) ® S(b) = 13. Cac cap do la
So ={(0,1),(1,0),(4,5), (5,4),(10,11),(11,10)}.
Do phép XOR c6 tinh dbi xting nén tap Sy ciing c6 nhing cap déi xting. Do do6 ta chi can 1iy phan ti dau
clia mbi cap va dat
A=1{0,1,4,5,10,11}.

Mabi phan tit @ € A ¢6 tinh chat S(a) ® S(a® 1) = 13.
Theo cau tric clia toy cipher thi S(Py & Ky) & S(P] & Ko) = 13.
Nhu vay a = P, @ Ko vaa® 1 = P} @ Ky. Tit day ta tim dugce cac kha ning co thé co ciia khoa con Ky

ing v6i moi gia tri a.
V6i mdi gid tri Ko, ta tinh duge K1 = C; & S(Py ® Kp). Do A ¢6 6 phan tit nén ta sé c6 6 truong hgp khoa
K = Kol K.

Dé tim ra khoa ta c6 thé thit ma hoa P véi titng khoa. Néu két qua la C; thi ta da khoi phuc dang khoa.
Differential cryptanalysis & toy cipher da giam sé lugng khoéa can thit tit 28 = 256 truong hgp xudng con 6
truong hop.

Pha ma vi sai trén TinyDES

M6 ta TinyDES

TinyDES 1a mot phién ban thu nhé céia chuan ma héa DES. TinyDES 1a ma hoa khdi theo mé hinh Feistel,
kich thuéc khéi 1a 8 bit, kich thuée khoa ciing 1 8 bit. Mbi vong khéa con c6 do dai 6 bit.
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KL; KR;

left shift left shift

Compress

Lita Rit1 KLit KR

Hinh 3.31: Mot vong TinyDES

Ma TinyDES kha don gian. Theo mé hinh Feistel, khéi dau vao 8 bit dude chia thanh hai nta trai phai 4
bit. Nta phai sé di qua cdc ham Expand, SBox va PBox, sau d6 XOR véi nita trai dé duge nita phai méi.
Con nita trai mdéi 1a nita phai cii. Tom lai cong thitc moé hinh Feistel 1a:

Lisi=Ri, Rit1=Li®F(Ri, Kiy1)

véi i = 1,2,3 tuong ting 3 vong v6i dau vao ctia khoi 1a (Lo, Ry).
Chiing ta can cic dong téc sau:

1. Expand: méd rong va hoan vi R; tit 4 bits 1én 6 bits. Gia sit 4 bits clia R; 1a bgb1bybs thi két qua sau
khi Expand la b2b3b1b2b1b0.

2. SBox: goi 6 bits dau vao 1a bobibabsbsbs. Khi do ta tra citu theo bang SBox véi bobs chi s6 hang,
b1babsby chi s6 ¢6t. Noi cach khac bang SBox c¢6 4 hang, 16 cot. Két qua ctia SBox 14 mot sb 4 bit.

3. PBox: 14 ham hoén vi 4 bits byb1b2b3 thanh babobsb; .

Nhu vay, ham F ctia m6 hinh Feistel ddi v6i ma TinyDES 1a:
F(R;, K;) = PBox(SBox(Expand(R;) & K;+1)).

Pé sinh khoéa con cho 3 vong, khoa ban dau dugc chia thanh hai nia trai phai lan lugt 1a KLy va KRy.
TinyDES thyc hién nhu sau:

1. Vong 1: KLy va KRy dugc dich vong trai 1 bit dé duge KL va K Ry;

2. Vong 2: KL; va KR, dudc dich vong trai 2 bit dé dudec K Lo va K Ro;

3. Vong 3: KLy va KR, dudge dich vong trai 1 bit dé duge K Lz va K Rs.
Khi do, khoa K; 6 vong thi ¢ (v6i i =1,2,3) 1a hodn vi va nén 8 bits cia K L; va K R; lai thanh 6 bits.
Dit 8 bits khi ghép K L; || K R; 14 kokikakskakskekr, két qua 14 6 bits kskqkskokrko.

O tinydes.py
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# tindeys.py

sbox = [

def

def

def

def

def

def

def

OxE, 0x4, OxD, Ox1, 0x2, OxF, OxB, 0x8, 0x3, OxA, 0x6, 0xC, Ox5, 0x9, 0x0, O0x7,
0x0, OxF, 0x7, 0x4, OxE, 0x2, 0xD, Ox1, OxA, 0x6, 0xC, 0xB, 0x9, 0x5, 0x3, 0x8,
0x4, Ox1, OxE, 0x8, 0xD, 0x6, 0x2, 0xB, OxF, 0xC, 0x9, 0x7, 0x3, OxA, 0x5, 0xO0,
OxF, 0xC, 0x8, 0x2, 0x4, 0x9, Ox1, 0Ox7, 0x5, OxB, 0x3, OxE, OxA, 0x0, 0x6, 0xD

Xor(a: list[int], b: list[int]) -> list[int]:
return [x7y for x, y in zip(a, b)]

Expand(R: list([int]) -> list[int]:
return [R[2], R[3], R[1], R[2], R[1], R[O]]

SBox(R: list[int]) -> list[int]:
row = int("".join(map(str, [R[0], R[5]1)), 2)
col = int("".join(map(str, R[1:5])), 2)

return list(map(int, format(sbox[row*16 + col], "04b")))

PBox(R: list[int]) -> list[int]:
return [R[2], R[0], R[3], R[1]]

PBox_inv(R: list[int]) -> list[int]:
return [R[1], R[3], R[0], R[2]]

Compress(K: list[int], round: int) -> list[int]:
left, right = K[:4], K[4:]
if round == 0 or round == 2:
left = left[1:] + left[:1]
right = right[1:] + right[:1]
elif round ==
left = left[2:] + left[:2]
right = right[2:] + right[:2]

Ki = left + right
return left, right, [Ki[5], Ki[1], Ki[31, Kil[2], Ki[7], Ki[0]]

encrypt_block(plaintext: list[int], key: list[int]) -> list[int]:
keys = [key]
left, right = keyl[:4], keyl[4:]
for i in range(3):
left, right, key = Compress(left + right, i)
keys . append (key)

3.2.
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left, right = plaintext[:4], plaintext[4:]
for i in range(3):
left, right = right, Xor(left, PBox(SBox(Xor (Expand(right), keys[i+1]))))

return left + right

#print (encrypt_block([O, 1, 0, 1, 1, 1, 0, 0], [1, O, O, 1, 1, O, 1, O]))

Pha ma vi sai trén TinyDES

Gia st X; va X» 1a hai khéi input c6 ciing s6 bit.

Ta dinh nghia vi sai cia X; va Xo 1a X = X; @ Xo.

Xét cac phép bién déi trong TinyDES

Phép XOR key

Goi K 14 khoa con & vong nao d6 trong thuat toan. Khi d6 néu dit Y, = X, ® K va Yo = Xo @ K thi vi sai

ciaoutput 1Y =Y, @Y, = X; @ X,. Nhu vay K khong tac dong 1én vi sai va day 1a tinh chat quan trong
dé ching ta pha ma vi sai.

Phép PBox

Phép PBox bio toan s bit (hoan vi 4 bits thanh 4 bits) va cach xay dyng hoan vi 1a mot bién déi tuyén
tinh. Viéc hoan vi 4 bits bgb;b2bs thanh bobgbsb; tuong duong véi phép nhan ma tran

0010 bo by
1000 b | | o
00 0 1 by | ~ | by
01 0 0 b by

Do d6 néu dit Y1 = PBox(X;) va Yo = PBox(X3) thi
Y1 &Y, = PBox(X1) ® PBox(X2) = PBox(X; ® X3).
Nhu vay néu vi sai input 1a ¢d dinh thi vi sai output cling ¢6 dinh do tinh tuyén tinh.
Phép Expand
Tuong tu, phép Expand ciing 1a bién ddi tuyén tinh va néu dat Y3 = Expand(X;) va Ya = Expand(X3) thi
Y1 @ Yy = Expand(X;) @ Expand(X3) = Expand(X; ¢ Xa).
Ciing tuong ti, néu vi sai input 1a ¢6 dinh thi vi sai output ciing c¢b dinh.
Phép SBox

Phép SBox 1a mot bién ddi khong tuyén tinh véi input 6 bits va output 4 bits.
Dat Y1 = SBOX(Xl) va ng = SBOX(XQ).

Véi mbi X = X; ® X, cb dinh thi ct mot gia tri X; sé c6 duy nhat mot gia tri Xy cho ra vi sai X. Tuy
nhién vi sai output Y7 @ Y, phan b6 khong déu nhau.
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Thyec hién bruteforce don gidn trén SBox véi vi sai input X = X; @ X5 c6 6 bits, ta tim duge sy phan bd vi

sai output Y =Y, @ Ys.

Chiing ta mong muén ring trén mot hang c6 cang it phan tit khac 0 cang tét. Tir d6 sy phan bd xac suit

s& dé kiém soat hon.

(5 ) check sbox.py

# check_sboz.py

import tinydes

def int_to_vec6(n: int) -> list[int]:
return list(map(int, format(m, "06b")))

def int_to_vec8(n: int) -> list[int]:
return list(map(int, format(m, "08b")))

def vec_to_int(v: list[int]) -> int:
return int("".join(map(str, v)), 2)

# Know about distribution of differential input-output
dist = []
for _ in range(2%*6):
X = int_to_vec6( )
row = [0] * 16
for __ in range(2x*6):
X1 = int_to_vec6(__)
X2 = tinydes.Xor(X, X1)
Y1 = tinydes.SBox(X1)
Y2 = tinydes.SBox(X2)
Y = tinydes.Xor (Y1, Y2)
row[vec_to_int(Y)] += 1
dist.append(row)

for i, row in enumerate(dist):

print (f'Row = {rowl}')

print (f'Row {i} has {row.count(0)} zero elements')

print (f'Element that has maximal probability is {row.index(max(row))} with prob
—{max(row)}')

print ()

Sau khi xem bang phan phdi vi sai input va output ta c6 thé thay dugce ring:
1. Néu vi sai input X = 0 thi chic chin vi sai output Y = 0.
2. Néu vi sai input X = 16 thi c6 9 vi sai output ¥ khac 0.
3. Néu vi sai input X = 52 thi c6 8 vi sai output Y khéc 0.

Dua trén nhan xét nay, ching ta sé tAn cong trén cic X;, Xo ma X = X1 & X, € {16,52}.
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Xét hai hang 16 va 52, ta thay rang:
1. Néu vi sai input X = 16 thi vi sai output Y = 7 1a cao nhat véi xac suat 14/64.

2. Néu vi sai input X = 52 thi vi sai output ¥ = 2 1a cao nhat véi xac suat 16/64.

Ham F
Nhu vay, phép XOR key, phép PBox va phép Expand cho x4c suat déu nhau véi cac ciip vi sai (X,Y). Trong
khi d6 thi SBox lai cho xac suét cac cap vi sai (X,Y) khong déu nhau.
bat Y1 = F(X1) va Y = F(Xs).
Di tit trong ra ngoai (Expand, téi SBox, t6i PBox va cudi cung 1a F') ta thay ring:
e vi sai input cia ham F' chinh 1& vi sai input ctia Expand;
e vi sai output ctia Expand 1a vi sai input ctia SBox (khéng phu thudc vao khoa);
e vi sai output ciia SBox la vi sai input ctia PBox;
e vi sai output ctia PBox la vi sai output ctia ham F.
Ta c6 thé dua ra nhan xét vé xac sudt vi sai output Y =Y; @ Y tit vi sai X = X; @ X, nhu sau:

1. Néu vi sai input cia F' 1a 0 = vi sai output clia Expand 1a 0 = vi sai output ctia SBox chic chin 13 0
= vi sai output ctia PBox chic chén 1a 0 = vi sai output ctia ham F chic chan 14 0.

2. Néu vi sai input cia F 14 1 = vi sai output ctia Expand 1a 16 = vi sai output ctia SBox 14 7 véi xac suét
14/64 = vi sai output ctia PBox 1a 11 v6i xac suat la 14/64 = ham F 1a 11 v6i xac suat 14/64 = 7/32.

3. Néu vi sai input clia F 13 3 = vi sai output clia Expand 14 52 = vi sai output ctia SBox 14 2 véi xac
suat 16/64 = vi sai output ctia PBox la 8 v6i xac suat 16/64 = ham F' 1a 8 véi xéc suat 16/64 = 1/4.

Noi chung, ching ta chon output ctia Expand (input cho SBox) giéng véi xac suat cao nhat véi phan tich

SBox & trén kia.

Chosen plaintext

Differential attack 13 mot dang chosen plaintext, trong dé chung ta tan dung cic xac suit & trén.

Chosen plaintext phan mét

Do tinh chét vi sai, chting ta s& mong muén tim nhing cip (plaintext, ciphertext) (P, C1) va (P, C3) nao
d6 ma vi sai input P; @ P, va vi sai output C; @ Co c6 thé t6i wu xac suat trén.

Gia st ching ta xét trudng hop 3 & trén, khi vi sai input ctia F 14 3 thi vi sai output ctia F 1 8 véi xéc suit
1/4. Day la xac suat 16n nhit nén ta mong mudén trong 3 vong ciia TinyDES s& tan dung duge cang nhidu
cang tot.

Ching ta di tit dudi lén. Dt
L3 =Ry, R3=Ly® F(Rs, K3),
va
Ly =R, Rj=L,®F(RKj).
Chon Ry @ RS, = 3 thi F(R2, K3)® F(R), K3) = 8 véi xac suat 1/4. Vila bude cudi nén ta hy vong ciphertext

cudi cling sé cang it phiic tap cang tot. Do d6 c6 thé la chon Ly = L} = 0 dé bdo toan vi sai sau khi vong
3 két thuc.

O vong 3, xéc sudt dé vi sai input biing 3 va vi sai output bing 8 1a 1/4.
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Tiép theo, dit:

Ly =Ry, Ry=1L®F(Ry,K>),
va

Ly=Ry, Ry=L1&F(R,K).

Do Ly = Ry nén Ry = 0. Tuong ty R} = L4 = 0. Diéu déng chi ¥ 1a Ry & R} = 0, nghia la vi sai input
béang 0, nén vi sai output F(Ry, K2) & F(R}, K2) chdc chan béng 0 (xac suit bang 1).

O vong 2, xac suat dé vi sai input biing 0 va vi sai output bing 0 1a 1.
Ta lai co
Ry@®Ry,=3=L1® F(R,Ky)® L) & F(R},Ky) = Ly & L},
do vi sai output ham F' chic chin bang 0. Do d6 L, & L} = 3.

Tuy nhién, Ly = Ry va L} = R) nén Ly & L} = Ry ® R = 3. Do do6 vi sai output ctia ham F' 1a
F(Ry, K1) ® F(R), K1) = 8 c6 xac suat 1/4.

O vong 1, xac sudt dé vi sai input biing 3 va vi sai output biing 8 1a 1/4.
Cubi cung,
Ri® R} = Lo® F(Ro, K1) ® Li® F(R, K1) = Lo ® L, ®8,
ma ta nhd lai & trén Ry @ R} = 0 nén suy ra Lo & Ly = 8.

Téng két lai, ta chon vi sai input (L, R) = (8, 3) thi xéac suat dé vi sai output bing (3,8) 1a (1/4) x 1x (1/4) =
1/16. Day la xac suit cao nhat c6 thé sau khi TinyDES chay di 3 vong.

Chosen plaintext phan hai

Tuong ty, ching ta xét truong hgp 2 & trén, khi vi sai input ctia F' 1a 1 thi vi sai output cta F 14 11 v6i xac
sudt 7/32. Ta cling mong muén sau 3 vong ciia TinyDES sé& tan dung dugc cang nhiéu cang tot.

Chung ta lai di duéi 1én. Dat

L3 =Ry, R3=Ly® F(Ry, K3)
va

Ly =Ry, Rj=L)® F(Ry, Ks3).

Chon Ry & R, =1 thi F(Rs, K3) @ F(R), K3) = 11 v6i xac suat 7/32. Vi 1a bude cudi cung nén ta cting hy
vong ciphertext s& cang it phiic tap cang t6t. Do d6 ta chon Ly = L, = 0.

O vong 3, xéc suat dé vi sai input biing 1 v vi sai output bing 11 1a 7/32.

Tiép theo, dat

Ly =Ry, Re=Li®F(R,K>),
va

Ly=Ry, Ry=Ly&F(R,K).

Do Ly = Ry nén Ry = 0. Tuong tu R} = 0. Suy ra Ry @ R} = 0 va vi sai output F(R;, K3)® F(R},K2) =0
v6i x4c suat bang 1 (chdc chin xay ra).
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O vong 2, xac suat dé vi sai input bing 0 va vi sai output bing 0 1a 1.

Ta lai co:
Ro®R,=L1®F(R,Ky)® Ly ® F(R},Ky) =Ly & L,

do vi sai output ctia ham F chic chan bang 0. Do d6 Ly & L) = 1.

Tuy nhién Ly = Ry va L} = R nén Ry ® R = L1 ® L} = 1. Do d6 vi sai output ciia ham F & vong 1 1a
F(Ro, K1) ® F(R), K1) = 11 v6i xéc suat 7/32.

O vong 1, xéc suét dé vi sai input bing 1 v vi sai output bing 11 1a 7/32.

Cubi ciing, do
Ry @ R} = Lo ® F(Ro, K1 © Ly © F(Ry, K1),

ma R1 @R’l =0va F(Ro,Kl) EBF( 67K1) = 11 nén LO @L6 =11.
Téng két lai, ta chon vi sai input (L, R) = (11, 1) thi xdc suat dé vi sai output bing (1,11) 1a (7/32) x 1 x
(7/32) ~ 0.048. Day ciing la xac suit cao nhat cé thé sau khi TinyDES chay du 3 vong.

Final attack

Nhu vay, déi v6i TinyDES chtung ta pha ma vi sai nhu sau:

1. Tim mot sb lugng cap plaintext, ciphertext (Py, Cy), (P, Ca), ... cho t6i khi tim duge P; & P; = 0x83
va C; @ Cj = 0x38.

2. Tim mot 6 lugng cap plaintext, ciphertext (Py, C7), (Ps, C3), ... cho téi khi tim duge P} @ Pj = 0xB1
va C; © Cf = 0x1B.

Sau khi da tim dudc mot s6 lugng cip plaintext, ciphertext thda vi sai trén, nhé lai ham F & vong 3, do
L3 = Ry, va R3 = Ly ® F(Ry, K3) = Lo ® F(L3, K3) = F(L3, K3),

theo cach chon Ly = 0 & trén, dé& thiy ring ching ta c6 thé tim duge cac K3 théa man ham F & vong 3.

Dé lam diéu d6 thi ta tinh O = Expand(Ls), va do SBox(O & K3) = PBox™ !(R3) ciing tinh duge nén c¢6 thé
tim cac gia tri O @ K3 ma khi di qua SBox cho két qua bing PBox *(R3). Sau d6 XOR lai cho O thi s&
tim dugc cac gia tri co thé clia K3. Luu y rang SBox lam giam 6 bits con 4 bits nén sé c6 nhiéu gia tri khac
nhau cho cung gié tri SBox.

Thuyc hién trén hai trudng hop vi sai input-output 1a (0x83,0x38) va (0xB1,0x1B) ta c6 tap cac gia tri co
thé xay ra clia K.

Theo thuat toin sinh khoa con thi véi khéa K 8 bits ban dau, dat 1a kokikokskskskekr, thi khoa con K
1a kskikskokrkg. Trong K3 khong c6 k4 va kg nén chung ta sé bruteforce hai bit nay t6i khi tim duge dung
khoa K ma tuong ung véi cip (B, C;).

(i ] find_key.py

# find_key.py

import tinydes
from itertools import product

def int_to_vec6(n: int) -> list[int]:

346 Chapter 3. Mat ma hoc ciing kho



Math Book

return list(map(int, format(n, "06b")))

def int_to_vec8(n: int) -> list[int]:
return list(map(int, format(m, "08b")))

def vec_to_int(v: list[int]) -> int:
return int("".join(map(str, v)), 2)

def recover_key(k: list[int]) -> list[int]:
return [k[5], k[1], k[3], k[2], O, k[0], O, k[4]]

key = [1, 0, 0, 1, 1, 0, 1, 0]
ptx = []
ctx = []

pt’ Ct = [O) 1) O, 1) 13 1’ O) O]) [13 O) O! 1, 1’ o! 1’ O]

candidates = []
K3 = []

for _ in range(24):
pt = int_to_vec8(_)
ct = tinydes.encrypt_block(pt, key)
pt_ = tinydes.Xor(int_to_vec8(0x83), pt)
ct_ = tinydes.encrypt_block(pt_, key)
if tinydes.Xor(ct_, ct) == list(map(int, format(0x38, "08b"))):
ptx.append(pt_)
ctx.append(ct_)
candidates.append((pt, pt_))
break

for ptl, pt2 in candidates:
ol, 02 = tinydes.PBox_inv(pt1[4:]), tinydes.PBox_inv(pt2[4:])
ql, 92 = tinydes.Expand(pt1[:4]), tinydes.Expand(pt2[:4])
for i in range(len(tinydes.sbox)):
if tinydes.sbox[i] == vec_to_int(ol):
row, col =1 // 16, i % 16
idx = [row // 2] + list(map(int, format(col, "04b"))) + [row % 2]
K3.append(tinydes.Xor(ql, idx))
if tinydes.sbox[i] == vec_to_int(02):
row, col =i // 16, i % 16
idx = [row // 2] + list(map(int, format(col, "04b"))) + [row % 2]
K3.append(tinydes.Xor(q2, idx))

candidates = []

for _ in range(24):
pt = int_to_vec8(_)
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ct = tinydes.encrypt_block(pt, key)
pt_ = tinydes.Xor(int_to_vec8(0xbl), pt)
ct_ = tinydes.encrypt_block(pt_, key)
if tinydes.Xor(ct_, ct) == list(map(int, format(Oxlb, "08b"))):
ptx.append(pt_)
ctx.append(ct_)
candidates.append((pt, pt_))
break

for ptl, pt2 in candidates:
ol, 02 = tinydes.PBox_inv(pt1[4:]), tinydes.PBox_inv(pt2[4:])
ql, 92 = tinydes.Expand(pt1[:4]), tinydes.Expand(pt2[:4])
for i in range(len(tinydes.sbox)):
if tinydes.sbox[i] == vec_to_int(ol):
row, col =i // 16, i % 16
idx = [row // 2] + list(map(int, format(col, "04b"))) + [row % 2]
K3.append(tinydes.Xor(ql, idx))
if tinydes.sbox[i] == vec_to_int(02):
row, col =i // 16, i % 16
idx = [row // 2] + list(map(int, format(col, "04b"))) + [row % 2]
K3.append(tinydes.Xor(q2, idx))

for k3 in set([vec_to_int(k) for k in K3]):
k = recover_key(int_to_vec6(k3))
for k4, k6 in product(range(2), repeat=2):
k[4], k[6] = k4, k6
if tinydes.encrypt_block(pt, k) == ct:
print (f"Recover key: {k}")

Difference va differential
0 phan nay, ki hieu B 14 phép cong modulo 27, B 1a phép trit modulo 27, va @ 14 toan ti bitwise-XOR.
Néu s6 nguyén a c¢é n bit va biéu dién dudi dang
a=ao+2a; +2%a0+ -+ 2" ta,_1
thi s6 nguyén a tuong duong véi vector
(ap,a1,az2,...,an_1) € Fy.

Nhu vay, phan ti a € Zg» tuong duong phan tit (ag, a1, . ..,a,—1) € F3 va cdc ban can luu y rdng phép B
va B thuc hién trén Zg», con phép XOR thuc hién trén F7.

Cu thé hon, gia st
a=ag+2a1 +2%a+ - +2"ta,_q,
b=bo+2by +2%by + -+ + 2" 1, _q,
thi ta co
aBb=a+bmod?2", aBHb=a—bmod?2",
a®b=c=co+2c1+---2"te,q, v6ic; =a; Db;.
Vi dy, véi n = 4, xét cac s6 nguyén 4 bit 1a a = 9 va b= 11. Khi do

alBb=4, aBb=14, adb=2.
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Difference (hiéu)

Gia sit ta c6 ham f : Zgn — Zgm, khi d6 véi hai phan t a,b € Zyn thi ta noi
e bHa la hieu dau vao;
e f(b)B f(a) 1a higu dau ra.

Duéi goc do pha ma, véi 6 € Zgn va A € Zym ¢b dinh, ta xem xét c6 bao nhiéu cip a,b € Zon ma
bBa=26, f(b)B fla)=A.
Chuyén vé ta c6 cac ding thiic trén tuong véi
b—aB6— f(b) = f(aB ) = f(a) BA.
Noéi cach khac, ta xem xét xic suit
adp’ (6 — A) =Pr[f(aB6) = f(a) BA]

v6i moi a € Zon.

Téng quat, néu ta xét k hieu dau vao ag, g, ..., ap_1 va hiéu dau ra oy, thi ta quan tam xac suit

adp” (ag, a1, ..., o1 — o) = Pr[f(zo Bag, z1 Bay,...,c5 1 Bag_1) = f(zo,z1,...,251) Bag].

©® Example 1.33

Xét ham f(z,y) =2 @y véi x,y € Zan. VG6i a, S va v thudc Zaon ta xem xét

adp (e, 8 = ) = Pr[(z B o) ® (yBB) = (¢ ®y) B].

Differential (vi sai)

Gia st ta c6 ham f : Zon — Zgm, khi d6 v6i hai phan t& a,b € Zon thi ta noi
e b®a la vi sai diu vao;
o f(b) ® f(a)la vi sai dau ra.
O day can luu ¥ riing, vi sai ban chat 1a phép trit, nhung trén FZ thi phép trit ciing chinh 1a phép cong .

Tuong ty, dusi goc do pha ma, v6i § € Zon va A € Zom ¢b dinh, ta xem xét c6 bao nhiéu cap a,b € Zy» ma
bda=906, f(b)a® fla)=A.
Chuyén vé ta cé cac ding thic trén tuong véi
b=a®d= f(b) = fla® ) = f(a) ®A.
No6i cach khac, ta xem xét xac suit
xdp/ (6 = A) =Pr[f(a® 6) = f(a) ® A

vGi moi a € Zon.
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Téng quat, néu ta xét k hieu dau vao ag, a1, ..., ap_1 va hieu dau ra oy thi ta quan tam xac suét

adp’ (g, o1, ..., k1 = ) = Pr[f (20 ® g, @1 ® .y Ty S 1) = f(T0, 21, .+, Th1) © ).

©® Example 1.34

Xét ham f(x,y) =z By véi z,y € Zon. V6i a, B va v thudc Zon ta xem xét

xdp/ (0, B+ 7) =Prlz@a)B(y® f) = (zBy) @]

M6t sb luu y va nhan xét

Mot sb6 nguyén n bit ciing c6 thé xem xét dusi dang vector n phan ti, do d6 cho phép ching ta xem xét hai
dang vi sai theo phép XOR va theo phép cong modulo 2.

O day, adp la viét tét cta addition differential probability (xac sudt vi sai theo phép cong) va xdp 1a viét t&t
ctia zor differential probability (xAc sudt vi sai theo phép xor).

Trong nhiéu thuat toan ma khoi, cic phép bién ddi co thé sit dung phép XOR 1an phép cong modulo 27, do
d6 viec nghién ctu méi lien he giita cic toan ti trén nhim dua ra danh gia vi sai nao dat dude xac suit
mong mudn 13 viéc quan trong. Tuy nhién hién chua c6 nhidu nghién citu cho viéc nay, vi du nhu phép cong
modulo 2" s& c6 xac suat nhu thé nao ddi véi vi sai 14 phép XOR, va nguge lai.

Ly do don gidn nhit clia ting dung vi sai 14 loai bo syt ¢6 mit clia khoa trong mdi vong.

Vi du tht nhat, rat phd bién, 1a heé ma DES. Néu ta xét mot S-box vong thi bién déi trén nita phai c6 dang
F(R,K) = SBox(R & K)
v6i R 13 nita phai dau vao va K 1a khoéa & vong hién tai, thi ta cé vi sai dau vao 1a
§=R®R =(ReK)® (R aK)
va vi sai dau ra la
A = SBox(R & K) @& SBox(R' & K).

O day, vi sai ddu vao khong phu thude vao khoa K.

Vi du tht hai 14 round function ciia hé ma Magma. Néu ta lay S-box ctia Magma c6 dang
F(R,K)=SBox(RBK)
thi vi sai dau vao 1a
S=RBR=(RBK)B(REBK)
va vi sai dau ra la
A = SBox(R' # K) HSBox(RH K).

0 day ta cfing c6 vi sai dau vao khong phu thude vao khéa K nhung déi véi toan t hieu H, khong phai
hiéu &.
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3.2.2 Pha ma tuyén tinh

Pha ma tuyén tinh (linear cryptanalysis) da lam chuan ma héa DES khong con di an toan.

Trong céc chuan ma hoa hien dai vé sau, kha ning khang pha ma vi sai va pha ma tuyén tinh tré thanh
tiéu chuan danh gia do an toan ctia thuat toan ma hoa.

Pha ma tuyén tinh trén TinyDES

Mo ta TinyDES

Trong phan mé td pha ma vi sai minh da sit dung TinyDES dé lam vi du. 0 day minh tiép tuc st dung
TinyDES dé vi du cho ph& ma tuyén tinh. Nham ggi nhé ciu tric ctia TinyDES thi minh xin chép lai.

TinyDES 14 mot phién ban thu nhé ctia chuan ma hoa DES. TinyDES 14 ma hoa khoi theo mo hinh Feistel,
kich thuéc khéi 1a 8 bit, kich thuée khoa ciing 1 8 bit. Mbi vong khoa con c6 do dai 6 bit.

Li Ri KLZ‘ KRl

left shift left shift

Compress

Lit1 R KLt KR4

Hinh 3.32: Mot vong TinyDES

Ma TinyDES khéa don gian. Theo mé hinh Feistel, khéi dau vao 8 bit duge chia thanh hai nta trai phai 4
bit. Nita phai sé di qua cac ham Expand, SBox va PBox, sau d6 XOR v6i nita trai dé dugce nita phai méi.
Con nita trai mdi 1a nita phai cfi. Tom lai cong thitc moé hinh Feistel 1a:

Liy1=R;, Riy1=L;®&F(Ri,Kit1)

v6i i = 1,2,3 tuong tng 3 vong véi dau vao ciia khéi 1a (Lo, Ro).
Chiing ta can cic dong tac sau:

1. Expand: md rong va hoan vi R; tit 4 bits lén 6 bits. Gia st 4 bits clia R; 13 bobibobs thi két qua sau
khi Expand 1a b2b3b1b2b1b0.

2. SBox: goi 6 bits dau vao 1a bobibabsbsbs. Khi do ta tra citu theo bang SBox vdi bobs chi s6 hang,
b1babsby chi s6 ¢6t. Noi cach khac bang SBox c¢6 4 hang, 16 cot. Két qua clia SBox 14 mot s6 4 bit.

3. PBox: 14 ham hoén Vi 4 bits b0b1b2b3 thanh b2b0b3b1.
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Nhu vay, ham F ctia m6 hinh Feistel di v6i ma TinyDES 1a:

F(R;, K;) = PBox(SBox(Expand(R;) ® K;11)).

Pé sinh khoéa con cho 3 vong, khoa ban dau dugc chia thanh hai nita trai phai lan lugt 1a KLy va KRy.

TinyD

ES thuyc hién nhu sau:

1. Vong 1: KLy va KRy dugc dich vong trai 1 bit dé duge KL; va K Ry;
2. Vong 2: KL; va KR, dudc dich vong trai 2 bit dé dudec K Lo va K Ro;
3. Vong 3: KLy va KR, dude dich vong trai 1 bit dé duge KLz va K Rs.
Khi do, khoa K; 6 vong thi ¢ (v6i i =1,2,3) 1a hoan vi va nén 8 bits cia K L; va K R; lai thanh 6 bits.

Défﬁ 8 bits khi ghép KLZHKR@ la kgk1k2k3k4k5k6k7, két qué 1a 6 bits k5k1k3k2k7k0

# t7

sbox

p
O tinydes.py

ndeys.py

- [

OxE, 0x4, O0xD, Ox1, 0Ox2, OxF, OxB, 0x8, 0x3, OxA, 0x6, 0xC, 0x5, 0x9, 0x0, 0x7,
0x0, OxF, Ox7, Ox4, OxE, 0x2, OxD, Ox1, OxA, 0x6, 0xC, 0xB, 0x9, 0x5, 0x3, 0x8,
0x4, 0Ox1, OxE, 0x8, 0xD, 0Ox6, 0x2, O0xB, OxF, 0xC, 0x9, 0x7, 0x3, OxA, 0x5, 0xO0,
OxF, 0xC, 0x8, 0x2, 0x4, 0x9, Ox1, 0x7, 0x5, O0xB, 0x3, OxE, OxA, 0x0, 0x6, OxD

]
def Xor(a: list[int], b: list[int]) -> list[int]:
return [x7y for x, y in zip(a, b)]
def Expand(R: list[int]) -> list[int]:
return [R[2], R[3], R[1], R[2], R[1], R[0O]]
def SBox(R: list[int]) -> list[int]:
row = int("".join(map(str, [R[0I, R[511)), 2)
col = int("".join(map(str, R[1:5])), 2)
return list(map(int, format(sbox[rowx16 + coll, "04b")))
def PBox(R: list[int]) -> list[int]:
return [R[2], R[0], RI[3], R[1]]
def PBox_inv(R: list[int]) -> list[int]:
return [R[1], R[3], R[0], R[2]]
def Compress(K: list[int], round: int) -> list[int]:
left, right = K[:4], K[4:]
if round == 0 or round ==
left = left[1:] + left[:1]
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right = right[1:] + right[:1]
elif round ==

left = left[2:] + left[:2]

right = right[2:] + right[:2]

Ki = left + right
return left, right, [Ki[5], Ki[1], Ki[3], Ki[2], Ki[7], Ki([0]]

def encrypt_block(plaintext: list[int], key: list[int]) -> list[int]:
keys = [key]
left, right = keyl[:4], keyl[4:]
for i in range(3):
left, right, key = Compress(left + right, i)
keys . append (key)

left, right = plaintext[:4], plaintext[4:]
for i in range(3):

left, right = right, Xor(left, PBox(SBox(Xor (Expand(right), keys[i+1]))))

return left + right

#print (encrypt_block([O, 1, 0, 1, 1, 1, 0, 0], [1, 0, O, 1, 1, O, 1, O]))

Pha m3 tuyén tinh trén TinyDES

Trong cac phép bién doi trén TinyDES thi chi c6 SBox 1a khong tuyén tinh. Tuy nhién néu chi xét mot s6
bit nhat dinh gita dau vao va dau ra thi ta c6 quan hé tuyén tinh.

Nhic lai, mot bién ddi f : F — FJ* goi la tuyén tinh néu v6i moi o1, xs € FY ta déu co
f(@1 @ @2) = f(@1) D f(22).

Ta sé xét cac phép bién do6i trong TinyDES.

Phép XOR key

Goi K 1a khoa con & vong nao do6 trong thuat toin. Khi d6 néu diit Y7 = X1 @ K va Yy = Xy @ K thi ta ¢
Y @Y, = X; © X,. Nhu vay phép XOR la bién aédi tuyén tinh.

Phép PBox

Phép PBox bdo toan s bit (hoan vi 4 bits thanh 4 bits) va cich xay dung hoan vi 1a mot bién déi tuyén
tinh. Viéc hoan vi 4 bits byb1b2b3 thanh bobyb3b; tuong ducng v6i phép nhan ma tran

0010 bo by
1000 b| | o
000 1 b | T | b3
0100 b by

Do d6 néu dat Y7 = PBox(X;) va Yo = PBox(X3) thi

Y1dYs = PBOX(X1) ©® PBOX(XQ) = PBox(X; & Xz).

3.2. Phama 353



Math Book

Phép Expand
Tuong tu, phép Expand ciing 14 bién d6i tuyén tinh va néu dat Y; = Expand(X;) va Yo = Expand(X3) thi

Y1 @ Y2 = Expand(X;) & Expand(Xs3) = Expand(X; ® X5).

Phép SBox

Phép SBox la mot bién déi khong tuyén tinh véi input 6 bits va output 4 bits.

Dat Y= SBOX(w) véi ¢ = (an $1,$2,$3,x4,l’5) S Fg va Y= (y07y17 y27y3) € F%

Goi a = (ag, a1, as,as,as,as) € FS v6i biéu dién thap phan la cac s6 tit 1 téi 63, nghia la trit vector khong.

Tuong ty, goi b = (bg, by, ba, b3) € F3 v6i biéu dién thap phan 14 cac sb tit 1 t6i 15, ta ciing khong xét vector
khong.

Tich vo6 huéng 1a mot biéu dién tuyén tinh gitta a va
(a,x) = apxo ® a171 ® asa @ azrs @ asxy O asrs O agTs.
Tuong ti, quan hé tuyén tinh gitta b va y 1a
(b,y) = boyo © b1y1 D baya D b3ys.

Lic nay ta sé quan tam xem vé6i cac vector @ va b ndo sé khién nhiéu bit ctia y phu thudc tuyén tinh vao
cic bit clia @, cu thé 1a khi (z,a) = (y, b).

Véi hai vector a € F§ va b € Fa, goi S(a, b) 14 s6 lugng cip vector (x,y) sao cho
(,a) = (y,b).

Bang duéi liet ké cac gia tri S(a,b) — 32 v6i hang dau 1a cac vector b tir 1 t6i 15, va cot dau la cac vector a
tu 1 t6i 32.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 -2 6 2 2 4 4 2 6 0 -4 0 -4 -6 —18
3 0 -2 6 -2 6 0 0 =2 2 4 0 0 4 2 =2
4 -4 -6 2 -2 2 0 0 4 -4 -6 -2 6 -2 -4 0
5 4 =2 =2 =2 2 —4 12 4 4 -2 -6 -2 6 0 4
6 4 0 0 8 4 4 -4 2 -2 6 =% 2 6 2 2
7 4 -4 —4 4 0 4 -4 10 2 2 6 2 6 =2 =2
8§ -2 -2 0 -2 8 -4 -6 2 4 0 -2 -4 2 -6 12
9 2 2 0 -6 0 4 —-10 2 0 4 6 -8 2 2 0
10 2 -8 6 0 -2 4 -2 4 6 -4 2 4 2 0 2
1 -2 4 6 -8 2 0 -2 8 -2 4 6 8 —6 0 =2
12 2 0 2 0 6 0 6 -2 0 2 -4 6 -4 2 0
13 -2 8 -2 4 -2 4 -2 6 -4 2 -8 2 12 6 0
14 -2 2 0 2 4 0 2 -4 -2 -6 4 2 0 -4 2
5 -6 -6 —4 10 0 0 -2 0 6 -2 4 -2 -8 8 2
16 2 -2 4 -2 0 -4 -6 -2 0 0 -2 —4 6 6 4
17 -2 2 4 -2 -4 0 10 2 0 0 10 0 6 6 0
18 -6 —4 2 0 2 0 6 4 2 4 6 0 6 4 -10
19 -2 0 -6 -4 -6 0 2 -4 -2 0 6 -4 -2 4 2

continues on next page
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Bing 3.3 — continued from previous page

1 2 3 4 ) 6 7 8 9 10 11 12 13 14 15
20 -2 0 -2 0 -2 8 -2 =2 0 6 0 2 4 2 4
21 2 0 2 0 —6 0 2 2 -8 2 0 -2 -4 -2 -4
2 -2 -2 -4 -6 0 4 2 0 -2 -2 4 2 0 4 2
23 2 6 8 6 0 0 2 0 2 6 0 -2 0 0 2
24 0 0 0 0 4 0 -4 0 -4 4 0 4 4 0 -8
25 0 8 0 4 0 4 0 4 -8 -8 4 -4 -4 0 0
26 4 2 -2 2 2 0 0 6 2 -4 0 0 0 2 2
27 4 2 6 2 2 8 0 6 -6 —4 0 -8 0 2 2
28 4 2 2 -2 6 0 -4 0 4 2 2 -2 -2 0 4
29 -4 6 6 2 2 -8 4 -4 0 -6 2 6 6 4 0
30 0 4 0 0 -4 0 0 2 6 =7 =B =4 =B =2 2Z
31 0 -8 —4 0 4 4 4 2 =2 2 2 =2 =2 2 =2
32 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

(i ] check sbox.py

# check_sboz.py

from tinydes import SBox

S = [[0 for _ in range(15)] for __ in range(63)]

for a in range(l, 64):
va = list(map(int, £"{a:06b}")) [::-1]
for b in range(1l, 16):
vb = list(map(int, £"{b:04b}")) [::-1]
for x in range(64):
vx = list(map(int, £"{x:06b}"))[::-1]
vy = SBox(vx)
u = sum(i * j for i, j in zip(va, vx)) % 2
v = sum(i * j for i, j in zip(vb, vy)) % 2
if u ==
Sla - 11[b - 1] += 1

print(S)

Sau khi xem bang phan phéi S(a,b) thi chiing ta quan tAm mot sb gia tri.

Xeét S(16,15) = 14, tuong tng véi vector a = (0,1,0,0,0,0) va b= (1,1,1,1), thi
T1=YoDy1 ©y2D Y3

véi x4c suat 14/64.

Ngugce lai ta ciing co
T1F Y DY Dy2 DYs3

vOi xéac suat 1 — 14/64.
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Ta ki hieu mbi quan hé nay 1a

y[0,1,2,3] = x[1].

Xét y = F(x, k) 1a round function ctia TinyDES, trong do
x = (w9, 71, T2, 73) € F3 la dau vao cho round function (ntta phéi);

o k= (ko,ky,ko, k3, kq, ks, ke) € F§ 1a khoa con & vong nao do;

e y = (y0,v1,Y2,y3) € F3 1a dau ra ctia round function.

2 2 ~ ’ L 2.
Ta c6 cac dong tac bien doi sau.

Ham Expand:
Expand
(330,1‘1,33‘2,.733) —_— (.132,.233,331,332,1‘1,.%0).
Ham XOR key:
(w2, 23,21, %2, 21,20) B (Ko, k1, ko, k3, ka, ks) — (z(, 2, x5, o, 2y, a5).
Ham SBox:
@ = (2, ), Th h, Thw5) 2 Y = (Yo, U, Yo UB):
Ham PBox:

PB
(Y0, Y Yoo V) —=> (Y5, ¥h U5, Y1) = (Yo, Y1, Y2, Y3)-

Theo phén tich tuyén tinh & trén ta tap trung vao phan SBox, nhu vay
y'[0,1,2,3] = z'[1].
Tu PBox suy ra yo = ¥4, Y1 = Y4, Y2 = Y4 va y3 = Y}, nén suy ra
y'[0,1,2,3] = y[0,1,2,3].
Diéu nay c6 vé kha ré rang vi tuyén tinh yo ® y1 © y2 © y3 ¢6 mat ¢ moi bit nén y’ hay y déu nhu nhau.

Tuy nhién néu trong cac trudng hgp tuyén tinh khong co du tat ca bit 1a 1 nhu b # 15 thi ching ta can cht
v su bién d6i ctia PBox.

Tiép theo, do z'[1] = 2} = 23 ® k1 nén c6 thé suy ra quan hé tuyén tinh giita dau vao = va y 1a

y[0,1,2,3] = x[3] @ k[1].

Known-plaintext

Linear attack 1a mot dang known-plaintext, trong d6 chung ta tan dung cic xac suat G trén.
Phu thudc tuyén tinh giita cac vong

Goi P = (Lg, Rp) 1a plaintext ban dau véi Ly va Ry 1a hai nita trai phai.

0 vong 1 ta co

L1 =Ry, R1 =Lo® F(Ry, K1),
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suy ra
F(Ro, K1) = R1[0,1,2,3] @ Lo[0,1,2,3] = Ro[3] & K1[1] (3.16)
v6i xéac suat 14/64. Ngudge lai ta co
F(Ro, K1) = R1[0,1,2,3] ® Lo[0,1,2,3] = Ro[3] @ K\[1] & 1 (3.17)
vOl x4c suat 1 — 14/64.
0 vong 2 ta c6
Lo =Ry, Ro =L, & F(Ry, Ka).
0 vong 3 ta cod
L3 =Ry, R3 =Ly ® F(Rs, K3),
suy ra
F(Rs, K3) = R3[0,1,2,3] & L2[0,1,2,3] = R2[3] ® K3[1] (3.18)
v6i x4c suat 14/64. Tuong tu ta ciing co
F(Ry, K3) = R3[0,1,2,3] @ L2[0,1,2,3] = Ro[3] @ K3[1] @ 1 (3.19)
v6i xéac suat 1 — 14/64.
Ta lai c6 Ly = Ry, két hop thém vong 1 ta c6 phuong trinh

F(Ry, K3) = Rg[O, 1, 2,3] & Ry [0, 1,2, 3]
— R3[0,1,2,3] @ Lo[0,1,2,3] @ Ro[3] ® K1 [1]
= Ry[3] © K3[1] = Ls[3] © K3[1],

tuong duong véi
Kl[l] D K3[1] = R3[Oa 15 27 3] D LO[Oa 17 27 37] @ R0[3] D L3[3]
Phuong trinh xay ra:
o v6i xdc suat (14/64)2 khi 1a xdy ra hai phuong trinh (3.16) va (3.18);
e v6i xdc suat (1 — 14/64)% khi x4y ra hai phuong trinh (3.17) va (3.19).
Nhu vay tong xéac suat la (14/64)% + (1 — 14/64)2 xap xi 0, 66, khoang 2/3.
Tinh toan khéa con
Gia st khoa ban dau gom 8 bit 1
KLo= (k" k" ks” k), KRy = (ki k5 kg ki),
Dich vong trai 1 bit KLy va KRy ta duge KL, va KRy lan lugt 1a
KLo = (k" k" k" k™) 5 KL= (" k7 R kYY) = (ke kY kED)
KRo = (ki kg kg k) =5 KRy = (7 kg k7 ) = (k7 k5 kgt k)
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nén suy ra
Ky = (kg ks kY ks kY k).

O day, K1[1] = &V = k{2,
Thuyc hign tiép qua trinh nay sé dan ching ta t6i K3[1] = k§°>.
Nhu vay chiing ta c6 mdt mdi phu thudc gitta hai bit khoa ban dau k‘io) va kéo).

Gia st ta pha ma known-plaintext véi 100 cip plaintext-ciphertext va c6 dudc két qua sau ciia biéu thiic
R3[0a 1,2, 3] D LO[Oa 1,2 37] D R0[3] ® L3[3]

bing 1 § 66 lan va bing 0 & 34 lan. Nhu vay theo phan tich x4c suat ¢ phan phu thudce tuyén tinh & trén co
thé két luan kgo) D kéo) = 1. Diéu nay cho chiing ta hai trudng hop vé hai bit ciia khoa, va néu ta vét can
6 bits con lai thi téng cong can 2 - 26 = 128 truong hop. Nhu vay ching ta khong phai vét can 8 bits, tén
28 = 256 trudng hgp. Hién tai chiing ta chi méi xét mot lién he giita kgo) va kéo) nén do phitc tap chi gidm
mot nita. Néu xét thém cac lién hé khac thi sé c6 thé gidm thém.

O solve.py

# solve.py

from tinydes import encrypt_block, SBox
from functools import reduce
import random

random. seed (4)

secret_key = [1, 1, 0, 1, 0, 0, 1, 0]

count = 0

plaintext = [random.randint(0, 1) for __ in range(8)]
ciphertext = encrypt_block(plaintext, secret_key)

for _ in range(100):

pt = [random.randint(0, 1) for __

ct = encrypt_block(pt, secret_key)

LO, RO = pt[:4], pt[4:]

L3, R3 = ct[:4], ctl[4:]

S = reduce(lambda x, y: x ~ y, R3) = reduce(lambda x, y: x ~ y, LO) ~ RO[3] |,
~L3[3]

if S ==

count += 1

in range(8)]

if count > 100 - count:
for k1 in range(2):
k2 = k1 ~ 1
for kO in range(2): # Bruteforce k_O
for k in range(2*%5): # Bruteforce k_3 to k_7
K = [kO, k1, k2] + list(map(int, f"{k:05b}"))
if encrypt_block(plaintext, K) == ciphertext:
print (f"Found key: {K}")
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3.2.3 Slide attack

Ph4 ma vi sai (differential cryptanalysis) va phd ma tuyén tinh (linear cryptanalysis) dia trén ciAc phan bo
xac suat khi sit dung S-box. Mot ¥ tudng don gidn dé chéng lai phan tich xac suit 1a tang sé vong lén, khi
d6 ching ta can nhiéu cdp ban ro-ban ma hon dé tim lién hé gitta cac bit clia khoa. Ro rang néu sb lugng
cip ban ro-ban ma qua nhiéu thi rat kho dé tinh toan va luu trit nén c6 thé noi cach tiép can nay hgp ly.

Tuy nhién slide attack ra doi va da ching minh duge ring s6 vong nhiéu khong dong nghia vé6i an toan hon.

Tuong tu v6i hai phan truée, minh van dung TinyDES lam vi du cho slide attack.

Slide attack
Slide attack 1a k¥ thuat tdn cong ma khéi dang know-plaintext hoic chosen-plaintext.

Goi F 1a mot hodc hgp ciia nhiéu phép bién déi trong thuat toan. Gia st ban ré ban dau la P = P, sau
khi di qua ham F sé tré thanh P, = F(Fy). Tuong tu, P; di qua ham F' sé tré thanh P, = F(P;). Ci nhu
vay t6i khi nhan dude ban o & cudi thuat toan, gia sit 1a sau n lan bién ddi, C = P,.

Thong thuong, mdi lan thite hien phép bién ddi F cling sé di kém mot hodic nhiéu khoa con. Khi khoa con
dugc st dung lip lai, goi 1a K, thi ta c6 so dd

P=p 2 p I p I I p o2

Muc tiéu cta slide attack 1a tim mot cap ban rd-ban ma (P, C) va (P’,C") ma ching ta goi 1a slid pair.

O Definition (Slid pair)

Xét mot phép bién ddi Fx véi K 1a khoa duge st dung 1ip lai cho mdi lan thyc hién ham F. D& ma hoa
ban r6 P thanh ban ma C' gia st ta thuc hién theo thit tu

P=p, 5 p I p Iy L S p o~
Tuong tiy, dé ma hoéa ban rd P’ thanh ban ma C’ gia sit ta thyc hién theo thit ti
r Fr ) Fr

p =p) I pp L, pr By e pr— o,

Khi d6, cap ban ré-ban ma (P, C) va (P',C") duoc goi 1a slid pair néu Fi(P) = P’ va Fi(C) = C'.

F F F F F
P=r, N - Py P,=C - 1)
IN IN
h'd F F F F h'd

P' =P, P! P, P =c

Hinh 3.33: So dd mo t4 slid pair

Néu chiing ta c6 mot cap ban ro-ban ma la slid pair thi ching ta c6 thé trich xuit khoéa K tit hai phuong
trinh. Diém quan trong ctia slide attack 1a ching ta chi quan tam hai diéu kien Fx (P) = P’ va Fx(C) = C’,
con viec ham F thiye hién bao nhiéu 1an khéng quan trong. DAy chinh 14 ¥ nghia minh néi § dau bai, tang
s6 vong khong dong nghia véi an toan hon.

Sau day minh sé& vi du don gidn vé slide attack. Giéng nhu hai bai trude, minh van dung TinyDES nhung &
day sé co hai thay ddi nhé.
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Slide attack trén mé hinh Feistel
Slide attack véi TinyDES
TinyDES 14 mot phién ban thu nhé ctia chuan ma héa DES. TinyDES 14 ma hoa khoi theo mé hinh Feistel,

kich thuéc khéi 1a 8 bit, kich thuéc khoa ciing 1a 8 bit. Mbi vong khoa con c6 do dai 6 bit. Trong phan slide
attack nay ching ta sé thay déi mot vai diém so v6i TinyDES & hai bai trudc.

Li Ri KLZ‘ [(]%Z

left shift left shift

Compress

Lit1 Rt KL KR4

Hinh 3.34: Mot vong TinyDES

Theo mé hinh Feistel, khéi dau vao 8 bit dudc chia thanh hai nita trai phai 4 bit. Ntta phai sé di qua céac
ham Expand, SBox va PBox, sau d6 XOR véi nita trai dé duge nita phai méi. Con nia trai méi 1a nia phai
cti. Tom lai cong thic mo6 hinh Feistel la:

Lit1 =R, Riy1=1L; ®F(R;, K)
v6ii=1,2,...,100 véi ddu vao ciia khéi 1a (Lo, Ro). O déay ching ta luu y hai thay ddi so véi TinyDES &
hai bai trudc:
e hién tai chung ta st dung 100 vong thay vi 3 nhu hai bai trudc;
e ¢4 100 vong sit dung duy nhat mot khoa con 13 K.
Chung ta van dung cac dong tac sau:

1. Expand: md rong va hoan vi R; tit 4 bits 1én 6 bits. Gid stt 4 bits clia R; 1a bobibabs thi két qua sau
khi Expand la b2b3b1bgblb0.

2. SBox: goi 6 bits dau vao 1& bobibabsbsbs. Khi do ta tra citu theo bang SBox vé6i bgbs chi s6 hang,
b1babsby chi sb cot. Noéi cach khac bang SBox c6 4 hang, 16 cot. Két qua clia SBox 14 mot s6 4 bits.

3. PBox: 14 ham hoan Vi 4 bit boblbgbg thanh b2b0b3b1.
Nhu vay, ham F ctia m6 hinh Feistel dbi v6i ma TinyDES la:
F(R;, K) = PBox(SBox(Expand(R;) & K)).

Dé sinh khoa con cho 100 vong, khoa ban dau duge chia thanh hai nita trai phai lan lugt 1a KLy va K Ry.
TinyDES thuc hién nhu sau:
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o KLy va KRy duge dich vong trai 1 bit dé duge KLy va KRy;

e khoa K dung chung cho 100 vong 14 hoan vi va nén 8 bits clla KLi||[KR;. Dit 8 bits khi ghép
KL1||KR1 14 k0k1k2k3k4k‘5k6k7. Khi d6 khoa K 1a 6 bits k‘5]€1]€3k’2k7k0.

~
O tinydes.py
# tindeys.py

sbox = [
OxE, 0Ox4, 0xD, Ox1, 0x2, OxF, O0xB, 0x8, 0x3, OxA, 0x6, 0xC, 0x5, 0x9, 0x0, 0x7,
0x0, OxF, Ox7, Ox4, OxE, 0x2, OxD, Ox1, OxA, 0x6, 0xC, O0xB, 0x9, 0x5, 0x3, 0x8,
0ox4, Ox1, OxE, 0x8, 0xD, 0x6, 0x2, OxB, OxF, 0xC, 0x9, 0x7, 0x3, OxA, 0x5, 0xO0,
OxF, 0xC, 0x8, 0x2, 0x4, 0x9, Ox1, 0x7, 0x5, OxB, 0x3, OxE, OxA, 0x0, 0x6, OxD

def Xor(a: list[int], b: list[int]) -> list[int]:
return [x7y for x, y in zip(a, b)]

def Expand(R: list[int]) -> list[int]:
return [R[2], R[3], R[1], R[2], R[1], R[0O]]

def SBox(R: list[int]) -> list[int]:
row = int("".join(map(str, [R[0], R[5]1)), 2)
col = int("".join(map(str, R[1:5])), 2)

return list(map(int, format(sbox[rowx16 + coll, "04b")))

def PBox(R: list[int]) -> list[int]:
return [R[2], R[0], R[3], R[1]]

def PBox_inv(R: list[int]) -> list[int]:
return [R[1], R[3], R[0], R[2]]

def Compress(K: list[int], round: int) -> list[int]:
left, right = K[:4], K[4:]
if round == 0 or round ==
left = left[1:] + left[:1]
right = right[1:] + right[:1]
elif round ==
left = left[2:] + left[:2]
right = right[2:] + right[:2]

Ki = left + right
return left, right, [Ki[5], Ki[1], Ki[3], Ki[2], Ki[7], Ki[0]]

def encrypt_block(plaintext: list[int], key: list[int]) -> list[int]:
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keys = [key]

left, right = keyl[:4], keyl[4:]

for i in range(3):
left, right, key = Compress(left + right, i)
keys.append (key)

left, right = plaintext[:4], plaintext[4:]

for i in range(100): # 100 vong
# chi s® dung méi K_1 trong TinyDES géc

return left + right

left, right = right, Xor(left, PBox(SBox(Xor(Expand(right), keys[1]))))

# print (encrypt_block([0, 1, 0, 1, 1, 1, 0, 0], [1, 0, O, 1, 1, O, 1, 0]))

0 day chiing ta thiy mo6 hinh ma hoa s& dién ra nhu sau. Goi (Lo, Ro) 1a hai nifa trai phai cia ban ro ban

dau P. Khi d6,  mdi vong bién déi sé sit dung chung khoa con K theo mé hinh
Fi Fr Fi
P = (Lo, Ro) — (L1, R1) — (L2, R2) — (L3, R3) = C.
Theo mo6 hinh Feistel thi
Li =Ry, Ri=Lo® f(Ro,K)
v6i f la round function tuong tng v6i thuat toan TinyDES. Néi cach khac thi Fj 1a
Fr(Li, R;) = (Ri, Li & f(Ri, K)).

Lic nay slid pair c6 dang

Fg(P)=P — Fr (Lo, Ro) = (L, Ry)
Fg(C)=C' Fi(Ls, Rs) = (L5, R)
hay tuong duong véi
Ry = Lj
(Ros Lo @ f(Ro, K)) = (L, Ry) | Lo® f(Ro, K) = L
(Rs, L3 & f(Rs, K)) = (L3, Ry) Ry = Ly

L3 @ f(Rs, K) = Rj.

Nhu vay:

néu chiing ta c6 (P,C) va (P’,C") thda céc diéu kien & (3.20) thi ching ta c6 slid pair.

Cau hoi dit ra 1a néu ching ta khong biét khoa con K thi lam sao kiém tra duge cac diéu kien trén?

(3.20)

Cau tra 10i (ma cling 1a cach chiing ta thuc hién trén thuyc té) 1a chiing ta gia st da tim dudc slid pair.
Nhu vay diéu kien dau va diéu kién tht ba phai théa man trudc. Sau d6 tir didu kién tha hai va tha tu
ching ta tim ngudc lai K. Cudi ciing ching ta thit mé hoa P v6i K da tim dudc. Néu ching ta thu duge

chinh xac C thi K 1a khoa con can tim, ngudgc lai thi ching ta thi véi slid pair khéc.

O solve.py
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# solve.py

from tinydes import encrypt_block, PBox, SBox, Expand, Xor
import random

def fault_encrypt_block(plaintext: list[int], key: list[int]) -> list[int]:
left, right = plaintext[:4], plaintext[4:]
for _ in range(100):
left, right = right, Xor(left, PBox(SBox(Xor(Expand(right), key))))

return left + right

pts = []
cts = []
secret_key = [1, O, O, 1, 1, 1, 1, 0]

L = 2%x4

for _ in range(L):
pt = [random.randint(0, 1) for __
ct = encrypt_block(pt, secret_key)
pts.append(pt)
cts.append(ct)

in range(8)]

for i in range(L):
LO, RO = pts[il[:4], ptsl[il[4:]
L3, R3 cts[i] [:4], cts[il[4:]
for j in range(i + 1, L):
10, r0 = pts[jl[:4], pts[jl[4:
13, r3 = cts[jl[:4], cts[jl[4:
# Lazy bruteforce for K
for k in range(2%%6):
key = list(map(int, £"{k:06b}"))
# Check slid pair
if 10 == RO and rO == Xor(LO, PBox(SBox(Xor(Expand(RO), key)))):
if 13 == R3 and r3 == Xor(R3, PBox(SBox(Xor(Expand(R3), key)))):
if fault_encrypt_block(pts[i], key) == cts[i]:
print (key)

]
]

O doan code trén minh bruteforce khoa con K vi SBox clia TinyDES (va ciing 1a cia DES) nhan dau vao 6
bit nhung dau ra gidm con 4 bit (chit khong phai do minh ludi dau hiuhiu). Do d6 c6 thé c¢6 nhiéu truong
hop ctia khoa con K c¢6 thé théa man diéu kieén ciia slid pair. Ching ta ciing c6 thé tao lookup table va thic
hién ngugc lai round function dé tim céc kha ning ctia khoa con K.

Goi PBox ! 1a phép bién ddi nguge ctia PBox. Khi d6 tit diéu kien thit hai Lo @ f(Ro, K) = L}, suy ra
Lo® Ly = f(Ro, K) = PBox(SBox(Expand(Ry) & K)),
suy ra

PBox ™ !(Lo @ L)) = SBox(Expand(Ro) & K).
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Chiing ta c6 thé tinh duge PBox (Lo @ L}) va Expand(Rp) nén viéc "doan" K khong phéi vin dé kho khan.
Thém nita diéu kién thi tu ciing cho ching ta cac tng ct vién cho khoa con K. Két hgp hai diéu kien nay
ching ta c6 khoa con K va chung ta sé thit ma héa P thanh C.

Slide attack véi DES

O olympiad mat ma hoc quéc té NSUCRYPTO 2024 ¢6 mot bai slide attack tréen DES 1a bai 4 & round 2
"Weak key schedule for DES". Bai nay dugc giai béi ban Chuong (vnc) doi minh. O phan sau minh sé trinh
bay 16i giai cho bai nay. Minh sé st dung code ctia ban Chuong trong 16i giai. Xin cAm on ban Chuong vi
da dong goép :D :D :D

Trong bai nay, thong tin ban dau 14 file Book.txt va dugc ma hoa thanh file Book_Cipher.txt.

Thuat toan duge sit dung dé ma hoa la DES. Tuy nhién trong bai nay dic biet & chd mdi vong déu dimg
chung mot khoa con (khoéa con dau tién clia thuat toan sinh khéa con).

Nhiém vu cta ching ta 1a tim khoa con d6 va giai ma thong diép sau:

[86991641D28259604412D6BA88A5COA6471CA7222C52482BF2DOE841D4343DFB877DC8EO147F3D5F20FC18FF2éFBBC4DA8AOF46

Cai dat FAULTY _DES

O day ban Chuong goi thuat todn clia dé bai la FAULTY_DES va ban sé cai dat thuit toin nay ciing véi mot
s6 ham bd trg cho viec giai bai.

O faulty des.py
# faulty_des.py

from typing import List, Tuple

class DES_CONST:
PC1 = (
57, 49, 41, 33, 25, 17, 9 ,
1, 58, 50, 42, 34, 26, 18,
10, 2 , 59, 51, 43, 35, 27,
19, 11, 3 , 60, 52, 44, 36,
63, 55, 47, 39, 31, 23, 15,
7 , 62, 54, 46, 38, 30, 22,
14, 6 , 61, 53, 45, 37, 29,
21, 13, 5, 28, 20, 12, 4 ,

PC2 = (
14, 17, 11, 24, 1 , 5 ,
3, 28, 15, 21, 10,
23, 19, 12, 4 , 26, 8 ,

(@)

41, 52, 31, 37, 47, 55,
30, 40, 51, 45, 33, 48,
44, 49, 39, 56, 34, 53,
46, 42, 50, 36, 29, 32,
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KEY_ROTATION = (
1, 1, 2, 2, 2, 2, 2, 2,
)

INITIAL_PERMUTATION = (
58, 50, 42, 34, 26, 18,
60, 52, 44, 36, 28, 20,
62, 54, 46, 38, 30, 22,
64, 56, 48, 40, 32, 24,
57, 49, 41, 33, 25, 17,
59, 51, 43, 35, 27, 19,
61, 53, 45, 37, 29, 21,
63, 55, 47, 39, 31, 23,

ROUND_PERMUTATION = (
16, 7 , 20, 21,
29, 12, 28, 17,
1, 15, 23, 26,
5, 18, 31, 10,
2,8, 24, 14,
32, 27,3, 9,
19, 13, 30, 6 ,
22, 11, 4 , 25,

INV_ROUND_PERMUTATION = (
9, 17, 23, 31,
13, 28, 2, 18,
24, 16, 30, 6,
26, 20, 10, 1,
8, 14, 25, 3 ,
4, 29, 11, 19,
32, 12, 22, 7,
5, 27, 15, 21,

FINAL_PERMUTATION = (

40, 8, 48, 16, 56, 24,
39, 7, 47, 15, 55, 23,
38, 6, 46, 14, 54, 22,
37, 5, 45, 13, 53, 21,
36, 4, 44, 12, 52, 20,
35, 3, 43, 11, 51, 19,
34, 2, 42, 10, 50, 18,
33, 1, 41, 9 , 49, 17,

EXPANSION = (
32,1,2,3,4,5,
4 ,5,6,7,8,9,
8,9, 10, 11, 12, 13,
12, 13, 14, 15, 16, 17,

1’ 2) 2, 2’ 2’ 2, 2’

10,
12,
14,
16,

™

-

-

-

11,
13,
15,

-

-

~N O W 00PN

-

64, 32,
63, 31,
62, 30,
61, 29,
60, 28,
59, 27,
58, 26,
57, 25,

1,
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16, 17,
20, 21,
24, 25,
28, 29,
)
SBOX = [
(
14,
0’
4,
15,
g
(
15,
3,
0,
13,
g
(
10,
13,
13,
iy
Do
(
7,
13,
10,
3,
)s
(
2,
14,
a5
11,
)’
(
12,
10,
9,
43
Do
(
Ay
13,
1’
6’
Do
(
13,
1,
7’

18, 19,
22, 23, 24, 25,
26, 27, 28, 29,
30, 31, 32, 1 ,

20, 21,

4, 13, 1, 2,
15, 7, 4, 14, 2,
1, 14, 8, 13, 6,
12, 8, 2, 4, 9,

15,

8, 14, 6,
4, 7,
7, 11, 10, 4,
10, 1, 3,

» 9, 14, 6, 3,

’4’ 9’ 8,

14, 3, 0, 6,
11, 5, 6,
9, 0, 12,
0, 6, 10,

11,
1,

12, 4, 1, 7, 10,
11, 2, 12, 4, 7,
2, 1, 11, 10, 13,

8, 12, 7, 1, 14,

1, 10, 15, 9, 2,
15, 4, 2, 7, 12,
14, 15, 5, 2, 8,
3, 2, 12, 9, 5,

i, 2,
0,
4,
11,

14, 15, 0,
11, 7, 4, 9,
11, 13, 12, 3,
13, 8, 1, 4,

2, 8, 4, 6,
15, 13, 8,
11, 4,

15,
10, 3,
ly, ©, 12

0,9, 3, 4, 6,
15, 3, O,
13, 0, 6, 9, 8, 7, 4,

11, 8, 3,
10, 6,

13,
2,

iy 7y By

15, 2, 8,
13,
15, 4, 2,

15,

9,

7,

g
11, 15,

11,

14,

5, 1,

11, 1,

15,

10, 1,

13, 15,

13,
10, 2, 8, 5,

10, 6,
12,

3,

11, 3, 4, 9, 7, 2,
12, 0,
l, By 8y
iy, By 7y

1,

12, By ©

14,

13,
10,

12,

12y e

2,
14,

2, 8, 5,
15, 0, 3, 4, 7, 2,
il 8

13, 8, 9, 4, 5,

11, 6, 8, 5, 3,

13,

7,
2,

15,

8,
1,

7’
10,

11,
7,
14,

8,
13, 6,

8, 0,
5, 6, 1,
3, 7

1

1,
13, 3,

10,

14, 10,

1, By O
15, 9,

15,

13,

0, 4,
3 1’ 7’ 6’ O’ 8’

7, 9, 5, 0,

1,
4,
2y Oy @y

10, 9, 3,
12, 5, 6,

10,

14,

3,

12,

11,

15,

13, 3, 4,

14,
10,

12y Oy Ty By
14, 3, 5,
15, 6, 8, 0, 5, 9,

12,

15,

14,

11,
13,

12, 5,
lil, ©y
12, ©y Ty 8

12,
12, 5,

11,

14, 5, 2, 8, 4,

10, 3, 9, 8, 6,
12, 5, 6, 3, 0,
1B, 0, 9

10,

12,
6,
0,

5, 14,

11, 4, 2, 8,

11, 15, 1,
10, 14, 7
11, 5, 2,

B

12,

12, 4, 15,
1, 10, 14, 9,

12, 7, 2, 14,

13, 0, 14, 9,
14,
10, 4, 5, 3,

14, 7, 5, 11,
0, 11, 3, 8,
1, 13, 11, 6,
13,

10, 6, 1,
2, 15, 8, 6,
2,

14, 2, 3, 12,

5, 0, 12, 7,
0, 14, 9, 2,
15, 3, 5, 8,
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2,1, 14, 7, 4, 10, 8, 13, 15, 12, 9, O, 3, 5, 6, 11,

g
]
class HELP:
Q@classmethod
def INT_TO_BITS(cls, value: int, size: int) -> List[int]:
bits = []
for i in reversed(range(size)):
bits.append((value >> i) & 1)
return bits
Q@classmethod
def BITS_TO_INT(cls, bits: List[int]) -> int:
value = 0
for bit in bits:
value <<= 1
value |= bit
return value
Q@classmethod
def BLOCK_TO_BITS(cls, block: bytes) -> List[int]:
bits = []
for byte in block:
bits.extend(cls.INT_TO_BITS(byte, 8))
return bits
Q@classmethod

def BITS_TO_BLOCK(cls, bits: List[int], size: int) -> bytes:
block_bytes = []
for i in range(size):
byte = cls.BITS_TO_INT(bits[i * 8 : (i + 1) * 81)
block_bytes.append(byte)
return bytes(block_bytes)

Q@classmethod
def PERMUTATE(cls, bits: List[int], table: List[int]) -> List[int]:
return [
bits[table[i] - 1] for i in range(len(table))
]
Q@classmethod

def XOR(cls, bitsl: List[int], bits2: List[int]) -> List[int]:
return [x ~ y for x, y in zip(bitsl, bits2)]

@classmethod
def EXPAND(cls, bits: List[int], table: List[Tuple]) -> List[int]:
return [
bits[table[i] - 1]
for i in range(len(table))
]
Q@classmethod
def SUBSTITUTE(cls, bits: List[int], mapping: List[Tuple]) -> List[int]:

3.2. Pha ma
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pieces = []

for i in range(8):
piece_bits = bits[i * 6 : (i + 1) * 6]

piece = HELP.BITS_TO_INT(piece_bits)
pieces.append(piece)

values = []

for i, piece in enumerate(pieces):
row = (piece & 1) | ((piece >> 4) & 0b10)
column = (piece & 0b011110) >> 1
values.append (mapping[i] [row * 16 + column])

result_bits = []

for value in values:
result_bits.extend (HELP.INT_TO_BITS(value, 4))

return result_bits

class FAULTY_DES:
def __init__(self, rk: bytes, rounds: int = 16):
self.rounds = rounds
self .round_keys = [HELP.BLOCK_TO_BITS(rk) for _
self .reversed_round_keys = self.round_keys[::-1]

in range(rounds)]

def encrypt(self, plaintext: bytes) -> bytes:
assert len(plaintext)’8 ==
blocks = [plaintext[i:i+8] for i in range(0, len(plaintext), 8)]
return b"".join([self._process_block(block, self.round_keys) for block in
—blocks])

def decrypt(self, ciphertext: bytes) -> bytes:
assert len(ciphertext)’8 ==
blocks = [ciphertext[i:i+8] for i in range(0, len(ciphertext), 8)]
return b"".join([self._process_block(block, self.reversed_round_keys) for,
—block in blocks])

def _process_block(self, block: bytes, schedule) -> bytes:
bits = HELP.BLOCK_TO_BITS(block)

bits = HELP.PERMUTATE(bits, DES_CONST.INITIAL_PERMUTATION)
left, right = bits[:32], bits[32:]

for i in range(self.rounds):
new_right = self._function(right, schedulel[i])
left, right = right, HELP.XOR(new_right, left)

result_bits
result_bits

right + left
HELP.PERMUTATE(result_bits, DES_CONST.FINAL_PERMUTATION)
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return HELP.BITS_TO_BLOCK(result_bits, 8)

def _function(self, bits: List[int], key_bits: List[int]) -> List[int]:

bits = HELP.EXPAND(bits, DES_CONST.EXPANSION)

bits = HELP.XOR(bits, key_bits)

bits = HELP.SUBSTITUTE(bits, DES_CONST.SBOX)

bits = HELP.PERMUTATE(bits, DES_CONST.ROUND_PERMUTATION)

return bits

Thuc hién solve.py

Phan nay minh sé viét solve.py dé giai bai nay tit jupyter notebook ctia ban Chuong.

Dau tién ching ta goi mot sd thu vién.

from faulty_des import DES_CONST, HELP, FAULTY_DES
from collections import defaultdict

from typing import List, Tuple

from itertools import product

from tqdm import taqdm

Tiép theo, ching ta can théng nhat ring mdi khéi trong thuat toan FAULTY_DES sé dudc biéu dién bdi mang
gom 8 phan t (1ist [int]). Khi d6 nta trai (left-half) 1a 4 phan tt dau clia mang va nita phai (right-half)
14 4 phan tt sau. Do d6 chiing ta can mot s6 lambda dé 1y nita trai/phai. Sau budc cudi ching ta ghép

ntta phai cudi ciing véi nita trai cudi cling nén can thém ham Swap_f.

Left_f lambda block: block[:4]
Right_f = lambda block: block[4:]
Swap_f lambda block: Right_f(block) + Left_f(block)

Sau do6 doc ban rd va ban ma tit file dé cho roi tach ching thanh cac khoi 8 bytes.

# Known-Plaintext-Ciphertext Pairs
plaintext = open("Book.txt", "rb").read()[:-1] # 40 dai bdn T6 chia hét cho 8
ciphertext = open("Book_cipher.txt", "rb").read()

# Divide them into blocks
pts = [plaintext[i:i+8] for i in range(0, len(plaintext), 8)]
cts = [ciphertext[i:i+8] for i in range(O, len(ciphertext), 8)]

Tiép theo ching ta tim cac slid pair. 0 day ching ta can xem lai cach hoat dong ctia thuat toan DES. Hinh

sau minh 1ay t [33] va chinh sta lai.
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R;

32 bits
Expand tit 32 bits lén 48 bits

IR

L

Nén 48 bits xubng 32 bits Mbi S-Box bién ddi 6 bits thanh 4 bits

y

(p

XOR véi L;

32 bits

Hinh 3.35: Round function cia DES

Tom tat cach hoat dong thi DES ciing theo mé hinh
L’H—l = Ri7 R’H—l = Li D PBox(SBox(Expand(Ri) (&) Ki+1))7
trong do

e Expand md rong ntta khoi tit 32 bits 1én 48 bits;

e SBox: 48 bits sé dugc chia thanh 8 doan, mdi doan c6 6 bits. Sau d6 moéi doan s& di qua cac S-Box va
gidm tir 6 bits xudng 4 bits. Cac két qua dudc ndi lai v6i nhau nén két qua sau SBox 1a 4 -8 = 32 bits;

e PBox: thuc hién hoan vi 32 bit sau SBox.
0 day slid pair cling tuong ty TinyDES 6 trén. Gia st slid pair 1la ci@p (P, C) va (P, C"). Khi do

Fx(P)=P', Fg(C)=C"
vGi Fg 1a round function
(Li, Ri) 25 (Lis1, Ris1) = (Rs, Li ® PBox(SBox(Expand(R;) & Kiy1))),

nhu trén.

# Before and After DES' rounds operations, there is a Block Permutation step!
def BlockPermutate(block: bytes, table: list):

assert len(block) == 8

block_bits = HELP.BLOCK_TO_BITS(block)

block_bits = HELP.PERMUTATE(block_bits, table)

block HELP.BITS_TO_BLOCK(block_bits, 8)

return block

(continues on next page)
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(continued from previous page)

# Create Lookup Table
lookup = defaultdict(list)

for pi, ci in tqdm(zip(pts, cts), desc="[+] Creating Lookup Table..."):
pi_initial = BlockPermutate(pi, DES_CONST.INITIAL_PERMUTATION)
ci_preout = BlockPermutate(ci, DES_CONST.INITIAL_PERMUTATION)
# Why Left_f(Ci) -> Remember that the final round doesn't swap two-halfs
lookup[Right_f(pi_initial) + Left_f(ci_preout)].append((pi_initial, ci_preout))

# Finding "slid pairs”
slid_pairs = []

for pj, cj in tqdm(zip(pts, cts), desc="[+] Finding slid pairs..."):
pj_initial = BlockPermutate(pj, DES_CONST.INITIAL_PERMUTATION)
cj_preout = BlockPermutate(cj, DES_CONST.INITIAL_PERMUTATION)

try:
# Why Right_f(Cj) -> Remember that the final round doesn't swap two-halfs
for pi_initial, ci_preout in lookup[Left_f(pj_initial) + Right_f(cj_preout)]:
slid_pairs.append ([
# Now we swap to ensure that (P,C) and (P',C') 4s slid pair
# <=> F(P) = P' and F(C) = C'
(pi_initial, Swap_f(ci_preout)),
(pj_initial, Swap_£f(cj_preout)),
D
except:
continue

print(£"[!] Found {len(slid_pairs)} possible slid pairs!")

Céc phép bién ddi nguge clia cic phép bién ddi trong DES nhim tim cic "ting ct vién" cho khoa. Quan
trong 14 S-Box vi ching ta da biét mdi S-Box bién d6i 6 bits thanh 4 bits nén véi nhiéu dau vao cho ciing
dau ra. Khi di ngugce lai d@é tim "tng ¢t vien" thi ta phai xét tat cd truong hop dau vao S-Box cho ciing
dau ra ma ta dang co.

# Enumerate all possible candidates

def RevSubtitute(out: List[int], mapping: List[Tuplel):
cands = [[] for _ in range(8)]
out = [out[i:i+4] for i in range(0, len(out), 4)]

for idx in range(8):
for piece in range(2**6):
row = (piece & 1) | ((piece >> 4) & 0b10)
column = (piece & 0b011110) >> 1
if HELP.INT_TO_BITS(mapping[idx] [row * 16 + column], 4) == out[idx]:
cands [idx] . append (HELP.INT_TO_BITS(piece, 6))

for rk in product (*cands):
yield sum(rk, [1)

def RevFeistel(inp, out):
(continues on next page)
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(continued from previous page)

out HELP.PERMUTATE (out, DES_CONST.INV_ROUND_PERMUTATION)
inp HELP . EXPAND (inp, DES_CONST.EXPANSION)
for rev_out in RevSubtitute(out, DES_CONST.SBOX):

yield HELP.BITS_TO_BLOCK(HELP.XOR(rev_out, inp), 6)

def RevRound(stateO: bytes, statel: bytes):
LO, RO = Left_f(state0), Right_f(state0)
L1, Rl = Left_f(statel), Right_f(statel)
return set(RevFeistel(
inp=HELP.BLOCK_TO_BITS(RO),
out=HELP . XOR (HELP.BLOCK_TO_BITS(R1), HELP.BLOCK_TO_BITS(LO))
))

Tim cac khoa con c6 thé va thit giai ma thong diep dé cho véi khoa con do.

rk_cands = set()

for (pi, ci), (pj, c¢j) in tqdm(slid_pairs, desc="[+] Recovering Possible RoundKey..."):
rks_1 = RevRound(pi, pj)
rks_2 RevRound(ci, cj)
rk_cands rk_cands.union(rks_1.intersection(rks_2))

print(£"[!] Found {len(rk_cands)} possible RoundKeys!")

# Try to decrypt intercepted ciphertext

intercepted_ciphertext = b"".join([
bytes.fromhex ("86991641D28259604412D6BA8SA5COA6471CAT22"),
bytes.fromhex ("2C52482BF2D0E841D4343DFB877DC8E0147F3D5F") ,
bytes.fromhex ("20FC18FF28CB5C4DA8AOF4694861AB5SE9SF37ADB" ),
bytes.fromhex ("C2D69B35779D9001BB4B648518FE6EBCO0OB2AB10")

D
for rk in tqdm(rk_cands, desc="[+] Try to decrypt intercepted ciphertext..."):
cipher = FAULTY_DES(rk)
try:
print ("> Readable Message:", cipher.decrypt(intercepted_ciphertext) .decode())
print ("> WRT RoundKey:", rk.hex(), end="\n\n")
except:

continue

# Verify again?
assert FAULTY_DES(bytes.fromhex("Oc74fa6a642a")) .encrypt(plaintext) == ciphertext

3.2.4 Algebraic cryptanalysis

Theo [34] thi algebraic cryptanalysis (minh tam dich 14 pha ma dai s6) 1a ky thuat pha ma dya trén viec
gidl mot hé phuong trinh cac da thic trén truong Fo hoac doi khi la vanh khac.

Algebraic cryptanalysis gom hai giai doan:

1. Tim sy lién két gifta ban 16 va ban ma duéi dang cac hé phuong trinh da thitc. Do d6 algebraic
cryptanalysis thudc loai tin cong known-plaintext hodc chosen-plaintext.

2. Giai hé phuong trinh dai s6. O budc nay ching ta c6 thé giai tay hodc st dung nhing phan mém
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chuyén dung goi la SAT-solver vi thong thudng cac loai ma hoa rat phiic tap.

Interpolation Attack

Interpolation, hay tiéng Viet goi 1a noi suy (vi du Lagrange's interpolation 13 noi suy Lagrange) dudc gi6i
thieu vao 1997 [35].

Minh xin phép nhéc lai ¥ tudng ctia noéi suy Lagrange nhu sau:

e chiing ta khong biét hé s6 cia da thitc bac n, gia st 1a

f@)=as+ a1z + -+ apz™

véi a, # 0;

e chiing ta biét n + 1 diém thudc do6 thi ctia da thiic 1a

(@0, f(x0), (21, f(21)), -, (@0, fan)));

e khi do6 chiing ta hoan toan c6 thé tim lai duge da thitc f(x) ban dau.

0 day, interpolation attack sit dung y tudng tuong tu.

1. Chung ta c6 ging xay dung mot da thic lién hé gitta ban rd p va ban ma ¢, nghia 1a f(p) = ¢ v6i moi
cip ban 16 p va ban ma ¢. O day ching ta khong biét khoa.

2. V6i mot lugng cip ban ro-ban méa nhat dinh va bac clia da thite f thap chiing ta hy vong tim lai dudge
da thitc béng noi suy.

3. St dung da thiic tim dugce dé khoi phuc khoa.
¢ [35], cac tac gid xay dyng mot toy cipher goi 1a PURE nhim demo cho phuong phap tin cong nay.

Gidi thiéu PURE cipher

Thuat todn dya trén moé hinh Feistel vdi do dai khéi 14 64 bits va do dai khoa 1a 192 bits. Khoa K gém 6
khoéa con cho 6 vong 1a ki, ko, ..., kg v6i k; € Fas2, nghia 1a méi khoa c6 32 bits (bing mot nita do dai khoi,
tuong tng v6i mod hinh Feistel).

0 vong thia ¢, gia st nita trai l& L; va nita phai la R; thi round function ctia m6 hinh Feistel 1a
Liiin=Ri;, Rip1=L &R K1)

O day, phép tinh 2® duge tinh trong trudng Fas. Ching ta c6 thé st dung bat ki da thic t6i gidn nao lam
modulo cho Faae.

bé demo cho interpolation attack ching ta sé& xét PURE cipher v6i 3 vong nhu hinh sau.
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Lo Ry
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Hinh 3.36: PURE cipher vé6i 3 vong

Thiét 1ap hé phuong trinh giira ban rd va ban ma

Tiép theo, ching ta ... thay ting biéu thic vao dé biéu dién ban ma theo ban ro.
Dau tién ching ta can cht y mot diéu 1a do truong Fosz c6 ddc s6 (characteristic) 1a 2 nén 3 = 1.
0 vong 1:
L1 = Ry,
Ri=Lo® (Ry® K;)?
=Ly ® RS ®3R:K, 3Ry K} © K}
= Lo ® Ry © R3K1 @ RoK} @ K.
Chung ta c6 thé néi ring L va Ry phu thuoc vao Ly va R, nghia 13 c6 anh xa
{L1 = a1 (Lo, Ro)
Ry = Bi(Lo, Ro).
0 vong 2:
Ly =R, = Ly® R} ® R2K, ® RyK} © K3,
Ry = L1 ® (R © K3)° = Ry ® R} © R{K> @ R\K3 ® K3.
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Lic nay ta c6 Ly va Ry dude biéu dién theo L, va Ry, gid sit ching ta c6 4nh xa

Ly = az(Lq, R1) = az(a1(Lo, Ro), f1(Lo, Ro))
Ry = ﬂQ(Ll,Rl) = 52(051(L03R0)7/81(L0aR0))'

Tuong tu 6 vong 3:

L3=Ry=Ry®R}®R?K,® R K3 © K3,
Ry=Lo® (Ra® K3)> = R ® R ® R3K> ® Ro K3 @ K.

Chiing ta thyc hién tuong ty nhu hai vong truée va nhanh chéng nhan ra ring viéc thay thé nay rat cong
kénh. Do d6 minh st dung SageMath d@é thirc hién khai trién gitip minh. Céac ban c6 thé xem doan code sau

néu hing thi.

©® Code tinh L; va Rs theo Ly, Ry, va khéa con

from sage.all import *

F=GF(2)['x']; x = F.gen()

F32 = GF(2**3, name='x', modulus='random')

Pr = PolynomialRing(F32, names='10, r0, k1, k2, k3')
10, r0, k1, k2, k3 = Pr.gens()

11 = r0
rl = 10 + (r0 + k1)#**3

12 = r1
r2 = 11 + (r1 + k2)#*x*3

13 = r2
r3 = 12 + (r2 + k3)**3

# Format for LaTeX

f = str(13) \
.replace('r0', 'R_0') \
.replace('10', 'L_0') \
.replace('kl', r'{\color{red}K_1}') \
.replace('k2', r'{\color{red}K_2}') \
.replace('k3', r'{\color{red}K_3}') \
.replace('+', r'\oplus') \
.replace('*', ' ')

print (£)

Nhu vay ching ta biéu dién duge Ls va Rs theo Lo, Ry va cac khoa con nhut sau.

R3=R(2)7+~-~

Ly =Ry ® RSK, ® RoK,®® K,° ® LoRS
® LoREK,2 ® LoR2K * ® LoK,® @ RSK, ® RYK 2K,
®RIK ‘K, ® K\°Ko @ L2R3 @ L2R:K, @ L2RoK,?

® LiK,3 @ R3K.? @ REK1 K22 @ Ry K12 K2 @ K13 K2

®L3®L2K, ® LoKo? @ K2® @ Ry.

3.2. Pha ma
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0 day Rs la da thiic bac 27 theo Ry va Lg, c6 1€ chiing ta khong nén day dua v46i anh ban nay.

Nhin L3 ciing kha réi rAm nhung van cé thé xit ly duge (hodc minh tin vay). Hon nita trong bidu thitc ctia
L3 khong c6 sy xuat hién ctia K3. Tuy nhién chi véi mot cip ban 16 P = Lg||Ry va ban ma C = L3||R3 thi
khéng dt dé ching ta tim lai khoa.

Y tudng ciia interpolation attack ciing nhu noi suy Lagrange 14 dua trén nhiéu cip ban ro-ban ma. Trong
biéu thitc ctia Ls néu ching ta nhém hang ti theo bac ctia Ry lai thi ta ¢ cac hé sb:

e trudc RY 1a 1;

e trusc RS 1a Ki;

e trudc RS 1a Lo @ Ko;

o trudc Ry 1a LoK? & K Koy;

e trudc R3 1a LE & K3;

o trusc R3 1a KKy ® LEK? & K1K3;

o trudc Ry la L2K? @ K2K2;

e hé s6 tu do 1A cac don thiic con lai khong chia Ry.

Nhu vay chiing ta sé c6 biéu dién Lz theo Ry la da thiic dang
L3 = Rg S¥) ang S¥) CLGRS ©® Q4R3 S agRg D CLQR% D a1R0 D ap

v6i a; ¢6 thé xem 1a ham ciia theo cac khoa con va L.

Néu chung ta cb dinh Lo va thay ddi Ry thi v6i 7 cip ban ré-ban ma 1a di dé khéi phuc da thic trén néu
ching ta gidi hé phuong trinh tuyén tinh. Trong trudng hop PURE véi 6 vong nhu ban gbe thi ching ta
can nhiéu cip ban ré-ban ma hon nhiéu, theo d6 viéc tinh toin da thic sé toén cong siic hon.

Khi da khoi phuc duge da thiic, tiic 1a da tim duge cac heé s, thi ching ta c6 thé ma hoa bat ki thong diep
nao ma khong can quan tam khoéa. Vay néu ching ta muén tim khoéa thi sao?

Nhu da noi, cac hé sb ciia da thite co thé dude xem nhw cac ham theo cac khoa con va nita trai ban dau Lo.
Lic nay ta c6 mot hé phuong trinh khong tuyén tinh va viéc giai quyét kha kho khin. Trong phién ban don
gian v6i 3 vong nhu trén, dé ¥ rang hé s6 trude RS chinh 1a K. Tit day, két hgp véi cac phuong trinh khéc
6 thé tim dugc Ko. Tuy nhién véi K5 thi ching ta khong con cach nao khac ngoai vét can. Nhu vay co thé
két luan:

1. V6i phién ban PURE cipher don gidn véi 3 vong can 7 cip ban ro-ban ma (dé tim K; va Ks) va vét
can 232 trudng hop khoa Ks.

2. V6i PURE cipher gbc 6 vong thi ta can nhiéu cip ban r6-ban ma hon dé tim 5 khoa con dau va vét
can 232 truong hop khoa K.

0 day la doan code demo cho PURE cipher vé6i 3 vong clia minh.

©® Demo tin cong PURE cipher 3 vong

from sage.all import GF, matrix, vector
import random

# Define fields

= GF(2)['x'] # GF(2)

= F.gen()

F32 = GF(2%*32, name='x', modulus='random') # GF(2 {32})

Mo
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K = [F32.random_element() for _ in range(3)] # round keys

for i in range(3):
print(£"K_{i + 1} =", K[i].to_integer())

def encrypt(pt: bytes):
# encrypt with PURE cipher
pL, pR = F32.from_bytes(pt[:4]), F32.from_bytes(pt[4:])
for i in range(3):
pL, pR = pR, pL + (pR + K[i])*%3
return pL.to_bytes()[1:] + pR.to_bytes() [1:]

pts = []
cts = []
M=1
v =1

for _ in range(7):
# Chosen-plaintext with fized left-half
pt = bytes(range(12, 16)) + random.randbytes(4)
ct = encrypt(pt)
pR = F32.from_bytes(pt[4:])
cL = F32.from_bytes(ct[:4])
m = [pR**i for i in [0, 1, 2, 3, 4, 6, 8]]
M.append (m)
v.append(cL - pR**9)

M = matrix(F32, M)

v = vector(F32, v)

sol = M.solve_right(v)
print(sol[-1].to_integer())

3.3 Mat ma hoc

3.3.1 Lattice-based cryptography

Nhap moén mat ma dua trén lattice

Ki hiéu. Vector hang dugc ki hiéu béi chit thuong in dam, vi du x, y, v. Ma tran dugc ki hiéu béi chit hoa

in dam, vi du A, B.

O Definition 1.64 (Lattice)

sinh bdi cac vector vy, va, ..., v4 néu

L={a1v; + agv2 + ...+ aqvq : a; € Z}.

Xét tap hgp cac vector doc lap tuyén tinh vy, vs, ..., vq trén R”?. Ta noi lattice (hay luéi) £ C R™ duge

Néi cach khac, lattice 1a khong gian vector duge sinh béi t6 hgp tuyén tinh véi hé s6 nguyén.

3.3. Mat ma hoc
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Tap cac vector

{v1,ve,...,v4}
dugce goi 1a tap sinh hay co s@ (basis, 6asuc) cta lattice L.
S6 lugng vector trong co s& duge goi 1a s6 chiéu ciia lattice va ki hieu la d = dim(L).
Lattice dugc goi 1a full-rank néu dim(£) = n.

Xét ma tran V' co cac hang la cac vector vy, ..., vgq, nghia la V € R¥*",

O Definition 1.65 (Pinh thiic ciia lattice)

Pinh thitc cta lattice £ dugc xac dinh bdi cong thite det(L) = 1/|det (VV'T)].
Néu lattice full-rank thi det(£) = det (V).

©® Remark 1.16
Co 58 ctia mot lusi khong 13 duy nhat nhung s6 lugng vector trong mdi co s 1a nhu nhau va bing s

chiéu cua lattice.

Néu V' va W 1a hai ma tran cd s3 ctia ciing lattice £ thi ton tai ma tran A véi he s6 nguyén (tiic A € Z3*4)
c6 dinh thiic bing 1 sao cho W = A - V. Chung ta c6 thé dé dang chitng minh diéu nay khi biéu dién cac
vector trong W thanh t8 hop tuyén tinh cac vector trong V.

Gié stt {v1,v2,...,v4} 14 mot co sG clia L. Tuong tu, {w, wa,...,waq} 14 mot co s khac cla L.

© Chitng minh
Ta c6 thé viét mdi w; 13 td hop tuyén tinh cla céc vector v nhu sau

w1 = A11V1 + 1202 + ... + A14V¢g

Wa = a21V1 + A22V2 + ... + A24V4

Wy = aq1V1 + Ad2V2 + ... + G4qV4

Khi d6, néu viét cac vector w; thanh hing ctia ma tran W va v; thanh hang clia ma tran V' thi bidu
dién trén tuong duong véi:

a1 ai2 -+ Qid
Ga21 Q22 -+ Q24
W = Vv
aq1  QAd2 - Qdd
Dat
a1 ai2 -+ Aaid
a21 Qa2 -+ A2q
A =

aq1 Q42 -+ Gdd
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Do W va V 1a cac co s6 ctia £ nén néu céc vector w; co thé biéu dién qua cac vector v; thi ngugc lai,
cac vector v; cling c6 thé duge biéu dién qua cac vector w,. Suy ra ma tran A la ma tran kha nghich.
Do a;; € Z theo dinh nghia lattice, det(A) € Z.

Hon nita, vi:
I=A-A'=1=det(A) det(A™")

nén det(A) = £1.

MBoi lattice £ ¢6 mot lattice ddi ngau (dual lattice), ki higu 1a

L={weR": (w,z) € Z véimoi x € L}.

© Definition 1.66 (Fundamental domain)

Cho lattice £ ¢6 s6 chiéu 1a d véi co s6 gom cac vector ${ bm{v} 1, bm{v} 2, ldots, bm{v} d }$. Ta
goi fundamental domain (hay fundamental parallelepiped) clia £ ting véi co sG trén la tap

]-'(1;17...,11(1):{tlvl—s—...—i—tdvdzogti<1}.

Trong mit phing Oxy véi hai vector w va v khong ciing phuong thi fundamental domain 1a hinh binh hanh
tao bdi hai vector do.

® Remark 1.17

Goi £ C R” 13 lattice v6i sd chicu 1a n va goi F 1a fundamental domain ctia £. Khi d6 moi vetor w € R®
déu co thé viét dusi dang

w=t+v

v6i t duy nhat thuoc F va v duy nhit thuoc L.

Mot cach tuwong duong, hgp cta cac fundamental domains
Frv={t+v:teF}

v6i v 1A cac vector trong £, s& bao phii hét R™.

© Chitng minh
Dé chiing minh nhan xét trén, gid st {v; : 1 <i < n} 1a cd 56 ctia L. Khi d6 cac v; doc lap tuyén tinh
nén ciing la co sé cia R”.

Ta viét cac vector w € R™ dudi dang t6 hgp tuyén tinh ciia v; va tach hé s trude mdi vector thanh phan
nguyén va phan 1é. Phan nguyén cho vector trong £ va phan 1é cho vector trong F.

Dé ching minh tinh duy nhét cta t6 hop, xét hai cach bidu dién khac nhau clia w va ching minh hai
cach do 1a mot.
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©® Theorem 1.17 (Bat dang thiic Hadamard)

Cho lattice £, 1dy co sé bat ky ctia £ 1a cac vector vy, ..., v, v goi F 13 fundamental domain cho L.
Khi do

det L = Vol(F) < [lva| - [lvzl| - - - [[on]]-

Co sé cang gan véi truc giao thi bat ding thitic Hadamard trén cang tré thanh dang thiic.

O Definition 1.67 (Pa thiic cyclotomic)

V6i mbi s6 nguyén duong N, da thitc cyclotomic thit N 1a da thitc t6i gian @y duy nhat trong Z[z] sao
cho 2 — 1 chia hét cho ® nhung z* — 1 khong chia hét cho ® 5 v6i moi k < N.

(5 ) Example 1.35
Vidy, xét 22 — 1= (z — 1)(z® +z + 1):

e viik=1,taco (22 +x+1)f(z—1);

e véik=2taco (22 +ax+1)1 (2% - 1);

e v6i k = 3, theo phan tich nhan ti trén thi (2% + 2 + 1) | (2 — 1).
Nhu vay &3 =z24+z+1.

©® Remark 1.18

Néu d 1a s6 nguyén t6 thi &g =1+z + 22+ ... + 241,

® Remark 1.19

Céc da thiic t6i gian khong chi ddi v6i Z ma con ddi véi Q. Ta ciing c¢6 thé chiing minh duge ring:

N —1= H Dy(x).

d|N

©® Definition 1.68

Véii=1,...,n, dinh nghia \;(£) 1& A nh6 nhat sao cho £ chita it nhat i vector doc lap ctia chuan Euclid
(Euclidean norm) tai hau hét A. Cu thé A\;(£) 1a do dai vector khac khong ngan nhét trong L.
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Congruential public key cryptosystem
Thuat todn nay minh lay tu [36].
Tao khoa

Trong thuat toan nay, ta chon sd nguyén t6 ¢ lam public parameter.

Sau do6 chon hai s6 f va g lam private key. Hai s6 nay phai thoa man céac diéu kien
F<Va2, Vad<g<va/2, ged(fa9) =1.

Tinh h = f~!g (mod ¢). Khi dé public key 14 h.

Ma héa

Dé ma hoa thong diep m, ta chon s mot s6 ngadu nhién r théa man

0<m</q/4, 0<r<+/q/2.

Tiép theo, ta tinh e = rh +m (mod q).

Bén mé e théa man 0 < e < q.
Giai ma
Tit ban ma e ta giadi ma bing cach tinh
a=fe (modgq), b=f"'a (modg).

Luu y f~! la nghich ddo modulo g. Khi d6 b = m la message ban dau.

©® Chitng minh

DPé chitng minh ring s6 b sau khi tinh toan bing chinh xac m ban dau ta can xem xét dicu kién ciia
private key va public key.

Dau tién ta co
a=fe=f(rh+m)=f(rf tg+m)=rg+ fm (mod q).
Tit diéu kieén ctia f, g, r va m ta ¢
q q q q
rg+fm<\/; \/;—F\/; \/;<q.

Noi céch khac rg + fm gitt nguyén gia tri trong phép modulo ¢, hay a = rg + fm.
Ta suy ra
b=f"lta=f"Yrg+ fm)=m (mod g),

& day gia tri a khong thay ddi khi chuyén tit modulo ¢ sang modulo g.
Do 0 < m < \/q/4 va \/q/4 < g < \/q/2 nén m < g. Noi cach khac b bing dang m ban dau.
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Vi du ma héa va giai ma
Ta chon s6 nguyén t6 g = 3973659461 13 public parameter.
Ta chon f = 36624 va g = 33577 lam private key. 0 day co thé kiém tra diéu kien
f<Va/2, Va/t<g<+a/2, ged(f.q9) = 1.
Liic nay public key 1a
h= f'g=3540857813 (mod q).
Gia st ta mudén ma hoa thong diép .
Ta chon (ngdu nhién) gia tri r = 21542. Ta tinh duge ban ma 1a
e =rh+m = 2765654775 (mod q).
Dé giai ma ban ma e = 2765654775 v6i private key f = 36624 va g = 33577, dau tién ta tinh
a = fe ="760818710 (mod q).
Tiép theo tinh
b=f"la=1024 (mod g).

Nhu vay b bing chinh x4c ban rd m = 1024 ban dau.
Pha ma

D@ tan cong he mat ma nay ta xay dung lattice. Dé y ring h = f~!g (mod q), hay fh+kq =g véi k € Z.
Ta thiy ring f - (h,1) + k- (¢,0) = (g, f). Nhu vay co s8 ciia lattice gom hai vector (h,1) va (g,0). Thuat
toan rat gon lattice Gauss sé hoat dong trong trudng hgp nay (sé chidu bing 2).

NTRU

béi v6i NTRU-HRSS minh st dung bai thuyét trinh & duy 4n PQC ctia NIST'.

D6i v6i NTRUEncrypt thi minh tham khao [36] (chuong 7 vé lattice). Minh s& st dung ki hiéu tu tai lieu
nay lam chuan cho cA NTRUEncrypt, NTRU-HRSS va NTRU.

Tham sé cho NTRU

Céc thuat toan NTRU hoat dong dya trén cac vanh thuong (quotient ring) sau:

Rp:%%)m’ quw

R:
zn —1’ xn —1 xn —1

)

trong do6 p, ¢ va n la cac s6 nguyén t6 khac nhau.

Ta can dinh nghia mot phép bién ddi goi 1a center-lift. Trong céc tai lieu khac thi goi 1a phép modular
reduction.

Véi s6 nguyén n c¢d dinh déng vai tro modulo, ta xét phan ti
re{0,1,...,n—1}.
. Py . 2 < P9 ! n / n 3 JE———i
Khi d6 center-lift ctia r 1a s6 7' € Z sao cho 5 <T < S VAT=T (mod n).

Vi duy, khi n = 8:

1 https://csre.nist.gov /presentations /2018 /ntru-hrss-kem
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e véir=23thir =3;
e véir==6thir = —2.

Ta can thém tap

:a(z) c6 ding d; hé s6 bang 1
T(d1,d2) =< a(zr) € R :a(z) co dtng dy he s6 bang — 1
a(x) co cac he s6 con lai 1a 0.

NTRUEncrypt

Tao khéa

Chon f(z) € T(d+1,d) va g(x) € T(d,d) ngdu nhién.
Ta tinh

Tiép theo, tinh

Khi do, private key la cap (f(x), Fp(z)) va public key 1a h(x).
Ma héa
Gid st ban 16 1a da thiic m(x) € R sao cho hé s6 m; thda —g <m; < g (center-lift he sd).
Chon ngau nhién da thic r(z) € T(d,d) va tinh
e(z) =p-h(x) r(x)+m(z) (mod q).
Khi d6 ban ma la e(x) € R,.
Giai ma

Pé giai ma, ta tinh

Khi d6 b(z) chinh 1a ban rd m(z) ban dau.

O day, didu kien ctia cac tham s6 n, p, ¢ va d @@ NTRUEncrypt hoat dong ding la

q > (6d+ 1)p.

3.3. Mat ma hoc 383



Math Book

Tinh dang dan cha qua trinh gidi ma

Ta co

vi f(z) - Fy(z) =1 (mod gq).
Xét da thic p - g(x) - r(x) + f(z) - m(x) trong R (center-lift). Ta co

(z) -p-g(x)-r(x) + Fp(x) - f(x) -m(z) (mod p)

NTRU lattice
bat public key

h(z) =ho+hi(x) + -+ hp_12™ 1,
cac hé s6 da thitc tuong tng véi vector

h=(ho,h1,..  hn_1).

Dat
1 0 0 ho hy hn—1
0 1 0| hno1 ho hp—2
ANTRU _ 0 0 - 1| ht hy -+ R _ I, | h
h 00 --- 0] ¢ 0 -~ 0 0, | q, )’
0 0 0l 0 ¢ 0
00 --- 0 0 0o --- q

& day I, 14 ma tran do don vi cap n, O, 1a ma tran khong cap n.
Gia st
a(x) =ag+arx+ -+ ap_12"
b(x) = by +byx 4+ by_qz"
tuong ng véi cac vector
a:(ao,al,...,an_l), b:(bo,bl,...,bn_l).
Ta ki hiéu

(a,b) = (ao,al, .. .,an_l,bo,bl, .. .,bn_l) S Z2n.

384 Chapter 3. Mat ma hoc ciing kho



Math Book

Gia st f(x) - h(x) = g(x) (mod q), dat u(x) € R 1a da thiic thoa
f()- g(x) = g(z) + ¢ - u(x).
Khi do
(f,—u)- My = (f,9)

nén vector (f,g) thuoc lattice LYTRY.

NTRU-HRSS

Hé mat ma NTRU-HRSS dugc nop vong 1 cia dy an NIST PQC. o} vong 2, NTRU-HRSS hgp nhat véi
NTRUEncrypt tré thanh NTRU.

Tao khéa

boéi véi NTRU-HRSS can thém cac vanh con clia R, va R, xac dinh bang da thic cyclotomic. Ta ki higu
da thic cyclotomic thi d 1a ;. Nhan xét bén trén:
e Oi(z)=x—-1;

e néu d la sd nguyén t6 thi

Dy(z)=142+... .+

< (Z/pZ)[z] . (Z/qZ)[=] . s Az N A
bat S, = W va S, = T(fﬂ) v6i p, ¢ va n 14 cac sO nguyén t6 nhu trén.
Hon nita, Khi n 1a s6 nguyén t6 thi $x"n - 1 = Phi_1(x) Phi_n(x)$ va do do

~ (Z/pZ)|x] ~ (Z/qZ)x]
R, = 1 () X Sp, Ry = 1 () x 8.

Thong thudng ta chon p = 3 va n = 701. Viéc chon n nhu vay duge (nhidu) ngusi khing dinh 1a an toan.
béi v6i NTRU-HRSS-PKE, private key 1a mot phan tit khac khong f € S,,.

T f ta tinh public key h = ®1(z) - g- f~! € R, v6i mot phan tit g € S,. Diéu nay doi hoéi f kha nghich
trong R,.

Dé ho trg gidi ma ta can nghich ddo ctia f trong S,. Ta viét nghich déo ctia f trong R, va S, tuong ting la
la fotva fl.

Theo cau trac thi f kha nghich trong ca S, va S,.

Thay vi lay f va g truc tiép tir S, thi ta lay tur tap con:

TH={ves,: (zv,v) > 0}.

Thuat toan sinh khoa gdm cac bude:
1. f«<TT.
2. [yl fTres,.
3. [t fhes,
4. g+ T,
5 h=®(z)-g-f'€R,
6. Tra vé public key 1a pk = h va private key la sk = (f, f; ™).
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Ma héa
Goi m € S}, 1a encode ctia ban 16 va r € S, dugc chon ngau nhién.
Bén 16 e dugce tinh:
e<p-r-h+[mls € Ry,
O day p = 3 la s6 nguyén t6 bén trén.
Giai ma
Input: (e, (f, f3)) va hai vanh (R,, S,).
Output: plaintext m’:
m' e flg- f5' € Sp

O day ki hieu [e - flq nghia 1a phép tinh dién ra trong vanh R,. Tuong tu & trén [m]s la encode clia théng
diep m trong S,.

FALCON
[TODO] Viét lai.
Falcon lam viéc véi cac phan ti thude vanh %, § day ¢(x) = 2" + 1 van = 2F.

O day ¢(z) 1a da thic cyclotomic nén ta co

o) = [[ (@—¢"

v6i m = 2n va £ 1a nghiém bac m cta don vi.
ZX 1a nhém céac phan tit kha nghich ctia Z,, d6i véi phép nhan.
Ta c6 quan hé
Q C Qlz]/(#? +1) € --- C Q[a]/(=z"? +1) C Qla]/(z" +1)

va chudi dang cau

Q" = (Qlz])/(2® + 1))"? = - = (Qla]/(z"? + 1))* = Qla]/(z" + 1).

a(x) =ap+arx+ -+ ap 12"t € Qb(x) =by+bix+ - +b,_ 12"t €Q

v6i Q 1a vanh Q[z]/ (2™ + 1).

Ki hiéu a*(€) va goi 1a Hermitian adjoint ciia a, 1a phan t duy nhét clia Q sao cho moi nghiém & ctia ¢(z)
ta deu co a*(€) = a(&), trong do ~ 1a lién hop (conjunction) trén C.

Véi ¢(z) = 2™ + 1 thi Hermitant adjoint 14 a* = ag — (12 + agz?® + -+ + ap_12" ).
Ta mé rong dinh nghia (Hermitian) adjoint 1én vector va ma tran.

Adjoin B* clia ma tran B € Q"™ (tuong tu véi vector) 1a adjoint ctia tiing phan tif (component-wise):

a b « _f(a* b
B_(c d>:>B_<c* d*)'
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Tich vo huéng (inner product) ctia hai da thic a(x) va b(z) la

1 [
(a,b) = m : (mz)zoa(f) “b()

day goi 1a cach biéu dién bang fast fourier transform.
Ta m§ rong lén vector, véi u = (u;); va v = (v;); thudc Q™ thi
<ﬂ,ﬁ> = Z(ui,vi>.
i

Cach chon ¢(x) § trén cho ching ta tich vo huéng giéng thong thuong

n—1
<CL, b> = Z aibi
=0

day 1a cach biéu dién bing hé sb.
Ring lattice: v6i vanh Q = Q[z]/é(x) va Z = Z[z]/¢(z), s6 nguyén duong m > n va ma tran full-rank
B e Q"™ ta ki hieu A(B) va goi lattice sinh bdi B 1a tap Z™. Khi do

B={z-B:ze2"}

M4 rong ra, tap A la lattice néu ton tai ma tran B sao cho A = A(B).
Ta c6 thé noi A C 2™ la lattice g-phan néu ¢Z™ C A.
Discrete Gaussian:

Véi o,mu € R ma o > 0, ta dinh nghia ham Gauss p, , la

Pou = exp(—(z — p)?/(20%)),
va phan phéi Gauss roi rac Dz, ), trén vanh s6 nguyén 1a

pa,u(x)

Dy o u(z) = =—————.
a ZzEZ Po,u(2)

Tryc giao hoa Gram-Schmidt.

Mbi ma tran B € Q"™ ¢6 thé phan tich thanh B = L x B v6i L la ma tran tam giac duéi (lower triangle)
v6i cac phan tii trén dudng ché chinh bing 1.

Céc hang b; ctia B kiém tra (b;,b;) = 0v6ii+# j. Khi B full-rank thi phan tich nay 1a duy nhat va dugc goi
la tryc giao hoa Gram-Schmidt (Gram-Schmidt orthogonalization GSO).

Ta goi chuan Gram-Schmidt (norm) ciia B 1a gia tri

1Bllas = glax\\l;ill

i€

LDL:math: “* decomposition: LDL:math: “* decomposition viét mdi ma tran Gram full-rank thanh tich
LDL:math: ~* voi:

1. L € Q™" la ma tran tam gidc duéi véi cac phan ti 1 trén dudng chéo chinh.

2. D € 9™*™ ]a ma tran chéo.
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Néu ton tai GSO duy nhat B = L - B va v6i ma tran Gram G full-rank thi ton tai LDL:math: ~* decomp
duy nhit G = LDL*.

Néu G = B- B* thi G = L - (BB*) - L* 1a LDL:math: ~* decomp hop 1.
Khi do, L - B 1a GSO ctia B khi va chi khi L - (B - B*) - L* 1a LDL:math: ~* decomp. ciia B - B*.
Keys.
Public params.
1. Pa thiic cyclotomic ¢(x) = 2" + 1 véi n = 2*.
2. Modulus la ¢ € N* 1a s6 nguyén t0, ¢(z) mod ¢ s& split (phan ra) trén Z,[z].
3. Bound (chan) |3?] > 0.
4. Do lech chudn 6 vA Omin < Omax-
5. Chit ky v6i do dai (theo byte) 14 sbytelen.
Private key
Private key gom 4 da thiic f, g, F, G thuoc Z[z]/¢(x) v6i he s6 ngén, thoa phuong trinh

f-G—g-F=qgmod ¢(x).

Pa thiic f ciing phai khé nghich trong Z,[z]/é(x).

Cho truée f va g, ta c6 thé tinh duge F va G nhung sé rat tén stic. Do d6 ta can lwu thém F va tit f, g va
F ta sé tinh lai G.

FFT representation (biéu dién FFT) cta f, g, F va G la dang ma tran

~ (FFT —FFT(f
B= (FFT((g:)) —FFT((F))> '

Falcon trees. Falcon trees 14 ciy nhi phan dugc dinh nghia dé quy nhu sau:
1. Falcon tree véi do cao 0 gdm mot nit don véi gid tri 1a o > 0.
2. Falcon tree v6i do cao k co tinh chat:
e gia tri tai gdc, T.value, la da thic [ € Q[z]/(z" + 1) v6i n = 2k;
e nut 14 trai va phai, T.1eftChild va T.rightChild, la Falcon tree véi d6 cao k — 1.

N6i dung ctia Falcon tree T dugc tinh tit cdc thanh phan f, g, F', G clia private key va dugc mo ta bdi thuat
toan & sau.

Public key.
Falcon public key pk tuong tng véi private key sk = (f, g, F, G) la da thic h € Z,[z]/¢(x) théa

h=gf™' (mod ¢(x),q).

Thuat toan rat gon lattice

Thuat toan rat gon lattice Gauss

Goi L C R? l1a lattice 2 chiéu véi cac vector co sd 1a v1 va vo. Thuat todn rit gon lattice Gauss (Gaussian
Lattice Reduction) hoat dong nhu sau.
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O Algorithm 1.2 (Thuat toan rit gon lattice Gauss)

1. Loop

1. Néu ||va]| < |lv1|| thi d6i chd vy va vy (swap).

2. Tinh m = {]
[[oa ]|

3. Néu m = 0 thi trd vé co s méi gdm cac vector vy va vs.
4. Thay vo thanh vo — mwv;.
2. Tiép tuc loop :)))

Sau khi thuat toan két thac thi vy 1a vector khac khong ngédn nhat trong L, va do d6 bai toan SVP dudc giai
quyét. Hon nita goc @ giita v; va vo théa man
|cos 0] < [|lva|/2]|vz]l,

cuthdla = <6< =—.

wl

©® Chitng minh

DAu tién ta chitng minh vy 14 vector khac khong ngén nhat trong L.
Gia st thuat toan két thuc va tra vé hai vector vy va ve. Bude 1 ctia vong lap dam bao rang ||va|| > ||v1]|
va

|’U1 -’UQ| 1
dgo 3.21
To? <32 (8:21)

N 2 V1 - U
vi day la diéu kien dé lam tron W thanh 0 va théa budc 3.
U1

MB&i vector v khac khong trong L déu biéu dién duge dudi dang
vV =a1v1 + agvs, ai,as € 7.
St dung (3.21) va bat déng thitc quen thude |z| > —2 v6i moi z € R ta co

v]|* = [layv1 + agwa ||
= ai|v1|® + 2010z - v1 - V2 + a3]|va?
> af|lv1||® — 2|araz| - v1 - v + a3 vz
S 42 2_o ) 2, 2 2
> aj v lazaz| - [|[v1 | + a3 ||vz]|
> ai|lvi|l® = 2laraz || - lv1l® + a3llv1]? (Vi [lozl| > [|vl))

= (a] — 2|a1] - |ag| + a3)||v: .

Ta stt dung bat déng thiic quen thuoc: v6i moi tq,t, € R thi

2 2
t 3 3 t
2 — 21ty +12 = (t1—22> +4-t§:4-t§+(21—t2> > 0.

Biéu thitc bing 0 khi va chi khi t; = ¢, = 0. Vi a; va as 14 cac s6 nguyén khong dong thai bing 0 nén co
thé suy ra ||v||? > ||v1]|? v6i moi vector v khac khong trong L. Noi cach khéc, v 1a vector khac khong
ngan nhat trong L va bai toan SVP dudc giai xong.
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Tiép theo, v6i cosf, ta co

lcos @] = | YL v2 | vive v 1 o]
= = X < .
ol - floal | floal? ozl 2 [log
Hon nita ||vg] > ||v1]| nén suy ra
1 o] 1 1 1 ™
0 < = &= —-<cosl K - <= - <0
|cos|\2 ol < 3 5 Scosf < 5 3 SO<

Minh sé& vi du thuat toan trén qua viéc pha ma congruential public key cryptosystem véi s lieu da trinh

bay trong bai viét.
S6 nguyén t6 ¢ = 3973659461 la public parameter.
Ta da chon f = 36624 va g = 33577 lam private key. 0 day f va g diéu kién

F<Va/2, Va/d<g<+/q/2, gcd(f,q9) =1
Litic nay public key 1a
h=f'g=3540857813 (mod q).

Dbé y riing h = f~'g (mod q), tuong duong fh +kq = g v6i k € Z.

Ta thiy ring f - (h,1) + k- (q,0) = (g, f). Nhu vay co s6 clia lattice gom hai vector

{(h,1),(q,0)}.

Diéu kién ctia f va g cho ta tinh chat quan trong: vector (g, f) ngén trong lattice. Do d6 thuat toan rit gon

lattice Gauss sé hoat dong trong trusng hgp nay (sd chiéu bing 2).
Dat v1 = (h,1) = (3540857813, 1) va vy = (¢,0) = (3973659461, 0).

Buée 1, ta co

|lv1]| = V12537674051883142970 > ||vy|| = 3973659461

nén ta gilt nguyén v; va vs.

Tiép theo ta tinh

N I SC ] 14070163148683218793
N | 12537674051883142970

| =170

v ]|?
nén ta thay vy bdi vo — mw; thi
vo = (432801648, —1).
Buée 2, hién tai

vy = (3540857813, 1), vy = (432801648, —1)

o1 < [lvzl],
d8i chd v va vs ta dude

vy = (432801648, —1), v5 = (3540857813, 1).
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Tiép theo ta tinh

_ {vl "UQ-‘ _ {1532489096800075823

=8+#0
[[o1]]? 187317266511515905-‘ 7

nén ta thay vs béi vo — mw; thi
vy = (78444629, 9).

Ctt tiép tuc nhu vay, vector vi, vp va gia tri m sau bude 3 ¢ mdi vong lip sé duge thé hien & bang sau.

Loop v VU2 e

3540857813,1) 3973659461, 0) 1
8
6

(
(432801648, —1)  (3540857813,1)
(78444629, 9) 432801648, —1)
(—37866126, —55) (78444629, 9) —2
(2712377,-101)  (—37866126, —55) —14
(107152, —1469)  (2712377,-101) 25

( 107152, —1469) 1

( 73575,—38093) 0

33577,36624)
33577,36624)

00 O Uik Wi
e — ey — ey — Gy —

Vector w1 & bude cudi chinh x4c 1a (g, f) bén trén.

Phuong phap Coppersmith

Phuong phap Coppersmith duge diing dé tim nghiém nhé ctia da thitc trén modulo. Phan nay minh tham
khéo chinh tu [37].

Y tudng

Gia sit ta c6 phuong trinh F(z) = 0 mod M. Véi s6 X ¢b dinh cho truée, phuong phap Coppersmith cho
phép tim nghiém zy nho théa man |zg| < X.

Y tudng ctia phuong phap nay la thay vi tim nghiém zy ctia F(z) trén modulo M, chiing ta s& mé rong lén,
tim mot ham G(z) nao d6 ma c6 nghiem =z trén Z.

Don gidn nhat 1a
Gx)=k-F(x)+ M -g(x), ke Z

va deg g(z) < deg F(z). Ro rang khi modulo hai vé cho M thi G(zg) = F(x¢) = 0 mod M.
Phuong phap nay gitup tim nghiém ctia mot da thic bac nhd modulo M. Do do6 gia st dat:

F(x) =ag+ a1z + - - + agr®
véi a; € Z.
Liic nay chung ta sé tim ham G(z) trén véi he s6 nhd.
Gia st

g(x) = bo + b1z + -+ + baz’

véi b; € Z.

3.3. Mat ma hoc 391



Math Book

Khi do
G(z) = (k-ao+ M b))+ (k-ar+ M b))z + -+ (k-ag+ M- bg)z?.

Ta mong mudn cic hé s6 k-ag+ M by, k-a1 +M - by, ---, k-aq + M - bg nho so véi M.

Do @6 vé6i s6 X cho trude, néu ta xay lattice (d + 2 vector) sau:

v9g <« M 0 0 0 0

vy, <« 0 MX 0 0 0

vg < 0 0 0 0 MXx4
Vi+1 <= a9 a1 X asX? o ag X1 ggX@

Khi d6 hé s6 ctia mdi dong tit vy t6i vg 14 by t6i bg. Con heé s6 ctia vgyq 14 k.

Tuy nhién chiing ta thudng sé bién déi dé da thitc tré thanh monic (ag = 1). Khi d6 ching ta bd di vg va
con d + 1 vector trong lattice.

Cai tién thuat toan

Dang don gian

Gia st k(z) co6 bac 1a h. Dat k(x) = co + ez + -+ - + cpa”.
Khi doé:
G(z) =k(z) - F(x) + M - g(x)
=(co+crz 4™y - (ag+ a1z + -+ 29 + M- (bg + brx + - - - + bgz?)
=co-F(z)+c-xF(z)+ - cp-a"F(z)+ M- (b + brx + - - - bgz?)
Luc nay méi dai lugng F(z), 2F(z), ..., 2" F(z) s& khién hé s6 ctia F(z) ban dau tang bac. Néi cach khac
he s6 a; clia z° trong F(x) sé 1a hé s clia 277 trong 27 F(x).

Séach gido khoa noéi ring néu minh chon h = d — 1 thi phuong phap Coppersmith s& cho ra két qua néu X
duge chon théa X ~ M1/(2d=1)

Twong tiy, minh sé c6 cac vector trong lattice nhu sau:

vg <« M 0 0 0 0 0 0
V1 < 0 MX 0 0 0O 0 O
vg1 < 0 0 0 e MXAT 0 0 0
Vg < a9 X a2X2 s ad_1Xd_l X4 0 0

Sau d6 thém cac vector khi shift vao, tuong tng véi zF(z), 22 F(z), ...

Vir1 = 0 apX a1 X? axX?® - ag 1 X?  agXdH! 0 0
Vi+2 <= 0 0 a0X2 a1X3 ad_sz ad_leJrl CLd)(dJr2 0

Tuy nhién van dé & day 1a bound ciia nghiém bi thu hep lai. Ban n&y minh néi rdng néu chon h = d — 1
thi nghiem cho két qua néu X ~ MY(24=1) O day M = 10001 nén X ~ 4. Trong khi § bai viét truée thi
X =10. Do @6 c6 thé thay viec mé rong nay doi khi kém hiéu qua tuy thuoc vao h.
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Dang nang cao

Coppersmith da dé xuat y tudng nhu sau:

©® Lemma 1.1 (Coppersmith)

V6i 0 < € < min{0, 18;1/d}. Pat F(z) la da thic monic bac d ¢c6 mot hodc nhiéu nghiém x trén modulo
M sao cho |zo| < $MY/4=¢. Khi d6 2o c6 thé tinh véi thoi gian da thic gisi han bdi d, 1/€ va log(M).

Dbé chitng minh bé dé nay thi Coppersmith da xay dyng mot hé lattice dé tinh toan va cling 1a cach xay
dung lattice s& dé cap t6i day.

Chiing ta biét ring zo la nghiem ctia da thic F(x) = 0 mod M. Do d6 ta suy ra F(z¢)* = 0 mod M*.

Tt nhan xét nay, minh mé rong phan co ban lén tim nghiém trong modulo M h=1 y6i h 1a mot sb duge chon
trude.

Véi k(z) = co + c1x 4 - - - + cg_12%7 ! biéu dién viec shift thanh F(z), zF(x), 22F(z), ..., 2971 F(x).

Ta xét h da thic sau:

M"'F(z)°k(z) = 0mod M"~!
M"2F(z)'k(z) = Omod M"~!
MOF(z)"~'k(z) = 0mod M"!

Véi mdi da thitc M"~1=9F(x)’ ching ta c6 d lan shift tuong tng véi timg he s6 ciia k(x). Cu thé la
Mh=1=iF(z)), M1 F(z) e, MM 1T F(2)22, ..., M1 F(z) 4L,

Do d6 c6 tét ca dh vector trong lattice. S6 h thudng dudc chon sao cho dh &~ €. Va chin nghiem X c6 thé
chon la 2 M'/4=¢ theo nhu b6 dé.

Nhu vay minh xay lattice nhu sau:
e Budc 1. Vi M1 F(z)° thi cic vector sau lan lugt tuong ng véi
M1 R(2)° M R (2) 0, . MR ()02
No6i céach khac thi:

vg < M1 0 0 - 0 0
v, = 0 Mh1X 0 .- 0 0
Vg1 &= 0 0 0 --- MhMixd-1l o

e Budc 2. V6i M"2F(z) thi cac vector sau lan lugt tuong tng véi
M"2F(z), M2 F(2) e, ..., M2 F(z) 2t
No6i cach khéc thi:

Vq <= May Ma X Ma2X2 Mad,le_l MXx4
Vg1 < 0 MagX Ma1X2 MCLd,QXd_l Mad,le MXd+1
Vog—1 <= 0 0 0 <o MapgX4t Ma; X

e Budc thit j. Ct nhu vay véi MP—1-7F(x)J.

Chay LLL trén lattice trén sé& cho két qua ~°
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Code thir nghiém

So sanh vi du ddn gian véi small _roots cia SageMath

from sage.all import *

def small_roots(f, M, X):
d = f.degree()

P = f.base_ring()
B =11
for i in range(d):
b=[0] x (d+ 1)
b[i] = M * Xxxi
B.append (b)
B.append ([j*X**i for i,j in enumerate(f.coefficients())])
B = Matrix(ZZ, B)
B = B.LLLQO)
bf = B[0]
g = sum((j//(X*xi)) * x**i for i,j in enumerate(bf))
roots = g.roots()
return [root[0] for root in roots]

M = 10001

X =10

P = PolynomialRing(ZZ, 'x')

Q = PolynomialRing(Zmod(M), 'xzn')
x = P.gen()

xn = Q.gen()

f = xxx3 + 10*x**2 + 5000*x - 222
g = f.change_ring(Q) .subs(x=xn)
print(small_roots(f, M, X))
print(g.small_roots(X=10))

Cai tién dang don gian

from sage.all import *

def small_roots(f, M, X):
d = f.degree()
B =11
for i in range(d):
b = [0] * (2xd)
b[i] = M * X*xi
B.append (b)

for i in range(d):
g = x¥*xi * f
b = [v * X#*u for u, v in enumerate(g.coefficients(sparse=False))]
b =Db+ [0] * (2%d - len(b))
B.append (b)
B = Matrix(ZZ, B)
B = B.LLLQ)

(continues on next page)
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(continued from previous page)
bf = B[0]
g = sum((j // (X**i)) * x**i for i, j in enumerate(bf))
roots = g.roots()
return [root[0] for root in roots]

M = 10001

X =10

P = PolynomialRing(ZZ, 'x')

x = P.gen()

f = xxx3 + 10*x**2 + 5000*x - 222

print(small_roots(f, M, X))

Cai tién dang nang cao

from sage.all import *

def small_roots(f, M, h = None, epsilon = None, X = None):
d = f.degree()
if not h:
h=4d
if not epsilon:
epsilon = 1/(d*h)

if not X:
X = round(0.5*M**(1/d-epsilon))
B =[]

for j in range(h):
g = M**(h—l—j) * fxkj
for i in range(d):
k = g * xkxi

b = [v * X#*u for u, v in enumerate(k.coefficients(sparse=False))]
b=>b+ [0] * (d*h - len(b))
B.append (b)

B = Matrix(ZZ, B)

B = B.LLLQO)

bf = B[0]

g = sum((j // (X*xi)) * x**i for i, j in enumerate(bf))
roots = g.roots()

return [root[0] for root in roots]

# Test theo sach giao khoa

(2%*30 + 3)*(2**32 + 15)

PolynomialRing(ZZ, 'x')

P.gen()

1942528644709637042 + 1234567890123456789*x + 987654321987654321*x**2 + x**3
print(small_roots(f, M))

H X Y=
Il

# Tu test

M = (2%%20 + 7)*(2*x*x21 + 17)

(continues on next page)
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(continued from previous page)

P = PolynomialRing(ZZ, 'x')
x = P.gen()
f = x**3 + (2%x25 - 2883584)*x**2 + 46976195*x + 227

print(small_roots(f, M, X = 2%x9))

3.3.2 Code-based cryptography

Introduction

© Definition 2.34 (Block code)

Block code (n), 1a tap hop C bat ki chita cac vector do dai n trén truong F,.

O Definition 2.35 (Codeword)

Codeword (hay tit ma) la bat ki vector nao trong block code C.

O Definition 2.36 (Luc lugng ctia code)

Luc lugng (hay cardinality, mommocts) M ctia block code C 1a s6 lugng codeword trong C.
Ki hieu M = |C|.

O Definition 2.37

Block code C trén trusng F, c6 do dai n va c6 lyc lugng M dugc goi la (n, M), code.

© Definition 2.38 (Do dai ciia code)

Do dai ctia (n), code C 1a s6 n chi do dai méi codeword (d0 dai mdi vector).

O Definition 2.39 (Khoang cach ti thiéu)

Khoang cach t6i thiéu (hay minimum distance) ctia code C 14 s6 d chi khoang cach Hamming nhd
nhat gita hai codeword trong code C:

s u,vrénCl,I'llL;ﬁ'u p(u’ ’U) - u,vrencl,r'lli;ﬁv Wt(u B ’U).

Nhic lai, khodng cAch Hamming ctia mot vector 1a sd phan tit khac 0 trong vector do:

wt(x1,Za,. .., x,) = [{x; 1 ; £ 0}].
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©® Definition 2.40

Block code C trén trusng F, v6i do dai n, luc lugng M va 6 khoang cach tdi thiéu d duge goi la (n, M, d),
code.

Thoéng tin ban dau co thé duge chia thanh cac doan do dai k va mdi doan nhu vay dugc encode thanh mét
doan do dai n.

Cu thé hon, ham encode bién d8i mot thong diep 1a vector @ do dai k& thanh codeword ¢ € C véi do dai n:
¢:Vilg) > C, pla)=c

Anh xa ¢ can la don anh (one-to-one) vi chiing ta khong mudn hai thong diép do dai k ciing encode ra mot
codeword d9 dai n (khi decode chiing ta khong biét s& ra thong diep nao).

® Lemma 2.1

Dé (n, M), code c6 thé encode dugdc cic thong diep do dai k thi diéu kién can va dit dé ton tai anh xa ¢
nhu trén la k < [log, M|.

O Definition 2.41 (Cnektp Becos)

Phé trong sb (hay cmektp Becos) ciia (n), code C la mot vector cic s6 nguyén khong am
(Ag, A1,...,A,) € Z;Sl v6i A; 1a s6 lugng vector c6 trong s6 Hamming biang i trong code.

Bai toan decode t8ng quat

Khi vector & dudc truyén qua kénh truyén, khong gi dam bao ching ta sé nhan dudc chinh xic & & bén
nhan, ma c6 thé 1a y nao do.

Cac codeword ndm trong mot block code nao d6 la tap con cia Vi, (q), trong khi ¢ bén nhan c6 thé 1a mot
vector bat ky trong V;,(q). Bai toan decode dit ra cau héi, lam sao biét dugc vector y sé& duge decode thanh
vector nao trong block code.

© Definition 2.42 (Bai toan decode)

Bai toan decode clia (n), code C 1a bai toan cho trudc vector y € V,,(g), ta tim codeword ¢ € C ctia code
(n)q sao cho pp(c,y) = glélcl pu(c,y) véi pg la khodng cach Hamming.
Input:
e vector y € V,(¢) nhan dugc tit kénh truyén;
e Cla (n), code.
Output:

e vector ¢ € C la codeword sao cho pr(c,y) = glércl pu(c,y).
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O Definition 2.43 (Bai toan decode)

Bai toan decode clia (n), code C la bai toan cho trudc vector y € V,,(¢), ta tim codeword ¢ € C ctia code
(n)q sao cho wt(y — ¢) = mircl wt(y — ) v6i wt 1a trong s6 Hamming.
c'e

Input:
e vector y € V,(q) 1a vector nhan dugc tir kénh truyén;
e Cla (n), code.

Output:

e vector ¢ € C 1a codeword sao cho wt(y — ¢) = Inilcl wt(y — ).
c'e

© Definition 2.44 (Bai toan decode)

Bai toan decode ctia (n), code C 1a bai toan cho trude vector y € V,,(¢), ta tim vector e € V;,(¢q) sao cho
y — e € C, nghia 1a y — e 1a codeword, va vector e c6 trong s6 Hamming nhé nhat wt(e) — min.

Input:
e vector y € V,,(q) 1a vector nhan duge tir kénh truyén;
e Cla (n)q code.
Output:
e vector e € V,(q) sao cho y — e € C, nghia 1a y — e 14 codeword;

e va vector e co trong s6 Hamming nhd nhat wt(e) — min.

® Remark 2.17

Cac dinh nghia vé bai toan decode § trén tuong duong nhau.

O Definition 2.45 (Decoder)
Decoder cta code (n), C 1a thuat toan ma véi vector y € V,,(¢) cho trude, tim dugc codeword ¢ € C

sao cho vector e = y — ¢ ¢6 trong s6 Hamming nhd nhat c6 thé, nghia la ¢ = argminwt(y — u).
uel

Decoder ctia code C sé giai bai toan decode trén code C.

Linear code

O Definition (Linear code)

Block code (n), C dugc goi 1a tuyén tinh (hay linear) néu véi moi a,b € Fy va v6i moi codeword
x,y € C thi vector a -« + b -y cling la codeword thuoc C.
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Ta ki hieu linear code (ma tuyén tinh) 1a [n],. C6 thé thay block code [n], la khong gian vector con ciia
Va(q)-

O Definition

Dai véi code [n], thi s6 n duge goi la dd dai cia code.

P
©® Definition

S6 chiéu ctia code [n], 1a 6 k bang véi s6 chiéu ctia khong gian vector con C ctia Vi, (q).
& J

©® Definition

Linear code C c¢6 do dai n va s6 chiéu k dugdc goi 1a [n, k], code.
. J

O Definition

p 5 . k
Toc do truyen cia [n, k], code 1la s6 R = —.
n

© Definition

Redundancy (hay us6sirounocts) cia [n, k|, code 1a s6 r =n — k.

P
® Definition

Khoang cach nhé nhét ciia code C 1a s6 d bing véi trong s6 Hamming nhé nhat ciia cac codeword
trong C

d= min wt(u).
ueC,u#0

O Definition

Linear code [n, k], v6i khodng cach nhé nhat d duge goi 1a [n, k, d], code.

Ma tran sinh

©® Definition

Ma tran G dugc goi 1a ma tran sinh (hay mopoxkaaromas marpumna) ciia code C néu né chia céc
vector trong cd sd ctia khong gian vector con C.
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Néu C 1a [n, k], code thi G 1a ma tran kich thuéc k x n.

©® Remark
Néu G 1a ma tran sinh ctia [n, k], code thi

C={a-G:acVi(q)}

0 day ta noéi ma tran G sinh ra code C.

Theo kién thic dai s6 tuyén tinh, néu G1 va G kich thuée k x k ciing sinh ra mot code C thi ton tai ma
tran kha nghich A kich thuéc k x k trén F, sao cho AG; = Gs.

Coder

©® Definition

Coder ¢ : Vi(q¢) = V,,(g) cho [n, k], code xac dinh bdi ma tran sinh G theo nghia:

p((ar, .. ar)) = (a1, ax) - G.

© Definition
Ma tran G kich thuéc k x n duge goi 1a systematic néu né c6 dang:
G = (I[|Go),

v6i I, 1a ma tran don vi k X k vd G 1a ma tran ¢6 k x (n — k) nao do.
& J

©® Definition

Code dugc goi la systematic néu né c6 ma tran sinh G 13 systematic.

©® Definition

Coder pg cla systematic code [n, k],, xac dinh bdi ma tran sinh systematic G = (I;||Go), dugc goi 1a

systematic.
(. J

Khi d6 v6i moi thong diep a = (aq, ..., ax) € Vi(q) thi coder thuyc hién:
a=(ay,...,a,) 5 (a1,...,ap,a-Gy).

Luu y rang khong phai code nao ciing la systematic va do d6 khéng chic chin ton tai systematic coder.

©® Definition
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Ta danh so toa do cac codeword trong [n, k], code tu 1 t6i n.

Tap thong tin (hay information set, nudopmanmonnoe muoxkectso) Z ciia code [n, k], 14 tap con
ctia tap danh s6 toa do, nghia la Z C {1,...,n}, sao cho |Z| = k va ma tran con Gy, kich thudc k x k cta
ma trén sinh G kha nghich.

Ma tran kiém tra

©® Definition

Néu C 1a hat nhan ctia ma tran H, tic 1a

C=ker(H)={veC:Hv' =0},

thi ta n6i H 13 ma tran kiém tra chin 1& (hay parity-check matrix).

Ta c6 thé thiy GH" = 0.

® Definition

Syndrome Sg(y) cla vector y € V,(¢) tuong tng v6i ma tran parity-check H cta [n, k], code C la
vector cot Sgr(y) =H -y'.

Khi d6 Sy (y) c6 do dai r =n — k -- chinh la redundancy & trén.

©® Remark

Néu H; va Hy 1a hai ma tran parity-check ctia code C thi Sgr, (y) = A - Sw,(y) v6i A 1a ma tran kha
nghich théa mén Hy, = A - H;.

Linear code

Do [n], code ciing la (n), code nén ta ciing ¢6 dinh nghia pho trong s6 nhu (n),:

©® Definition

Cuektp Becos cla [n], code C 14 vector (Ao, A1,...,4,) € Z’;gl v6i A; > 014 s6 lugng vector c6 trong
s6 bing i trong code.

Dual code (ma dbi ngiu) va kiém tra chin 1& (check-parity)

O Definition (Dual code)

Dual code (hay ma dbi ngau, ayansabrii Koa) clia linear code C 1a code CT dugc sinh béi parity-check
matrix H cta code C.
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® Remark

Dual code véi [n, k]q code 1a [n,n — k], code.

©® Remark

Vé6i moi code C taco (CT)T = C.

©® Remark
Vé6i moi [n], code C va B thi ta c6 ding thitc:
Cc+B)"=Cc"nB".

Trong d6 C+ B ={u+v:u € C,v € B} la tdng ciia hai code C va B.

©® Definition

Véi cac vector = (z1,...,2,) vay = (y1,...,yn) trong V,,(¢) ta dinh nghia tich vé hudng (hay inner
product, dot product, ckassipaoe npousBeneHue) cla hai vector la:

(X, y) =191 + ... + THyn € Fy,.

©® Definition

Vector h € V,(q) dugc goi 1a parity-check (hay mpoBepka Ha 4érHOCTB) clia [n], code néu v6i moi

c € C tacod (¢, h) =0, noi cach khéc vector h truc giao v6i moi vector ¢ € C.
. J

©® Remark

Dual code CT triing véi tap tat ca parity-check vector ctia code C.

Bai toan phd trong s6 cia ma tuyén tinh

©® Definition 2.66

Bai toan vé phd trong sb ciia linear code (hay 3agada o cmeKTpe BecOB JIMHEHHOroO KoOJa)
WS(H,t) 1a bai toan nhan dang trong code, vdi ma tran parity-check H, c6 ton tai hay khong vector
c € V,,(q) c6 trong s6 Hamming bang ¢ va théa man He' = 0.

©® Theorem 2.5 (Pinh 1i tir [38])
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Bai toan vé pho trong s6 1a NP-complete.
Bai toan decode trén linear code

O Definition 2.67

Bai toan decode trén linear code [n, k], v6i ma tran sinh G trong diéu kién kénh truyén cé t
16i 14 bai toan cho trude vector y € V,,(q), ta tim vector m € Vi (q) sao cho vector e = y — mG c6 trong
s6 Hamming bing t.

Input:
e vector y € V,,(q);
e ma tran sinh G ¢6 k X n;
e s6 tu nhién t € N.
Output:

e vector m € Vi (q) sao cho vector e = y — mG c6 trong s6 Hamming bang ¢.

©® Definition 2.68

Bai toan decode trén linear code [n, k|, v6i ma tran parity-check H trong diéu kién kénh
truyén cé t 16i 1a bai toan cho trudc vector y € V;,(q), ta tim vector e € V,(q) sao cho eH ' = yH
va vector e c6 trong s6 Hamming bing ¢, hay wt(e) = t.

Input:
e vector y € V,(q), ma tran parity-check H ¢& (n — k) X n va s6 tu nhién ¢ € N.
Output:

e vector e € V,(q) c6 trong s6 Hamming bing ¢, hay wt(e) = t, sao cho eH ' = yH .
T cac bai toan decode linear code lién hé v6i bai toan decode syndrome code.

O Definition 2.69

Bai toan t6i wu (hay bai toan téng quat) ciia syndrome decode [n, k], v6i ma tran parity-check H
1a bai toan cho trudc vector s € V,(q), ta tim vector e € V,,(q) sao cho He' = s' va vector e c6 trong
s6 Hamming nhé nhat c6 thé, hay wt(e) — min.

Input:

e s € V,(q) 1a syndrome;

e H la ma tran parity-check ¢d (n — k) x n cta [n, k|, code C
Output:

T

e vector e € V,(q) théa man He' = s’ va vector e c6 trong s6 Hamming nhé nhéat c6 thé, hay

wt(e) — min.
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©® Definition 2.70

Bai toan tim kiém syndrome decode sSD(H, s,t) la bai toan tim kiém theo vector s € V,.(q) vector
e € V,,(q) co trong s6 Hamming bing ¢, hay wt(e) =t va He' = s'.

Input:
e H 1d ma tran c6 r X n trén [Fy;
e s € V,.(q) la syndrome;.
e t € N la trong s6 Hamming

Output:

e vector e € V,(q) c6 trong s6 Hamming bing ¢, hay wt(e) =t, va He' =s'.

O Definition 2.71

Bai toan nhan dang syndrome decode (hay pacnosnaBaresnbHasi 3aada CUHAPOMHOTIO
aekonupoBauus) hay don gidn 1a bai toan syndrome decode (hay 3amada cunapomHOro
nexoguposanus) SD(H, s,t) 1a bai toan xac dinh theo syndrome s € V,.(¢) xem c6 ton tai hay khong
vector e € V,(q) co6 trong s6 Hamming bing ¢ va théa man He' = s'.
Input:

e H la ma tran c¢d r x n trén F,

e s € V,.(q) la syndrome;

e t € N la trong s6 Hamming.

Output: ton tai hay khong vector e € V;,(q) c6 trong s6 Hamming wt(e) = ¢ va théa He' = s'.

©® Theorem 2.6 (Pinh li tir [38])

Bai toan nhan dang syndrome code SD(H, s,t) 1a NP-complete.

Bai toan tudng duong cac linear code

Hoan vi va tac dong cua chiang lén tap hop

O Definition 2.72 (Hoan vi)

Xét N 1a tap hop c6 n phan tit. Khi d6 mot hoan vi (hay permutation, mocranoska) o : N — N la
mot song dnh tu IV t6i N.

Tap hop tat ca hoan vi trén tap N duge ki hieu 1a Siy. Néu N = {1,2,...,n} thi ta c6 thé viét Sy = S,,.

Dit o € S, 1a mot hoan vi trén tap {1,...,n}. Khi d6 ta dinh nghia tac dong ctia hoan vi o 1én vector
x € V,(q). Gia st vector x = (x1,...,2,) € V,(q), ta dinh nghia tac dong clia hoan vi o lén vector & nhu
sau:

x7 = (To(1) To(2)s -+ To(n))-
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Co thé thay tac dong ctia o lén V,,(g) 1a tuyén tinh, nghia 1a véi moi a, 8 € F, va v6i moi vector x,y € V,(q)
ta co:

(az+pB-y)=az"+5 y°.
Néu U C V,(q) thi ki higu U7 1a tac dong ctia hoan vi o 1én méi vector trong U, nghia 1a U = {x : x € U}.

Do tinh tuyén tinh ctia tac dong tit S,, 1én V,,(q), néu C 1a [n, k,d], code thi C° ciing 1a [n, k,d], code.

Méi hodn vi 0 € S,, ¢6 thé dugc viét thanh dang ma tran n x n 1a P, = (p;;). Khi d6 phan ti p;; = 1 néu
o(j) = 1, cac vi tri con lai bang 0.

©® Example 2.23

1 2 3 4 5

Véi hoan vi o = <4 1 5 3 2) thi ma tran tuong tng la:

v

Il
o~ ocooo
coocor
—oooo
cor~roo
cooro

Khi do6 tac dong ctia o 1én vector  1a % = x - P,.

Nhu vay, v6i moi vector € = (21, x2, 23, 24, T5), dudi tic dong ctia o bén trén ta co:
x7 = (To(1)) To(2)s Ta(3)> To(4), Ta(s)) = (T4, T1,T5, T3, T2).
Ta ciing thiy phép nhan vector « v6i ma tran P, cho két qua:

x - P, = (x4,21, %5, %3, 2).

M3 tuong duong va nhém cac tu ding clu cha linear code

©® Definition 2.73

Hai [n], code C; va Cy dugc goi 14 tuong duong (hay tuong duong hoan vi, mepecTaHOBOYHO
SKBUBaJIEHTHBIE) Néu t0n tai mot hodn vi o € S, sao cho C; = C§.

© Definition 2.74

Hai ma tran G va G» kich thudc k x n goi 13 tuong duong hoan vi néu ton tai ma tran M cd k x k
va hodn vio € S,, sao cho M - G1 = G5 - 0.

Nhém cac tu dang chu cia code

©® Definition 2.75

Tu dang ciu cia (n)q code C 1a hoan vi o sao cho C = C?. Tap hop tat ca tu déng cau ciia code C
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dugce ki hieu 1a nhom PAut(C) va duge goi 1a nhém tw ding ciu hoan vi hoic don gian hon 1a nhém
tw ddng ciu ciia code C.

Bai toan vé tinh tuong duong giifa cac linear code nhi phan

©® Definition 2.76

Bai toan vé tinh twong duong giita cac linear code 1a bai toan nhan dang tinh chit tuong duong
gitta hai linear code [n], C1 va Cy v6i ma tran sinh tuong ting la G1 va Ga.

Input: hai ma tran G; va G ¢G k X n.

Output: hai ma tran G va Gy c6 tuong duong hoan vi hay khong.

Sau day chung ta xem xét code nhi phéan, tic g = 2.

Pinh li vé polynomial-time reduction ctia bai toan d3ng ciu d6 thi dén bai toan su tuong duong cla
code

O Definition 2.77

Ma tran ké (hay marpuna uanmuaenTaoctn) la ma tran nhi phan D = (d.,) ¢d |E| x |V, v6i dep = 1
néu e = (u,v) véi v nao d6 thudc V, nghia 1a dg, = 1 khi va chi khi trén dd thi c6 canh e xuat phat tu
dinh v.

DPinh nghia vé su ddng ciu ciia hai d6 thi da dudc gisi thieu & Pink nghia 29, § day minh giéi thisu lai.

@ Quan trong

Do thi déng cu

Hai d6 thi (Ey, V1) va (Ey, V5) dude goi 1a ding cau (hay isomorphism) néu ton tai song anh ¢ : Vi — V5
sao cho v6i moi cip dinh (u,v) € E; thi cap (p(u), p(v)) € Es.

©® Definition 2.78

Bai toan xac dinh hai d6 thi, xdc dinh bdi ma tran ké, c6 déng cdu véi nhau hay khong.

Input: hai ma tran nhi phan D; va D5 ¢6 k X n.

Output: co6 ton tai hay khong cac hoan vi v € S, va 0 € S,, sao cho Dy = v - D> - 0.

Y tudng xay dung cac hé mat ma dua trén ma siia sai
Dit G 1a ma tran sinh ctia linear code [n, k], C c6 thé sita t 16i.

Néu code v6i ma tran sinh G khong co6 cac cau tric dai sé hoiic t6 hgp thi theo dinh 1i trén vé do kho NP
clia bai toan nhan dang syndrome decode, bai toan decode linear code [n, k], la rat kho.

Khi d6 néu ma hoa thong diép m c6 thé thyc hién qua viec: m — ¢ = mG + e, wt(e) =t, e € V,,(q).
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Khi do, cho trude vector ¢, viéc tim mot vector m 1a bai toan decode trén linear code [n, k], v6i ma tran
sinh G, khong co céc cau truc dai s6 hodic t6 hop. Suy ra viéc pha ma rat kho.

Van dé la & phia bén viéc tim lai m tit ¢ rat kho nén can mot phuong 4n dé gidi ma lai thong diep ban dau.

Cac hé mat mia khoéa cong khai dua trén ly thuyét code

Hé mat ma McEliece

Hé mat ma McEliece dugce phat trién bdi R.J. Mceliece vao nam 1978 trong [39].
Y tuéng xay dung

bit G 1a ma tran sinh cta linear code [n, k], C nao do, stta dugc ¢ 161.

Tham so6

o C = {Cxr}rea 1 mot ho céc linear code trén trudng F, sao cho véi mdi code C € C c6 mot thuat toan
decode hi¢u qua la Decode sita duge ¢ 16i. O day A C {0,1}* 1a tap cac gid tri clia tham s6 code trong
ho.

o Sample(1*) 1a thuat toan xac suat higu qua va merepMmunupoBamHbIil, sao cho véi gia tri tham s6 A € A
cho ra ma tran sinh G clia code Cy, s lugng 16i ¢ va thuat toan Decode, gidi dude bai toin decode trén
linear code [n, k|, v6i ma tran sinh G va kénh truyén c6 ¢ 16i. Ki hieu G = {G} e 12 tap tat cd ma
tran sinh cho ra thuat toan Sample(1*) cho moi trusng hgp tham sé A € A.

Thuat toan sinh khéa (Gen)

Private key gom:
1. Ma tran M € GL4(k) khong suy bién ¢d k x k trén F,.
2. G € Vixn(q) 1a ma tran sinh cta [n, k], code Cy.
3. P €S, 1a hoan vi trén tap {1,...,n}.
4. Decode la thuat toan decode trén ma Cy.
Public key gom:
1. Gpuo =M -G - P € Vi, (q) 1a ma tran sinh ctia code tuong duong véi code Cj.

2. t € N 1a s6 16i dugc decode bdi Decode.
Thuét toan ma héa (Enc)

Thuat toan ma héa nhan dau vao la thong diep m € Vi (q) va tra vé ciphertext ¢ € V,,(q).

Dé ma hoa, chon ngiu nhién vector e € V,(q) do dai n va co trong s6 Hamming bing t. Khi d6 ta tinh
ciphertext:

c=m- Gy +e.
Thuét toan giai ma (Dec)
1. Tinh b+ c- P71
2. Tinh u < Decode(b).

3. Tmh m < uw- M™%
Khi d6 m 1a plaintext ban dau.
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Hé mat ma Niederreiter
Tham sbé

o C = {Cxr}rea 1a mot ho cac linear code trén trudng F, sao cho véi méi code C' € C c6 mot thuat toan
decode higu qué 1a Decode stia duge ¢ 16i. O day A C {0,1}* 1a tap cAc gia tri clia tham s6 code trong
ho.

e Sample(1*) 1a thuat toan xac suat hieu qua va merepmunuposammbiii, sao cho véi gia tri tham sé A € A
cho ra ma tran parity-check H ctia code Cy, s6 lugng 16i ¢ va thuat toan SDecode, giai dudc bai toan
syndrome decode trén linear code [n, k], v6i ma tran parity-check H va kénh truyén co ¢ 16i. Ki hieu
H = {Hy}xca la tap tat cd ma tran parity-check cho ra thuat toan Sample(1*) cho moi trusng hgp
tham s6 \ € A.

Thuat toan sinh khéa (Gen)

Private key gom:
1. Ma tran M € GL,(r) cd r x r trén F,, v6i r = n — k 1a s6 ki tu kiém tra cta [n, k], code Cj.
2. H € V,,(q) 1a ma tran parity-check ctia [n, k], code Cj.
3. P €S, 1a hoan vi trén {1,...,n}.
4. SDecode 1a thuat toan syndrome decode trén code Cy.
Public key gom:
1. Hyyy =M - H - P € Vi, (¢) 14 ma tran parity-check ctia code méi tuong duong véi code Cj.

2. t € N 1a s6 lugng 16i c6 thé sita bsi SDecode.
Thuit toan ma héa (Enc)

Plaintext dugc biéu dién thanh vector m € Vi(q) véi l = [log,((q —1)* ()] Ciphertext la vector ¢ € V;(q).

Ta can anh xa ¢ntq @ Vilg) = Va(g) 1a don anh, véi mdi m € Vj(q) cho ra vector e € V,,(q) c6 trong s6
Hamming la .

1. e @nq(m)

T
2. c<—e~Hpub

Thuit toan giai ma (Dec)

Dé gidi ma ta can anh xa <p;71t,q la &nh xa ngudc clia ¢y ¢ 4.
1. s« M~ 'c'.
2. e + SDecode(c).
3. e<—e-P.

4. m + w;’i’q(e).

Goppa Code

Goppa code duge st dung trong thuat toan Classic McEliece, 1a mot thuat todn ma hoa khoa cong khai
thudc post-quantum cryptography. Phan nay minh st dung slide bai giang'.

I https://crypto-kantiana.com/elena.kirshanova/talks/Talk _McEliece.pdf
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Thiét 1ap Goppa Code

bau tién ta chon s6 nguyén m > 1 va s6 nguyén t0 ¢ > 2 nham xac dinh truong Fgm.

Chon tap

L={ay,...,an}

sao cho a; € Fym doi mot khac nhau va n < ¢™.

Ta chon da thic g(z) bac khong qué ¢ v6i he s6 trong Fym, sao cho g(x) khong c6 nghiem boi va g(a;) # 0
véimoit=1,...,n.
Khi d6 Goppa code C véi @6 dai n la:

n

C:F(L,g)z{c:(cl,...,cn)eFZ:Z G :0modg(m)},

Tr — Q4

i=1
nghia 1a Goppa code C gom cac vector ¢ € [y sao cho téng

C1 C2 Cn
+ot

+ .
r—a1 T — Qo T — Qy

= 0 mod g(z).

D& théy khi bién d6i tuong duong ta co

1 _ _g('r) — g(ai) 'g_l(@i) mod g(x)

Trong Classic McEliece thi ¢ = 2 va g(z) 1a da thitc monic va t6i gian.

Tim ma tran parity-check

Gia st
t

9(@) =go+ g+ +gr' =) g’
=0

véi g; € ]qu.
Ta c6
g(@) —glai) _g(@’ —aj)+--+gi1(x— i)+ go- 0
Tr — Oy Tr — O

— (@ 4 2t 20y £ P ot alY)

+ g1+ B+l o+ al )

+tge(rt+a) + g

=g 4 (groy + gi 1)

t—2

+ (902 + gr—10; + gr—2)a' ™3

+ N
t—1 t—2
+ (gre,” G100 "+ -+ gocyi + 1)

Nhu vay, hé sb trudc 27 ciia codeword
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lan luot 1a

-1 gt971(01)01 + -+ gtgil(an)cn
=2 (gron + gi—1)g Hew)er + -+ + (grom + gi—1)9 (o) ey,
20 . (geat " gi1al o dgaaitgi)eiH(geat T gim1al T2 bt gaantgr)en

+ot(gral T M gim1al T b gaantg1)en

Khi do, ¢ € T'(L, g) khi va chi khi tat ci hé s6 trudc 27 biang 0. Diéu nay tuong duong véi HeT = 0 véi

Ir tXn
H cF.".
0 day
gt'gfl(al) gt~g*1(an)
7 (101 + 91) -9 ) (91000 + 1) -9 e
(.%a’i*l + gtflai*Q + -+ goay + 91) . g—l(al) . (gtaffl + gt71a2—2 + 4 goay, + 91) i g—l(an)
g 0 -+ 0 1 1 1 g (o) 0 0
gi—1 0 -0 (o731 Qg o, 0 g_l(ag) 0
AT e VA I e
G X v

Ma tran G kha nghich, dit

9_1(1a1) 9_1(10471)
_ arg (o) - angH(am)
_ -1 _ tx
H=G 'H-= : . : € F,m".
oty en) - bty am)

Ta sé thu dugc ma tran trén IB‘%X” bing viéc xét song anh IF%" — IFZ"TZX” véi mot co sé ¢b dinh.

Decode véi Goppa code

Khoang cach téi thiéu (minimal distance) ctia I'(L, g) 1a d > t 4 1. Pac biét, khi ¢ = 2 va g 1a separable (tiic

la g c6 du ¢ nghiém phén biét trén mot trudng mé rong nao doé clia Fym) thi d > 2t + 1 (bai tap).
Gi4 sit ta nhan dude vector qua kénh truyén 1a

y:(y17"'ayn):(017"'7cn)+(61a"'7en)a

c e

- d—1 L
trong do e 1a 16i. Khi d6 wt(e) < {QJ v6i wt(e) 1a trong sb clia vector e.

bat B={i:e; # 0} la tap cac vi tri x4y ra 16i. Khi do |B] = wt(e).
bat

n n
Yi €;
= = d
o) = 30 = 3 mod )

thl day la syndrome clia y va chiing ta sé decode dua trén s(z).

Ta can hai da thic bd trg nita 1a
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goi la da thic dinh vi 161 (error locator polynomial), va da thic
w(a:)zHei H (x — aj).
i€eB  jeB,j#i

Khi d6 ta suy ra

v6i moi k € B.
Ta cling suy ra
o(x) - s(x) = w(z) mod g(x).
Khi do
dego(z) = |B|, degw(x)=wt(e)—1.
Liic nay ta c¢6 degg = t phuong trinh, trong d6 c¢6 2wt(e) — 1 phuong trinh chua biét.

Vi wt(e) < (t —1)/2 nén ta co thé giai hé va tim lai dudc cac ey

3.3.3 DPudng cong elliptic

Dudng cong elliptic (elliptic curve) rat néi tiéng trong toan hoc. Day la cong cu gitp cac nha toan hoc giai
quyét bai toan 16n Pinh 1y cudi cting ctia Fermat.

Trong mat ma hoc, dudng cong elliptic 14 mot trong nhitng tiéu chudn bido mat vé ma hoa va chit ky dien
tit. Chuong nay khao sat nhing dic trung co ban dudng cong elliptic va ing dung trong mat ma hoc.

Mé dau vé dudng cong elliptic

Dudng cong elliptic 1 tap hgp céc diém (x,%) trén mit phang Oxy théa man phuong trinh
vy =23+ az +0b,

véi a,b € R va 4a® 4 270 # 0.

Vi du véi phuong trinh 32 = 23 + 8, do thi dugc biéu dién & hinh 3.37.

Ta thay ring, dudng cong elliptic dbi xtng qua truc hoanh.

y ”2 = .'1'3 48

ot

r

1 1 2 3 4

Hinh 3.37: Elliptic y? = 2% + 8
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Vi du vé6i phuong trinh 32 = 2% — 2, dd thi dugc biéu dién & hinh 3.38.

Y

o
[iv]
[

Hinh 3.38: Elliptic y> =23 — z

Hosc ddi véi phuong trinh y? = 23 — 3z + 3 thi d6 thi dugc biéu dién 6 hinh 3.39.

Y
y2=x2%—32+43

iy |

Hinh 3.39: Elliptic y? = 2% — 32 + 3

Phép cong cac diém trén elliptic

Phuong trinh va dd thi cia dudng cong elliptic da dude trinh bay & trén. Tuy nhién chting ta quan tam téi
mbi lién hé gita cac diém trén elliptic, cu thé 1a phép cong hai diém.

Ta thém mot diém triru tuong vao tap hop cac diém trén dusng cong elliptic va goi la diém vé cuc. Diém
vo cuc duge ki hieu 1a ©. Khi @6 moi diém P thuoc duong cong elliptic s& c6 tinh chit

P+O0O=0+P=P.

Khi d6, v6i diém P = (z,y) bat ki trén elliptic, diém d6i xing ctia n6 qua truc hoang la P’ = (z, —y), va ta
dinh nghia P 4+ P' = O.

Tiép theo ta dinh nghia phép cong hai diém.
Gia stt P = (zp,yp) va Q = (29, yo) 14 hai diém trén elliptic. Ta c6 hai trudng hop:

1. Néu P # Q, ta vé dudng thing di qua P va Q. Puong thing nay cit elliptic tai diém thit ba 1la S. Ta
lay R ddi xting véi S qua truc hoanh. Khi d6 R ciing nim trén elliptic va P+ Q = R;
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2. Néu P = Q, ta vé tiép tuyén véi elliptic tai diém P. Tiép tuyén nay cit elliptic tai diém thi hai la S.
Tuong ti ta lay R doi xtng véi S qua truc hoanh. Khi d6 P+ @Q = 2P = R.

Khi d6, tap hop céac diém trén elliptic ciing véi diém vo cuc, va phép cong hai diém duge dinh nghia nhu
trén tao thanh mot nhom.

Pé chitng minh day 1a nhém, ta can chuyén cac khai nieém hinh hoc kia sang dai s6 dé tinh toan va ching

minh.

Phép cong hai diém khac nhau

Dau tién ta thiét lap cong thidc phép cong giita hai diém cho truong hgp P # Q. Gid st P = (xp,yp) va
Q= (2qQ,yq)-
Phuong trinh dudng thing di qua P va Q la

_ yQ_yP(

T —xp)+Yp. (3.22)
TQ —Tp

Y

Thay y vao phuong trinh dudng cong elliptic ta c6

2

YQZIP (v yp)typ| =aP+az+b (3.23)

rQ —ITp

bat k= w. Khi @6 phuong trinh tuong duong véi
rTQ —Tp

(kx — kzp +yp)® = 2° + az + b.
Khai trién va chuyén vé ta co
22— ka2 4+ ... =0.

Ta chi can quan tam heé sb trude 22, Béi vi ta biét ring dudng thing PQ cit elliptic tai ba diém P, Q, S,
nén phuong trinh bac 3 nay cé 3 nghiém phén biét 1a xp, g va xs. Theo theo dinh Iy Viete ta c6

rp+2xQ+ g = k2.
Nhu vay ta c6 hoanh do diém S
12
rg = ke — Trp —TQ,
thay =5 vao (3.22), ta c6 tung do diém S
ys = k(zs —zp) + yp,
ma R ddi xtng véi S qua truc hoanh, nhu vay zr = x5 va yr = —¥s.
Nhu vay két qua ctia phép cong 1a
TR — k‘2 —Tp —ITQ
yr = k(zp —xRr) —yp

Yo —Yyp

véi k = .
rQ —ITp

3.3. Mat ma hoc 413



Math Book

Phép cong hai diém gibng nhau

Trong trudng hgp hai diém gidng nhau, ta vé tiép tuyén tiép xtc véi elliptic di qua diém do.

Gia st ta mudn vé tiép tuyén tai diem P = (xp,yp), khi d6 tit phuong trinh elliptic y? = 2 + ax + b ta vi
phan hai vé thu duge

2ydy = (32* + a) d.

Ta biét ring hé s6 goc clia dudng tiép tuyén la dao ham ham s6 tai diém do, hay noi cach khac 1a dy/dx.
Nhu vay heé s6 goc tiép tuyén tai diém P 1a

pe W 31p +a
dx 2yp
va nhu vay phuong trinh dudng tiép tuyén la
y=k(z—zp)+yp.
Thyc hién tuong tu nhu bén trén, ta c6 dudng tiép tuyén cit elliptic tai hai diém phéan biét, trong d6 co
mot diém tiép xtc nén trong phuong trinh hoanh d6 giao diém diém tiép xtc 14 nghiem boi hai. Noéi cach
khéac, theo dinh ly Viete thi
zp +p+ x5 = k2,
suy ra hoanh do diém S la
zg = k% — 2z P,
va tung do diém S 1a
ys = k(rs —xp) +yp

Cudi cing, toa do diém R= P + P la

TR = k2 — 2xp, Yr = k(CUP —J?S) —Yyp-

Téng két

Dé cong hai diém P = (zp,yp) va Q = (79, yg) ta c6 ba trudng hop sau:
1. Néu zg = zp va yo = —yp, n6i cach khac 1a ddi xing qua truc hoanh, thi ta co P+ Q = O.

2. Néu ap # 2o, dat k= 22— Y2 thi toa do diém R =P+ Q la
rQ —ITp

TR = k? —Tp —2Q, YR= k(xp —xRg) — yp.

3x% +

3. Néuzp = rQ Va yp = Y@, khi hai diém tring nhau, dit k = 5 a’ thi toa do diém R = 2P la
yp

g =k*>—2xp, yr=k(zp—1zgr)—yp.
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Pudng cong elliptic trén trudng hiru han F,

Trong mat mé hoc dudng cong elliptic duge st dung nhiéu nhét 1a trén trudng hitu han F,, véi p 1a s6 nguyén
t0.

Dudng cong ellipitc lic nay 1a diém vo cue O va tap hop cac diém (z,y) € IE‘% théa mén
2_ .3
y° =2x° + ar + bmod p,.

véi 4a® + 276 # 0 mod p.

Viéc thyc hién phép cong hai diém ciing tuong tit nhu trén R ¢ phan trén nhung cic phép tinh duge thie
hién trong modulo p.

Nhu vay dé cong hai diém P = (zp,yp) va Q = (2q,yg) thi:
1. Néuzg = zp (mod p) va yo = —yp (mod p) thi P+ Q = O.

2. Néu zg # zp (mod p), ddt k = % (mod p) thi toa do diém R =P +Q la
Q—xp

tr=k*—xp— zq (modp), yr=k(zp—2zr)—yp (modp).

31% +a

3. Néu xg = zp va yg = yp, n6i cich khéc 13 hai diém trung nhau, dit k = 5
yp

diém R = 2P la

(mod p) thi toa do

xp =k —2zp (modp), yr=k(zp—xr)—yp (modp).
Mot diém dang chi ¥ 14 F,, c6 hitu han phan tit, do d6 s6 phan tit ctia duong cong elliptic vé6i toa do trong

F, ciing 1a hitu han. Do tinh chit nay ma mat ma hoc c6 thé sit dung dudng cong elliptic.

Dang Weierstrass téng quat

O cong thitc cong hai diém giéng nhau xuat hién hai hing s6 14 2 va 3. Mot van dé dat ra 1a néu trudng co
dac s6 biang 2, nghia 1a 2 = 0, khi d6 ham hai bién

flay)=y* —a® —ax —b
s& ¢6 dao ham theo y luon bang 0 vi f, = 2y = 0. Ta khong thé tinh tiép tuyén nhu trén R dé dua ra cong
thiic cho phép cong hai diém giéng nhau. Tuong tu dbi véi trudng co dic sé6 bing 3.
Trong trudng hgp cac trudng K c6 dic s6 bing 2 thi chiing ta sit dung dang Weierstrass tong quét (generalized
Weierstrass) 1a

y2 +ai1xy + azy = :c3 + a2x2 + a4 + ag,

vli a1, as9,as3,a4,a¢ € K.

[TODO] Phép cong hai diém trén dudng cong elliptic dang Weierstrass tong quat.

3.3.4 Nguyén tac Kerckhoffs va mat ma hoc

Khi minh ké v6i moi ngudi ring minh dang hoc mat ma thi minh nhan ra mot diéu tha vi 1a rat nhiéu ngusi
hiéu lam vé mat ma. Trong quan diém ciia da s6 thi mat ma 1a mot thit g1 @6 cye ki bi mat va chi st dung
trong quan sy. Diéu nay ding tit nita dau thé ki 20 tré vé truée, nhung hién tai thi mat ma duge st dung
rong rai trong dan sy, tham chi 1a bit budc dé ddm béo an toan thong tin trén Internet. Bai viét nay sé giai
thich mot s6 khia canh cia mat ma dudc st dung trong viéc truyén thong tin.

Céc ban c6 thé xem phim "The Imitation Game" (nim 2014) vé doi gidi ma Enigma va nha toan hoc Alan
Turing dé c6 cai nhin téng quan hon nhitng diéu minh sip noi.
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BEHEDICT CUUBEH‘B:-;I'CH 15 CUTSTANDIRG®
w

A SUPLRE "THE DEST BRITISH =AM IHSETANT
THRILLER FiLW OF E YEAR® CLASSIC™
w

L LR R

THE TRIJE ENIGME WAS THE
MAN WHO CRACKEDD THE CODE

BENEBICT KEIRA
CUNMBERDATCH T H E HMIGHTLEY

IMITATION GAM

|.H CINEMAS NOVEMBER 14
Hinh 3.40: Ngudn: Wikipedia

Nguyén ly Kerckhoffs duge phat bidu nhu sau:

D6 an toan clia hé théng mat ma khéng phu thudc vao viéc gitt bi mat thuat toAn méa hoa ma
phu thudc vao viéc gitt bi mat khoa.

Céc ban ciing c6 thé doc hai bai viét sau:
e Nguyén Iy Kerckhoffs - cong trinh khoa hoc mat ma uyén bac tir thé ky XIX.

e Mat ma hién dai (1).

Van dé truyén tin trén kénh mé&
Thong tin c6 thé duge truyén di dusi nhicéu dang:
e tiéng noi;
e song dien tit (song radio);
e tin hiéu dién ti (qua cap dong);
e tin higu anh sang (qua cap quang);
e Vvan van va may may.

Thong thuong chiing ta sit dung céc loai song vo tuyén, cap quang dé truyén tin hieu di xa. Van dé 1a cac
tin hi¢u do c6 thé bi bt (chan) lai bang nhidu dung cu vat ly.

Trong phim "The Imitation Game", bd phan thu séng clia quan Pong minh chin duge hang ta thong diep
clia quan Phét xit giii bing radio mdi ngay (tit b chi huy gtii t6i don vi tac chién) béng céc thiét bi chuyén
dung. Nhu vay cac kénh truyén trén tré thanh cac kénh mé, khong chi ngudi giii va ngudi nhan c6 thé biét
thong diép (tin hiéu) ma nhimg bén c6 céc thiét bi chuyén dung ciing c6 thé doc duge.
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Ma Caesar - nguon goc mat ma hoc

Thaoi xa xuta, cu thé 1a thé ki 3 Sau Cong Nguyén, hé ma hoa dau tién 1a Caesar ra doi nham phuc vu chién
tranh. Céc chi thi tit bo chi huy duge giii t6i cac tram, nhung néu giii van ban binh thudng sé rat nguy hiém
néu ngudi dua tin bi dich tom. Nhu vay mat ma sé gidi quyét van dé nay.

Mat ma gom hai qua trinh nguge nhau 1a ma héa (hay encrypt) va giadi ma (hay decrypt). Cau chuyén
vé mat ma Caesar nhu sau.

Gia st ong Caesar mudn giii thong diep "It is rainy today" (thong tin vé thoi tiét). Ong Caesar sé khong
viét thong diép nay lén td gidy, xép gon lai, rdi dua cho anh shipper gii tdi tién tuyén. Thay vao do, 6ng ay
viét titng ky tur trong thong diép béi chit cai ding sau né ba ky tu trong bang chit cii. Nghia 14 "I" thanh
"L", "t" thanh "w", vAn van va may may. Nhu vay thong diép sau khi bién ddi 1a "Lw 1v udlgb wrgdb".
Day la qué trinh ma héa, bién d6i thong diép gbc thanh thanh thong dieép méi khac ban dau (va da phan
khong ¢ y nghia).

©® Ghi chu

Thong diép ban dau duge goi 1a ban ré (hay plaintext).
Thong diép da bi ma hoa duge goi 1a ban ma (hay ciphertext).

O vi du trén:
e ban ro "It is rainy today";
e ban ma la "Lw lv udlgb wrgdb".

Sau d6 anh shipper mang t& gidy c6 thong diép nay t6i tién tuyén. Céc cha linh cat & tién tuyén sé lam
cong viéc ngugc lai, thay ting ky tu & thong diép mdi bdi ky tu trude doé ba vi tri trong bang chit cai. Nghia
1a "L" thanh "I", "w" thanh "t", va tuong tu vay. Pay la qua trinh giai ma, bién d6i thong diep mdi quay
vé thong diep gbc ban dau.

Coéng viéc ma hoa va gidi ma st dung mot quy tic chung cho tat ca ky tu clia thong diép, do d6 ching ta
can mot cong thitc toan hoc bidu thi qua trinh nay.

Dau tién ta danh sb cac ky tu ctia bang chit cai tiéng Anh bit dau tu 0.

A B C|D|E|F|G|H]|I J K| L M
0 1 213|456 | 7|89 10|11] 12
N O P|Q|R|S|T|U|V|W X|Y

13 14 15|16 | 17 | 18 | 19 | 20 | 21 | 22 23 | 24 | 25

Gia st ban 16 1a day cac ky tu pi1, p2, ..., pn V6i p; 1a cic ky tu thudc bang chit cai tiéng Anh. Nhu vay
0 <p; <25.

Néu goi ban mé 1a day cac ky tu tuong dng ci1, ca, ..., ¢, thi viée dich chuyén ba ky tu sang trai tuong duong
v6i cong thiic

¢i = (pi + 3) mod 26.
0 day modulo 26 gitp viéc tinh toan khong vuct khéi bang chit cai, mang ¥ nghia 1a néu di t6i cudi bang
chit cai thi ta bat dau lai tit dau (vi du "Y" s& thanh "B").

Thay vi st dung s6 3, chting ta c6 thé sit dung mot s6 bat ki khac va giit bi mat s6 nay, goi 1a khéa bi mat.
Cong thic chung lac nay sé 1a

¢i = (pi + k) mod 26, ‘

3.3. Mat ma hoc 417



Math Book

véi k 1a khoa bi mat.

Reverse Engineering va mat ma hoc

Néu chi c6 ngusi giii va ngudi nhan biét nguyén 1y ma hoéa va khoéa bi mat thi gan nhu khong thé phuc
héi ban r6. Tuy nhién néu ké dich biét nguyén ly ma hoa thi sao? Véi ma Caesar § trén, néu da biét
¢; = (p; + k) mod 26 thi 16 rang chiing ta c6 thé thit gidi ma véi ting khoa k = 1,2,...,25 va xem thong
diép gbc nao c6 y nghia.

Chung ta thi giai ma thong diép "Jr jvyy zrrg ng fgngvba". Véi ting khoa k ta gidi ma theo cong thiic
ngudgc lai 1a

p; = (¢; — k) mod 26

va nhan dugc ban rd tuong tng theo bang sau:

Khéa k Ban ré tucng (ng
1 Ig iuxx yqqf mf efmfuaz
2 Hp htww xppe le deletzy
3 Go gsvv wood kd cdkdsyx
4 Fn fruu vnnc jc bcjcrxw
5 Em eqtt ummb ib abibqwv
6 D1 dpss tlla ha zahapvu
7 Ck corr skkz gz yzgzout
8 Bj bnqq rjjy fy xyfynts
9 Ai ampp Qiix ex wxexmsr
10 Zh zloo phhw dw vwdwlrq
11 Yg yknn oggv cv uvcvkqp
12 Xf xjmm nffu bu tubujpo
13 We will meet at station
14 Vd vhkk 1ldds zs rszshnm
15 Uc ugjj kccr yr qryrgml
16 Tb tfii jbbq xq pgxqflk
17 Sa sehh iaap wp opwpekj
18 Rz rdgg hzzo vo novodji
19 Qy qcff gyyn un mnuncih
20 Px pbee fxxm tm lmtmbhg
21 Ow oadd ewwl sl klslagf
22 Nv nzcc dvvk rk jkrkzfe
23 Mu mybb cuuj qj ijqjyed
24 Lt lxaa btti pi hipixdc
25 Ks kwzz assh oh ghohwcb

Ta thiy rang k = 13 cho ban 16 13 mot thong diép c6 ¥ nghia. Nhu vay ma Caesar khong an toan trudc
phuong phap thit tat ci khoa co thé (vét can, bruteforce).

Van dé ¢ day 1a khi dbi tht ciing biét nguyén ly ma hoa thi déi thit c6 thé dua ra phuong phap tan cong
thuat todn mat ma. Khi thoi dai phat trién véi sy ra doi cac may co hoc, may tinh (phan ciing, phan mém)
thi cac thuat toAn mat méa duge "gidu" ki bang cac ki thuat gay réi khac nhau. Tuy nhién sau mot thoi gian
thi cac bén tén cong ciing hiéu dudc toan bo co ché hoat dong cia phan mém, phan cing va sau do la thuat
toan. Quy trinh tim hidu co ché hoat dong clia mot thiét bi, thuat toan nao d6 la reverse engineering
(dich nguge). Khi da biét co ché ma hoa thi viec phd ma trd nén dé dang, nhu ma RC4 duge st dung dé ma
hoéa tin hiéu WiFi.
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Lic nay, mat mé hoc di theo mot cach tiép can khiac. Néu méa hoa 13 mot quy trinh véi hai dau vao 1a ban
6 p va khoa k, dau ra la ban ma ¢, thi quy trinh nay c6 thé duge viét dudi dang ham sb

¢ = Enc(p, k)

v6i Enc 1a thuat toan ma hoa. Liic ndy, thuat toin Enc khéng can thiét dugce gitt bi mat, ma chi can giit bi
mat khoa k. Nhu chung ta da thiy & ma Caesar, tit bAn ma ban dau ¢, v6i mdi khoa k ching ta lai c6 mot
bén r6 p tuong tng. Vay ban ré p tuong tng khoa k niao mdéi la thong diep dung, mang y nghia?

Nguyén ly Kerckhoffs va mat ma hién dai
Tt phan trén ching ta c6 thé rit ra mot sd yéu cau chinh déi véi mat ma hien dai.

Yéu cau thi nhat déi v6i mat ma an toan la tinh khéng bi mat ciia thuat toan ma hoa. Trong phim
"The Imitation Game", quan Péng Minh biét r6 quan Prc sit dung méay Enigma dé ma hoa cac thong diep
gtii tit bo chi huy t6i don vi tac chién. Ho (quan Dong minh) tham chi con "thé" duge mot may Enigma va
md xé no, biét 16 cach hoat dong ciia n6. Nhung thiét 1ap ciia may Enigma thay d6i mdi ngay, d6 chinh la
khoa bif mat. Dit biét cach may Enigma hoat dong, nhung khong biét thiét lap (khong biét khoa) thi ciing
khong thé gidi ma duge cac thong diep duge gii di. Nhu minh da néi, quan Pong minh du sitc doc cac tin
hiéu dién tt duge giii di béi quan DPiic, nhung nhiing gi ho nhan duge chi 14 nhing van ban vé nghia, chinh
14 ban méa. Enigma tré thanh phéo dai viing chai khong thé bi pha thoi doé.

Ngay nay, cic thuat toAn mat ma duge st dung trén Internet duge dinh nghia day dua trong cac tiéu chuén
quéc gia, quoc té (NIST, GOST, RFC, ...). Cac tai ligu nay tat nhién la duge cong b6 rong rai va duge nhicu
nha nghién ctu phéan tich, danh gia do an toan ctia cac thuat toan mat ma. Ngoai ra, cic giao thic mang
vé mat ma (SSL/TLS) ciing chi rd thuat toin ma héa nao dugde sit dung, yéu cau véi cac tham sb6 dau vao,
van van.

Trén day chinh 13 noi dung ctia nguyén 1y Kerckhoffs. Ong viét nguyén 1y nay trong mot tai lieu tén 1a "Mat
mé trong quan sy" (tén gdc 1a "La Cryptographie Militaire"). Tuy nhién y nghia ctia n6 khong chi dimg lai
& quan sy ma con cd dan sy, 1a moi trudng Internet ching ta dang sit dung hing ngay.

Yéu cau thit hai d6i véi mat méa an toan 1a khong gian khéa phai da 16n. O ma Caesar, khong gian
khoa c6 25 phan tit (vi k = 0 cho ban ma y hét ban rd nén khong c6 ¥ nghia che giau thong tin) nén rat dé
phé, tham chi c6 thé thit bing gidy va but. Ngay nay cac thuat toan ma hoa khéi co khong gian khoa rat
16n véi cac khoa co do dai 128 bit hodc 256 bit. Khi d6 c6 2'2® truong hop khoa néu khoa co do dai 128 bit,
cu thé thi

2128 = 340282366920938463463374607431768211456,

mot con sé khdng 16 néu chung ta thit timg trusng hgp, ké ca co sit dung cadc may tinh manh nhéat hien tai.
Vi du nhu thuat toan AES véi trudng hop khoa 256 bit duge danh gia 1a an toan nhét hién nay va sé con
an toan trong nhiéu nim téi.

Trén day 1a hai yéu cau don gian déi véi mat méa an toan hién nay. Theo su phat trién ctia khoa hoc va cong
nghé thi nhiéu phuong phép pha ma phiic tap (vé mit toan hoc) da ra doi nén ciing c6 nhiéu tiéu chi khac
danh gia do an toan clia mat ma. Tuy nhién cic tiéu chi kia rat phiic tap nén minh sé khong dé cap & day.

Cam on cac ban da doc bai viét ciia minh.

Moscow, ngay 23 thang 1 nam 2025.

3.3.5 Cau haéi 6n thi mat ma hoc
Mén "Cac phuong phap bao vé théng tin bang mat ma"

3apgaun kpuntorpadmyeckoii 3awmnTbl MHOPMaLMK N CPEACTBA UX PeLleHns

B kpunrorpadudeckux nccienoBanusx pa3pabaThIBAIOTCS CPEICTBA U METObI PEIEHUsT CJIEIYIONINX 3a1ad:
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1. KoudunaenuuaabHOCTh. 3aiura OT O3HAKOMJIEHWs C cozep:kanueM wuHdopMaimn (coobeHus )
JINIIAMU, He 0DJIaIaroIMMK IpaBoM jgocTtyna. [Ipu sTom:

® He CKpBIBaeTCs caM (PakT MepeJadn COODIIECHMST;

e 3ammdpPOBAHHOE COODIEHNE TTEPEAETCS 110 OTKPBITOMY KAHAJIY CBS3M.

2. IlesocTHOCTS. Obecrieuenne HEBO3MOXKHOCTH HECAHKIIMOHMPOBAHHOTO W3MEHEHHS WCXOIHOM
nHpOpPMAIUH.
3. Ayreutudukanumn. JlokazaTeabHOE TOATBEPKIACHUE ITOJIMHHOCTH CTOPOH W  II€PeIaBaeMoit

MHMOPMAIIN B TPOIEcce NH(POPMAITMOHHOTO B3AMMOIEHCTBHS.

4. HeBO3MO>KHOCTb OTKa3a OT aBTOpPCTBa. Pa3paboTka METOIOB MPeIOTBPAIEHUsT BO3MOXKHOCTH
OTKa3a OT paHee COBEPIIEHHBIX JIeHCTBUI.

CVIMMETpVIHHbIe, aAaCMMMETPU4HbIE N KOM6I/IHI/IPOBaHHbIe Kpnntocncrtembl

CI/IMMeTpI/I‘IHbIe KPUIITOCUCTEMBI - JaHHbIE KPUIITOCUCTEMbI IIOCTPOCHBI Ha OCHOBE COXpPaHEHUA B TaiiHe
KJIro4a IHI/Id)pOBaHI/IH. Hpoueccm SaHII/I(prBaHI/IH u paCI_HI/I(prBaHI/IH HCIIOJIL3YIOT OAVUH 1 TOT 2Ke KJII0Y.
CereTHOCTb KJII0O49a ABJIAETCAd ITOCTYJIATOM. OcHoBHas np06J1eMa Opyu IIPUMEHCHUN CHUMMETPHYIHBIX
KPHUIITOCUCTEM IJIA CBA3U 3aKJII0OYACTCA B CJIOXKHOCTHU ITepeaavdn oboum CTOpPpOHAM CEKpeTHOro KJro4va.

O tHaKO JAHHBI PACKPBITHE KJIIOYa 3JI0YMBIIIJIEHHUKOM T'PO3UT PACKPBITHEM TOJBKO TOM MH(MOPMAIUH, UTO
ObLiIa 3aIM(pPOBaHa Ha 9TOM KJH0Ye. DTH CUCTEMbBI 00JIaIaI0T BHICOKUM OBICTPOIEHCTBUEM.

AcuvmmMerpuydHbIe KPUIITOCUCTEMBI - CMBICJI JIAHHBIX KPUIITOCUCTEM COCTOUT B TOM, HUTO JJIsl
zamudpoBaHus U PACIIN(POBAHUS UCIIOIB3YIOTCS pa3Hble mpeobpazoBanns. OmMHO U3 HUX - 3aIM@pPOBAHNE
- sABJIIeTCsT aDCOJTIOTHO OTKPBITBHIM I BceX. Jpyro ke - pacimmdpoBaHue - OCTaeTCAd CEKPETHBIM. TakuM
obpazom, JTI000M, KTO XOUeT dUTo-nO0 3ammdpoBaTh, MOJAL3YETCs OTKPBITHIM mpeobpaszoBanmeMm. Ho
pacidpoBaTh U MIPOIUTATH ITO CMOMKET JIUIIb TOT, KTO BJIAJEET CEKPETHBIM ITPe00Pa30BAHUEM.

KomMmbunupoBanHOoe - COBMECTHOE UCIOJb30BAHWE 3ITUX KPUITOCUCTEM  IO3BOJIsieT (P DEKTUBHO
peaJm30BbIBATh TAKyK 0a30ByI0 (DYHKIMIO 3AIUTHI, KAK KPUITOrPaUIECKOe 3aKPBITHE IIePeIaBaeMOi
nH(MOPMAINH C TEJIbI0 ObeciievueHns ee KOH(DUIEHITNATHLHOCTH.

KoMmbunupoBanHoe nprMeHeHre CUMMETPUYHOIO U aCHMMETPUYHOIO IMHMPOBAHUA yCTPAHHAET OCHOBHBIE
HEJIOCTATKU, TPUCYIHe ODOMM MEeTOJaM, U TO3BOJIAET COYETATH MPEUMYIINECTBA BBICOKON CEKPETHOCTH,
IpeJIOCTaBIIEMble ACUMMETPUYHBIMI KPUIITOCUCTEMAMU C OTKPBITHIM KJIIOUOM, C IIPEUMYIIECTBAMU BBICOKOIT
CKOPOCTHU pabOThI, MPUCYIITUMU CUMMETPAIHBIM KPUITOCHCTEMAM C CEKPETHBIM KJIIOYUOM.

MeTo/1 KOMOMHIPOBAHHOTO UCIIOJIH30BAHUS CUMMETPUYHOIO W ACHMMETPUIHOrO MN(MPOBAHUS 3aKIIOIAETC
B CJIEJIyIOIIEM.

CUMMETPUYHYIO KPUIITOCUCTEMY [PUMEHAIOT Jijisd  IIH(PPOBAHUS KMCXOJHOTNO OTKPBITOIO TEKCTa, a
ACUMMETPUIHYIO KPUIITOCUCTEMY C OTKPBITHIM KJIIOYOM MPUMEHSIOT TOJIBKO JIIsd IMUMPOBAHUSA CEKPETHOTO
KJII0Ya CHUMMETPUYHONW KPWUIITOCUCTEMBI. B pe3ysbraTe acHMMETPUYHAS KPUITOCUCTEMA C OTKPBITHIM
KJIFOUOM HE 3aMEHSIET, & JIUMIb JIOTOJHIET CUMMETPUIHYIO KPUIITOCUCTEMY C CEKPETHBIM KJIIOTIOM, TIO3BOJIAS
MIOBBICUTH B II€JIOM 3aIlUMIIEHHOCTh TepejaBaeMoii nadopmarmu. Takoil MOAX0/ WHOTIA HA3BIBAIOT CXEMOM
3JIeKTpoHHOro "mudpoporo kousepra'.

LLndpsbl, anrebpanyeckas mogens wudpa, npyumepbl

IIycrs:
1. X -- IpOCTPAHCTBO OTKPBITHIX TEKCTOB;
2. Y -- IpOCTPAHCTBO MUMPOTEKCTOB;

3. K -- mpocTpaHCTBO KIIOU€it;
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4. dyukuumio 3amudposanus y = E(x, k), HepeBogIyIo OTKPBITLIA TeKCT & € X' Ha Kiode mudpoBaHus
k € K B mmadporekcr y € V;

5. dyuknuto pacmudposanusa x = D(y, k).

Tpoitka muOkecTB, X, KC, ) ¢ BBeseHHbIME DYHKIMAMA Ha3biBaeTcs mmdpom no [TleHHoHy, ecin KaxK apiit
mndpPOTEKCT €CTh Pe3ysbTaT MudPOBAHWS OJHOTO W3 OTKPHITHIX TekcToB(T.e. dynkmus y = FE(z,k)
CIOPHEKTHBHA), & PA3HBIM OTKDBITHIM TEKCTaM OTBEYAIOT pasHble mudporekcroi(T.e. dynkuus y = F(z, k)
uHbekTuBHA). AJsrefpandeckas Moje b npeyokena [leanonom.

LLincpsi, BeposTHOCTHAs mogensb wndpa, npumepsbl

BeposiTHOCTHOIT MOJenbi0 mmdpa HasbBaeTCs ero ajredpamdeckasl MOJEb, JONOJHEHHAs W3BECTHBIMU
He3aBUCUMBIMHU pacipesiesienusivu Bepositaocreit P(X) u P(K).

BepogrrnocTs nosiBiienns mmdpoTekcTa y paBHA:

E(z,k)=y

B rex caywagax, xorga rtpebyercs 3manue pacupeneienuii P(X) u P(K), Mbl Oymem mojb3oBaThCs
BEPOSITHOCTHON MOJIENIBIO Y. g, COCTOAIIEH M3 NSATH MHOYKECTB, CBA3AHHBIX YCJIOBUSIMH 1 W 2 NPEJbIAYIIEro
OTIpEJIeJICHUS aJIre0panTIecKoil Mojiesn mudpa, U JBYX BEPOATHOCTHBIX PACIIPEICICHHIL:

Y= (X,K,Y,E,D,P(X),P(K))

Mogenu n kputepuun pacno3HaBaHusl OTKPbITbIX TEKCTOB
Kpuntoananns knaccnuecknx wndpos. Odewmndposavue wncgpa Buxerepa
Knaccndmkaumm wndpos

IIo ocoberHOCTSAM AMTOPUTMBI MM POBAHAST
1. CummerpuvHbie
2. AcummerpudHbIe
3. KombunuposBanubie

Ilo KonuIeCcTBY CUMBOJIOB COOOIEHUS IMUGMPYEMBIX WU PACHINMPOBLIBAEMBIX 10 OJHOTHUITHON ITPOIIEILype
mpeobpa3oBaHUsT

1. IloTrokoBbie

2. Bmounbie
TeopeTuyeckas n nNnpakTM4eckas CTonkocTb wudpos
CoseplueHHble wngpb!

ycrs ¥ = (X, V,K,E,D,P(X),P())) - BepostHocTHass Mmomesab mudpa. [Mubp Xp HasbiBaercs
COBEPIIIEHHBIM, €CJIU IS JI000T0 13 X 1 JI000T0 Y 13 ) BBINOJHSIETCS PABEHCTBO

p(z) = p(xly)

Hazosem mudp X coBepiueHHbIM, eciiu st Jo0bix & € X, y € ) BoinosHgercs pasenctso p(z|y) = p(x).
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LLindpbl 3ameHbl U nx KpuntoaHanus

IITudp npocroit 3ameHbr — KIacc METOIOB MG POBaHMS, KOTOPBIE CBOIATCS K CO3AHUIO TI0 OMPEIEIEHHOMY
aJIropuT™My TabJIUIBI MM POBAHUs, B KOTOPOW I KaXKJOH OYKBBI OTKPBITOTO TEKCTa CYIIECTBYET
€/IMHCTBEHHAs COTOCTaBJIEHHAs eif OyKBa MudpP-TEKCTA.

LLndcdpbl nepectaHoBKU N Ux KpunToaHanus

IIudp mepecTaHOBKM — 3TO METOJ CHMMETPUYHOTO IMU(PPOBAHUA, B KOTOPOM 3JIEMEHTHI HCXOIHOTO
OTKPBLITOI'O TEKCTa MEHAIOT MeCTaMU.

LLincppoBaHne MeTogom raMmmupoBaHus N ero KpuntoaHanns

DTO MeToJ, CUMMETPUYHOIO IMM(DPPOBAHUA, 3aKJOUYAIOIMMIACI B HAJOXKEHUUY II0CJIEI0BATEILHOCTH,
COCTOSIIIIEN U3 CIydaiiHbIX YMCeJI, Ha OTKPBITHIA TeKcT. [loc/ienoBaTe IbHOCTD CIIyYaiiHbIX YHCE)T HA3bIBAETCSI
raMMaIIOC/IeIOBATEIbHOCTBI0 M HUCIOJIb3YeTCs Jjisi 3allu(pPOBBIBAHUS W PACIIN(OPOBLIBAHNS JAHHBIX.
CyMMUPOBAHNEOOBITHO BBITIOJIHAETCST B KAKOM-JTMO0 KOHETHOM IIOJI€.

Hanpuwmep, B nose Fanya GF(2) cymmupoBanue npunumaer Buj onepanuu «uckiodaomee UJIN (XOR)».
Bzaom mmdpa meBozmoken T.K. o [IlenHOHY OH SABJSIETCS COBEPIIIEHHBIM.

KpuntoaHanutnyeckue atakm n ux knaccucpukaums

Kpunroanajuruyeckasl aTaka IIpy HAJMYNU TOJIBKO m3BecTHOro mmdprekcra (known-plaintext).

Kpunroanamurtuk nmeer toipko mmmdprerctsl Cp, Co, ..., C; HECKOIHKUX COOOIEHU, MPUIEM BCE OHU
3amu@POBaHbI C UCIIOJIb30BAHUEM OHOI'0 M TOI'O Ke ajropurMa mudposanus F. Pabora kpunroanajimruka
3aKJII0YAETCS B TOM, YTOOBI PACKPBITH UCXOIHbIE TeKCThl My, Mo, ..., M;.

KpunroanajimTuyeckasi ataka HpPU HAJMYUN M3BECTHOrO OTKPBITOIO TEKCTA. KpumroaHaJnTHK
uMeeT JocTyn He TobKO K mmdprekcram Cp, C, ..., C; W HECKOJbKHX COODINEHUi, HO TaKXKe K
OTKPBITBIM TekcTam M7, My, ..., M; stux coobmenuii. Ero pabora 3ak/o9aerTcs B HAXOXKICHUU KJIIOYA
k, MCIIOJIb3yeMOro Npu IMUMPOBAHUKA 3TUX COODINEHUN, UM aJropuT™Ma paciindpOBaHUs JIOOBIX HOBBIX
coobuienuii, 3ammn@pPoOBAHHLIX TEM YK€ KJIIOYOM.

Kpunroanajurudyeckasl aTaka IIpyd BO3MOXKHOCTH BbIOOpa oTKpbITOro Tekcra (chosen-plaintext).
Kpunro-anamuTruk He ToJBKO uMeeT nocTyll K mudprekcram Cq, Ca, ..., C; 1 CBA3aHHBIM C HUIMU OTKPBITHIM
Tekctam My, Mo, ..., M; 3Tux cooOIeHunit, HO U MOXKET IO YKEJTAHUIO BHIONPATH OTKPBITHIE TEKCTHI, KOTOPbIE
3aTeM IMOJIyJYaeT B 3aludpPOBAHHOM BHU/IE.

Kpunroananurudyeckasi aTaka MeTOAOM IOJIHOTO Itepebopa BceX BO3MOXKHBIX KIIIO4ei
(bruteforce).

Bno4yHblie wndpol. MpuHLMNB NOCTPOEHUS CUMMETPUYHDBIX BN04YHbIX WNdpos

Bioansrit mudp — pasHOBHIHOCTH CUMMETPUIHOTO U@ pa, OMEPUPYIOIIEro rpynnamMu 0uT (UKCUPOBAHHON
IJIAHBL — OJIOKaMH.

Ecsin mCXOHBIN TEKCT (MM ero OCTATOK) MEHbINE pa3Mmepa Giioka, mepen mudpOBAHUEM €T0 JOTOJHSIIOT.
QakTuyecku, OJIOUHBIN MMMP npeacTaBaser coboil IMOJCTAHOBKY Ha aJjipaBure OJIOKOB, KOTOpas, KakK
CJIEJICTBYE, MOXKET OBITh MOHO- WJIU TOJIUAJI(DABUTHOI.

IIpusIMIbl TOCTPOEHUS:
1. SP-ceru: AES, Kysneuunx
2. Cern Qeiicrens: DES, Marma
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Pexxumbl paboTbl 6,104HbIX WKPOB N NX CpaBHeHUe

B T'OCT 28147—89 sT0T pekuM HA3BIBAETCS PEKMMOM IPOCTON 3aMEHHI.

©® Ghi cha

[Ipoctas samena (thay thé don gian) la cach goi mode ECB trong cac tai lieu tiéng Nga.

Coobiienue feuTcest Ha OJI0KU OJUHAKOBOIO pasMepa.

Pasmep (mymHa) Gsioka paBeH m U m3MepsieTcst B 6urax. B pesysibraTe IOMy9aeTcs IOCIIEI0BATEIbHOCTD
6i0koB Py, Py, ..., Pp,.

Tlocnemmmit 610K IpU HEOOXOAUMOCTH TOMOTHICTCS 0 AIUHBI 1. Kaxkaprit 610K P; mmdpyercst aaropurMom
mudpoBanus . ¢ ucnonmp3oBanueM Kioda k:

C; = Ex(P;, k).

Mertogbl aHanusa anroputmos 6,104HOro wndposaHus

1. Araka moiHbIM 1epebopoM
2. InddepennmnaabHbIl KPUTTOAHATI3

3. Jluneitnbiit kpunroananus (mouck adbUHHBIX TPUOIIMKEHNT)

Cranpapt wundposarHnsa garubix DES

DES (anru. Data Encryption Standard) — asropurm mjist cuMMeTpUYHOrO MmndpOBaHUS, YTBEPKIEHHBII
npasutenbersom CIITA B 1977 rony kak odurmansabiii crangapr (FIPS 46-3).

Pasmep 6moka mia DES pasen 64 6uram. B ocmose anropurma je:kuT ceth Deiicrens ¢ 16 mukiramu
(payHzaMu) W KJIOYOM, MMEIONMM JUMHy 56 6ur.  AJICOpUTM HCHOJIb3yeT KOMOUHAIUIO HEJIMHEHHBIX
(S-6710KM) M MHEHHBIX TPEOGPA30BAHMIA.

PasBsepTbiBaHue payHaoBbix kntoyen 8 DES

Kutoun k; nosygarorca u3 HadaabHOro Kiroda k (56 6ur) ciemyiommm o6pasom.

Hobasmsrores 6utel B no3uruu 8, 16, 24, 32, 40, 48, 56, 64 kmoda k TakuM 00pa3oM, ITOOBI KaXKIbIi OAHT
coJIepzKaJl HEIETHOE YUCJI0 €IUHUI]. DTO MCIOJb3yeTCs Uit OOHADYKEHUs OIMUOOK Ipu OOMeHe M XpaHeHU!
KJIIO4ei.

3areM JIEJAIOT IEPECTAHOBKY JIJisl PACLHIMPEHHOro Kiova (Kpome jobasiseMbix 6utos 8, 16, 24, 32, 40, 48,
56, 64)

DTa mepecraHoBKa omnpejesercs aByMs Ojgokamu Co u Do 1o 28 6ur kaxkubiit. Ilepsele 3 6ura Cy ecTb
o6uthl 57, 49, 41 pacmupenHoro kiwo4da. A mnepsbie Tpu 6ura Dy ectb 6uthl 63, 55, 47 pacIIMpeHHOro KJroda
Ci, D;y1=1,2,3,... monyuatorcs u3 C;_q, D;_1 oOIHAM WIu ABYyMsl JIEBBIMU [UKJIMIECKUMU CIABUTAMHU.

Kutou ki, i = 1,...,16 cocrour u3 48 6ur, Beibpannbix u3 6utos Bekropa C;||D; (56 6ut) corsacuo Tabiutie.
[Tupumep, nepsblii u Bropoit 6urer k; ects 6uret 14, 17 Bekropa C;||D;.
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Pexum cuennenus 6aokos wudpa (CBC) Ha npumepe DES
Pexum obpatHoi cBsi3u no sbixogy (OFB) Ha npumepe DES
Pexum cuennenns 6aokos wudpa (CBC) Ha npumepe DES
Mmutocroiikocts windpos

NmurocroiikocTh mmdpa omnpeaesnM Kak €ro CIOCOOHOCTb MPOTUBOCTOSITH IOIMBITKAM ITPOTHUBHUKA IIO
MMUTAIIAN WK TOJIMEHE.

MmMmurosammura — 3amura cucTeMbl MU(MPOBAJIBHON CBA3U WJIA JPYTOW KPUIITOCUCTEMBI OT HABSI3bIBAHUSI
JIOXKHBIX JIAHHBIX. J3alllUTa IAHHBIX OT BHECEHUs B HUX HECAHKIMOHMPOBAHHBIX W3MEHEHWU, JIPYyTUMU
CJIOBAMM, 3AIMUTA IETOCTHOCTHA COOOITCHMS.

Peasinzyercs ¢ nomolnpio go6aBiieHust K COOOIIEHUIO JOIOJHUTEIHHOIO Koja (1o6aBienue GUTOB YeTHOCTH,
KOHTPOJILHOH CYMMBI), UMHUTOBCTABKM, 3aBUCAIIEH OT COMEPIKAHUS COODIEHWsI W CEKPETHOTO 3JIEMEHTa,
U3BECTHOTO TOJBKO OTHPABATENIO U HOJIYyYaTeNIo (KIH09a).

SakaKa W30BITOYHOCTH TI03BOJIIET OOHAPYXKWUTH BHECEHHBIE B COODIEHHE HECAHKIIMOHUPOBAHHBIE
M3MeHEeHUs.

Crangapt wndposarus ganubix AES

Xem bai viét vé AES.

Pa3BepTbiBaHue payHaoBbix kntoden B AES

Xem bai viét vé AES.

Poccwiicknii ctanpgapt wudposanusa ganisix MAFMA (FOCT P 34.12-2015)

Xem bai viét vé Magma.

Pa3BepTbiBaHue payHaoBbix knto4yen B ctaHgapte MATMA, konuyectBo cnabbix n 2-cnabbix knto4ein
Poccwiickuii ctangapt wndgposanusa ganHeix KY3HEHYUK (FOCT P 34.12-2015)

Xem bai viét vé Kuznyechik.

Pa3ssepTtbiBaHue payHaosbix kntodeii B ctangapte KY3HEYUNK

Xem bai viét vé Kuznyechik.

Moto4Hblie wndgpobl. MpuHuMnbl nx nocTtpoeHus

MeTtogbl reHepauun u aHanmsa nceBaoCNyYaliHbIX NociefoBaTebHOCTeR
Perncrpbl casura, kputepuii perynsipHocTu

Peructpbl cgBura makcumanbHoro nepuoga

KpuntoaHanns notounbix wndpos

Cucrembl windposaHus ¢ oTkpbiTbiMu kKntodamu. MpuHumnel nx nocrpoexus

Ananuns ACUMMETPUHHbLIX KpuntTocucrtem
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ATaKVI Ha aCMMMeETpUYHbIe KpUnNnToCUCTEMbDI

Cucrembl windposaHus ¢ oTkpbiTbiMu kKatodamu Kpuntocncrema RSA

Cucrembl windposaHus ¢ oTkpbiTeiMu knodamu. Kpuntocucrema Inb-Famans
Ynpasnenue kntouvamn. OtkpbiToe pacnpegenerne kntoveii OQudcun - Xennmana
AnekTpoHHas nognuck. MpuHuunnbl ee hopmuposaHus

dnekTpoHHas nognuck Ha base kpuntocucremsr RSA

DneKTpoHHas nognucb Ha 6a3se kpuntocuctemsl Inb Mamans

Poccuiicknin ctangapt anektpoxHoi nognucu FTOCT P 34.10-2012
Xaw-dyHkunn, TpeboBaHnsa K HUM

MeToabl nocTpoeHust hyHKUMIA X3LLIMPOBaAHUS

Poccuiicknin ctangapt xaw-dyrikuun FTOCT P 34.11-2012

Kpuntorpaduyeckue nportokonsl n nx knaccudmkauus

Cucrembl ayteHTucpmkaumm

Anroputmbl «obnervennon» (lightweight) kpuntorpacdun n nx npegnasmnavenne
Kpuntorpaduyeckue cpeacrea 3awmutsl nicdopmauymn 8 OC Windows
Kpunrtorpadunyeckue cpegcrsa 3awmtbl nidopmauyun 8 MSDN

Peanusauus onepauwnii Hag batamu B ctaHgapte AES

Peanusauusa npeobpa3sosarHus SubBytes B crangapre AES

Peanusauus HenuHeliHoro y3na 3amexbl B ctaHgapte DES

Bbiuncnenus B rpynne To4ek 3//IMNTUHECKUX KPUBbIX

Kpuntocucrtemsbl Ha annuntuyeckmux kpusbix. MpuHuunb nx noctpoexuns
Pacnpepenenue knto4yein ¢ ucnonb3oBaHuem annuntuyecknx kpuebix. Mpotokon Ouddu-Xennmana
Kpuntocuctema dnb-Famans Ha anannTnyecknx KpuBbIX

dnekTpoHHas nognucbk Jnb-Famans Ha aNAMNTUYECKNX KPUBbIX

KBaHToBas KpVII'ITOI'pa(bMﬂ, NMPOTOKOJ1bl OTKPbLITOro pacnpeaneneHns Kao4en

HET.

3.3.6 Quantum computing

Qubit va toan tr quantum

Trén may tinh hién nay, don vi xtt Iy ¢d ban 1a bit (0 ho#c 1). Trong may tinh lugng tit, don vi tinh toan la
qubit (quantum bit).
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Qubit

Mbi qubit [) duge biéu dién dudi dang t6 hop tuyén tinh ctia co s6 gdm [0) = (1,0) va |1) = (0,1). Khi do
qubit [¢) = a|0) + 8]1). O day o, 8 € C (tap s phiic).

Tich ctia n qubit la cac t6 hop [0,0,...,0),10,0,...,1), ..., [1,1,...,1). Ta ciing ki hieu |0) ® |1) = |01).

(5 ) Example 6.10

Néu [1) = a|0) + B|1) va |¥) = 4|0) + |1) thi

) @ |¥) = (a|0) + B|1)) ® (v]0) + 8]1)) = ay]00) + @4]01) + 5v[10) + B[11)

Tiép theo 1a toan ti¥ quantum va tuong ting véi no la cac cong (gate) trén mach.

Toan t quantum tac dong lén mot qubit ho#c tich ctia nhiéu qubit.

ubit c6 dang = a|0) 4 b|1). Ta c6 thé viét he s6 dudi dang vector cot “). Khi do, toan tit quantum
b

C

d) tuong tng vdi qubit [¥) = ¢|0) + d|1).

$8 1a mot ma tran 2 x 2 bién ddi vector trén thanh vector méi <

No6i céch khac, dat toadn t quantum 1a ma tran U = (211 212> thi ta co6
21 €22

() = 1) = Ul), (21 22) ' (Z) - (cci)

Cac toan tlr quantum thuong gap

O Definition 6.4 (Toan tit ddng nhéat)

A A Bl e o s - . 1
Toan t1t dong nhat identity git nguyén qubit dau vao. Ma tran tuong tng la ma tran don vi I = (O ?) .

© Definition 6.5 (Toan tit NOT)

0 1
1 0

Toan tt NOT c6 ma tran tuong tng la NOT = < ) Khi d6 NOT|¢) = b|0) + a|1) véi x € {0,1}.

Khi qubit 14 |0) ho#c |1), tdc dung clia toan tit NOT 1a phép XOR nén ta c6 NOT|z) = |z @ 1).

O Definition 6.6 (Toan tit Hadamard)

Ma tran cua toan tit Hadamard 14 H = i S .
2\l —1
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(i ) Example 6.11

Xét qubit [1) = a|0) 4 b|1), toan tit Hadamard tuong tng véi phép nhan ma tran

1 /1 1) (a Z5la+)
V2 (1 —1> ' (b> B f(a_b)
2

Ta chuyén cot két qua vé lai dang t6 hop tuyén tinh thi cong Hadamard hoat dong trén qubit [¢)) =
al0) + b|1) cho két qua 1a

1 1
Hy) = H(a|l0) +b|]1)) = —=(a +b)|0) + —=(a — b)|1
i) = E@l) 1+ G{L)) = —=(@ - BiY) \/5( )
£y ; . . 0) + [1)
Néu |¢) = |0) thi tuong duong v6i a = 1,0 =0. Ta c6 H|0) = 7
Néu [¢) = [1) thi tuong d 5ia=0,b= 5 _9-m
= g duong véi a =0,b=1. Taco H|1) = 7
0) + (—1)*[1)

Téng quat ta nhan thay, véi z € {0,1} thi H|z) =

vz oo
Ta thiy ring toan t ngugc clia toan tit Hadamard 14 chinh né.
Tiép theo 1a toan ti thuong duge dung nhét khi tinh toan trén tich ctia nhidu qubit: toan ti& control.

Nhu da xem xét & trén, tich ciia n qubit s& c6 2™ phan ti tuong ng cac bo |0,0,...,0,0), [0,0,...,0,1), ...
Do d6 toan tit control sé 1a ma tran kich thuée 2™ x 2.

O Definition 6.7 (Toan tit control)

Goi U = (211 212> la toan tit tac dong lén mot qubit. Xét hai qubit 1a |z) = a|0) 4+ b|1) va |y) =
21 C22

c|0) + d|1). Ta co6 tich
|z) @ |y) = ac|00) + ad|01) + bc|10) + bd|11)

Khi d6 toan t& control c6 dang ma tran la

oo o+
o o = O
)

AR
—
)
AR
S

Hay viét dusi dang ma tran khéi la cf = (é 2)

Ta ciing viét tich |z) @ |y) dudi dang vector cot (4 phan tit). Khi do

1 0 0 0 ac ac
01 0 0 ad ad

U(|:v> ® |y>> - 0 O C11 C12 ' bC B C11 * bC+ C12 * bd
0 0 C21 C22 bd Ca1 - be + co9 - bd
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Hai phan tit dau clia vector két qua khong thay ddi, con phan sau c6 "mot phan" 1a U|y). Khi viét lai két
qua dudi dang qubit thi

acl00) 4+ ad|01) + (c11 - be + 12 - bd)|10) + (ca1 - be + ca2 - bd)|11)

Ta c6 mot sé nhan xét sau day.

©® Remark 6.8
Néu |z) = |0), tic 1a a = 1,b = 0 thi tich trén tuong tng véi
¢|00) + d|01) + 0]10) + 0[11) = |0) ® (c|0) + d[1)) = |z) ® |y).

Néu |z) = |1), titc 1a a = 0,b = 1 thi tich trén tuong ting véi

0[00) +0]01) + (c11¢ + €12d)[10) + (c21¢ + €22d)[11) = |1) ® ((c11¢ + €12d)|0) + (ca1¢ + €22d)[1)) = [1) @ Uy) = |x) @ Uy).

Téng két lai, véi x € {0,1} thi
e néu z =0 thi |z) @ |y) = |z) @ |y).
e néuz =1thi[z) ®|y) — |z) @U|y).

Tiy vao z 14 0 hay 1 ma toan t quantum U s€ bi bd qua hodc xem xét. 0 day qubit |z) dong vai tro didu
khién nén day dudc goi 1a toan ti control.

O Definition 6.8 (Toan tit control CNOT, Control NOT)

Toan tit quantum CNOT c6 ma tran la

100 0
o10o0| (I O
0001_(0NOT>
0010

Qubit |x) véi z € {0,1} dong vai tro control cho qubit |y). Khi = 0 thi y giit nguyén, hay |y ®0) = |y ® z).
Khi z = 1 thi 4p dung céng NOT bén trén, khi d6 y bién ddi thanh y &1 =1y ® 2.

3.3.7 Zero Knowledge Proof
Gidi thiéu

Zero Knowledge Proof (ZKP) 1a mot protocol mat ma cho phép mot bén thuyét phuc bén con lai ring ho
s& hitu nhitng théng tin quan trong ma khong dé 16 bat cii gi vé chinh thong tin quan trong doé.

Khi d6, bén thuyét phuc dude goi l1a prover, bén dua ra thit thach dé prover chiing minh ban than goi la
challenger hoac verifier.

© Tinh chit ciia zero knowledge proof

MB&i protocol zero-knowledge phai ddm bao ba tinh chit sau:

1. Completeness (tinh day dil): néu ménh dé dang thi verifier c6 thé xac nhan va bi thuyét phuc béi
prover.
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2. Soundness: néu ménh dé sai thi prover khong thé thuyét phuc verifier ring né ding.

3. Zero-knowlegde: verifier khong biét gi vé tinh ding sai ctia ménh dé.

Lay mot vi du don gian dé xem cach hoat dong cia ZKP 1a protocol QR!.

Protocol PQ

Menh dé can kiém tra: x 13 mot thing du chinh phuong modulo n. Prover muén chiing minh véi verifier
ring minh biét can bac hai clia = trong modulo n.

Public input
S6 x va modulo n, véi 0 < z < n.
Qua trinh tao proof

Qua4 trinh tao proof (thuyét phuc) dién ra nhu sau:

Prover (Alice) Verifier (Bob)

Public input: = (mod n)

Private input: w (mod n) théa x = w
Chon ngau nhién s6 u tu Z7

Giti Bob y = u? (mod n)

2 (mod n)

Chon ngau nhién b € {0,1}
Gui b cho Alice
G z = w® - w cho Bob

Qua trinh verification

Goi z 1a s6 duge giti bsi Alice. Bob kiém tra

Nhu vay:
1. Néu b =0 thi 22 =y = u? (mod n).
2. Néu b =1 thi 22 = 2y = (wu)? (mod n).

Nguyén li hoat dong

Bob chi biét x va n trong khi Alice biét can bac hai ctia x modulo n.

O day Alice mubn thuyét phuc Bob ring minh biét cin bac hai clia 2 trong modulo n.

Néu Alice that sy biét cin bac hai clia x 14 w, hay * = w? (mod n), thi Alice can chitng minh cho Bob thay.
1. Alice chon s6 random u € Z va giti y = u? (mod n) cho Bob.
2. Bob chon nglu nhién b € {0,1} va gui cho Alice.

Véi mbi truong hop cla b:

I https:/ /www.cs.princeton.edu/courses /archive/fall07 /cos433 /lec15.pdf
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e néu b = 0 thi Alice can tinh can bac hai ctia y¥ modulo n va giii cho Bob. D6 chinh 13 u;

e néu b = 1 thi Alice can tinh cén bac hai cia zy (x public va y dude gii trude do). Ta co xy = w?u?

(mod n) nén Alice can giii wu. Néu Alice that sy biét cin bac hai ctia  thi ¢6 thé tinh duge wu;

Bob c¢6 thé kiém tra s6 z dude giti t6i c6 thda man 22 = y (mod n) (néu b = 0) hodc thda man 22 = zy
(mod n) (néu b = 1) hay khong.
Trong vi du trén, ta thiy cac tinh chat ctia ZKP:

1. Completeness: khi z thic sy 1a s6 chinh phuong modulo n va Alice ¢6 thé dua s6 w sao cho x = w
(mod n) thi Bob s& chdp nhan véi xac suat biang 1. Diéu nay kha dé thay;

2. Soundness: néu x khong la s6 chinh phuong modulo n thi Bob c6 thé bac bé chitng minh ctia Alice v6i
xac suat it nhat 1/2 (trong truong hgp b = 1). Trong khi d6 b = 0 thi van ¢6 "co may" ding;

3. Zero knowledge: Bob khong biét bat cit thong tin nao lién quan dén Alice nhung Alice c6 thé thuyét
phuc Bob tin ring minh biét cin bac hai clia z. Zero knowledge c6 nghia 14 trong subt qué trinh Bob
khoéng biét thém thong tin gi hon tir Alice.

M6 hinh Zero Knowledge Proof

Phan tiép theo dugc téng hop tit mot s6 ngudn danh cho newbie’.

ZKP bao gom ba bude 1a: key generation, proof generation va verification.

1. Key generation

Budc nay tao cac tham s6 dé mot bén proof va dé bén con lai verification.

Thoéng thuong, & budc nay c¢6 mot ham C(z,w) nhan hai tham s6 14 = (public input) va w (private input,
witness).

Mot tham sb private 13 A gitp viéc sinh ra cidc tham sd gdm public key pk va private key vk.
Ky higu: Setup(C, \) — (pk,vk).

Trong d6 pk duge giii cho prover dé ho chitng minh ban than (thuyét phuc verifier ring ho s hitu thong
tin).

Ngudc lai, vk duge giii cho verifier dé ho kiém tra ménh dé tir prover.

2. Proof generation

Budc nay thuc hién bdi prover dé sinh ra gia tri gii cho bén verifier kiém tra.

Vé6i dau vao gom private input 14 w, public input 14 x va public key 1a pk, prover sé tinh toan prf roi gii
cho verifier.

Ky hiéuw: Prove(w, x, pk) — prf.
3. Verification

Budc nay thie hien bdi verifier dé kiém tra meénh dé prf duge giti tit prover.
Véi dau vao gdm public input x, proof 1a prf va private key 1a vk, verifier kiém tra tinh ding din ctia prf.

Ky higu: Verify(z, prf,vk) — ding (néu hgp 1¢) hodc sai (ngugc lai).

2 What is a zk-SNARK? URL - https://blog.thirdweb.com /what-is-a-zk-snark
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Plonk Protocol

[TODO] Viét lai.

Elliptic curve va pairing

Elliptic curve

Puong cong elliptic trén trudng F c6 dang y2 = 22 + ax + b véi z, y, a, b thudc F va a,b 13 cac phan ti& cho
trudce.

Khi d6 dusng cong elliptic 1a tap hop cac diém (z,y) théa man phuong trinh trén va diém vo cuc O.

Dé lay vi du, xét F1o; 1a trudng modulo 101 va dudng cong elliptic v6i phuong trinh y? = 2% +3 (mod 101).
Pairing
Goi G1, Gy, Gy 1a cac nhém c6 cing order bang r va e 1a mot pairing. Khi d6 e 1a anh xa sao cho

G1 xGe =Gyt e(g1,92) = gt

Embedding degree

Order cia dudng cong elliptic trén 1a 102 = 2-3-17. Nhu vay ton tai cac diém trén dudng cong cé order la
17. Tuy nhién, chung ta can nhiéu diém khac ciing c6 order 13 17 nhung khoéng nim trén duong cong Fio;.
Liic nay ching ta s&€ mé rong truong 1én Fqg;x.

Bac thap nhét ctia mé rong trudng (véi characteristic p) chita tat ca diém véi order r duge goi 1a embedding
degree. Noi don gian, embedding degree 1a s6 k nhé nhat ma r | (p* — 1).

Trong vi du nay thi r = 17 1a order cia diém va k = 2.
Khi d6 trusng mé rong Fqgq2 v6i da thiic t6i gidan 2 + 2 cho dudng cong véi cac diém order 17.

Mbi phan t trong Fyp12 c6 dang a + bx véi a,b € Fig1.

Mach Plonk
Trusted setup

Chuing ta can mot trusted setup goi la structured reference string (SRS, chudi lién két cau truc).

SRS 1a mot danh sach cac diém trén dudng cong elliptic duge tinh toan tit mot s6 bi mat sinh ngdu nhién
5. Theo paper PLONK thi mot mach n cong sé can n + 5 diém sau:

SRS: 1:Gi,s Gy, -+ ,s""? Gy,
1-Gs,s-Gs.
Trong vi du nay, s gitp sinh ra cac diém trong subgroup véi generator 13 G;. Do G ¢6 order 1a 17, s khong
duge vugt qué 17.
Chon G; = (1,2) va G2 = (36, 31x) la hai generator cho hai subgroup déu c6 order 1a 17.
Xét s =2 (cho dé tinh) van =4 (c6 4 cong). Khi do 1-Gy,s- Gy, -+ ,s" 2. Gy 1a cac diém sau:

1-Gi=(1,2) | s-Gy=(68,74) | s2-Gy = (65,98) | s°- Gy = (18,49)
st.Gy=(1,99) | s°- Gy = (68,27) | s8- Gy = (65,3)

Tuong tu, 1 -Gy va s - Gy 1a cac diém (36,31x) va (90, 82z).
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Nhu vay,

SRS: (1,2),(68,74),(65,98), (18,49), (1,99), (68,27), (65, 3)
(36, 31x), (90, 82).

Mach PLONK

Plonk circuit 1 mach duge biéu dién ¢ dang da thiic (gom phép cong va nhan). Trong d6 mdi cong, hay
constrain, thyc hién moét thao tac (cong hodc nhan).

Vi du véi dinh ly Pythagoras
Gi4 stt chting ta c6 bo ba (3,4,5) va chiing ta mudn kiém tra xem chiing c6 théa man phuong trinh Pythagoras
a® + b? = ¢ hay khéng.
Gia stt bo ba (3,4, 5) sé di vao ba dau la z1, r3, r5. Khi d6 mach tinh

T -T1 = X2

X3 - T3z = T4

I5 +Ty5 — Tg

To + Ty = Tg

Phuong trinh cudi cho két qua z? + 23 = 22 1a diéu kien thda man phuong trinh Pythagoras. Mdi z; dugc

goi 1a "wire" (day). Mach nay di qua ba cdng nhan va mot cong cong. Ta c6 thé viét tat ca x; thanh vector
x = (21, %2, T3, T4, x5, Tg). DO v6i vi du bo ba (3,4,5) thi

X = (3,9,4,16,5,25).
Tuong tu, d6i véi bo ba (5,12,13) thi
x = (5,25,12, 144, 13, 169).

M>bi céng plonk sé& gom hai day input trai va phéi, va mot day output. Ta goi day input trai va phai lan lugt
1a a va b, con day output la c.

Céng plonk phtic tap hon céng cong hoic nhan dé kiém tra bo ba Pythagoras & trén. Céng plonk day di co
dang

(qr) -a+(qr) - b+ (qo0) - ¢+ (qum) - ab + qc = 0.
Trong do6 a,b 1a hai day input trai va phai, ¢ 1a day output, con lai 1a cac hé s6 cho trude.
Vi du. Béi véi ding thitc a +b = c thi ta cho g, = qr =1, g0 = —1 va qar = qc = 0.

Mach kiém tra bo ba Pythagoras bén trén c6 thé duge viét lai dusi dang mach véi cac cong plonk nhu sau

0O-aq + 0-b7 + (—1)~Cl + 1-a1by + 0 = 0
O-a0 + 0-by —+ (—1) g + l-asby + 0 = 0
0'@3 + Obg + (*1) -3 + 1~a3b3 + 0 =0
loag + 1:by + (-1)-cy + 0O-azb3 + 0 = 0

Bén cong plonk nay tuong duong bén cong kiém tra bén trén. Tuong tit bén trén, néu goi a la vector cac
day input trai, b 1a vector cac day input phai va c 1a cac day output thi

a=(3,4,59), b=(3,4,516), c = (9, 16,25, 25).
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Ta cling viét hé s6 cong plonk dudi dang vector, khi dé

qr = (0,0,0,1),
qr = (0,0,0,1),
qo = (-1,-1,-1,-1),
am = (17 1,1,0),
qc = (0,0,0,0)

Lic nay, cic vector q dudc goi 1a selector va sé gitip xay dyng nén cau truc ciia mach. Cac vector a, b, c
thé hién cac bién ctia mach va la private input ctia Prover (bén chitng minh ZKP).

Proof
Roots of unity

Trong trudng F c6 phan tit don vi 14 1. Nghiém bac n ctia 1 1a cac nghiém x théa man phuong trinh 2" = 1.
O vi du trén, méi subgroup déu c6 order 13 17. Bay gid cic tinh toan ciia ching ta sé nim trong Fy7.

Nhic lai, cac vector a, b, ¢ ciing nhut cac vector hé s6 qr., qr, qo, dm, dc déu c6 bdn phan ti. Ching ta co
cach xay dung da thic f(z) ti cac cap (z;, f(z;)) 1a da thic ndi suy.

Khi d6, mdi vector & trén sé tuong tng f(x;) v6i 1 < ¢ < 4. Pa thic sinh ra 1a da thitc bac 3.

Ung v6i mdi vector a, b, ¢ ta xay dung mot da thic bac 3. Do ¢6 3 -4 = 12 gia tri z; nén ta can mot "co
ché" dé tach truong Fi7 thanh 3 tap roi nhau, méi tap 4 phan ti.

Dau tién 14 can mot tap con ciia Fi7 ¢6 4 phan tit. Tap con nay 1a tap nghiém ctia * = 1 (mod 17). Phuong
trinh nay c6 nghiém va may thay 1a c6 di 4 nghiém. Goi H 1a tap cac nghiém ctia phuong trinh z# = 1
(mod 17) thi H = {1,4,16,13}.

Ta can tim thém hai tap con khéic ctia Fy7, cling chita 4 phan tit va khong giao nhau véi H. Ching ta sé
ding coset vi hai coset bat ki ctia nhom ho#c 14 khong giao nhau, hodc 1a trung nhau.

Chon k1 = 2 va ko = 3 thi ta c6 cac coset

1H = {1,4,16,13}, k. H = {2,8,15,9}, ko H = {3,12,14,5}.
V6i vector a = {ay,as,as3,a4}, ta mong mudn fa(h;) = a; v6i h; € H, nghia 1a fa(1) = 3, fa(4) = 4,
fa(16) = 5 va fa(13) = 9. Sit dung da thiic noi suy Lagrange c6 thé tim duge ham f,(z) = 1+ 132+ 3224323,

Twong tu ta cling tim duge da thiic ndi suy cho cac vector con lai (tét ca déu ding H ).

fa(z) =1+ 132 + 322 + 323
fo(x) =7+ 3z + 1422 + 1322
fe(z) =6 + 52 4 1122 + 423
fou(z) = 13 4+ 2 + 42? + 162°
fon(7) = 13 + 2 + 42 + 162°
o(x) =16

u(@) =5+ 162 + 132° + 2°
o(z) =
Mot van dé xay ra la, bén cdng plonk & trén 1a ri nhau va khong lién quan gi nhau. Do dé ching ta can

>
an

mot phuong an dé "ndi" output tit cdng nay thanh input clia cdng kia.

ok on g

0
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Pé lam viéc nay, ta danh nhan vector a bsi H, vector b bdi ki H va vector ¢ béi ko H. Cu thé ta cé anh xa

a1 =by 1—2
a2:b2 4 —8
a3:b3 16 — 15
a)s = C1 13— 3
b1:a1 2—>1
by = as 8§ —~4
bs = as 15— 16
b4262 9—12
Cl1 = Qg 3—13
Cco = by 12 -8
c3 =cCy4 14 —5
Cq4 = C3 5—14

Goi 01,092,053 lan lugt 1a output khi anh xa tac dong léen H, ki H,koH. Theo bang trén thi o1 =
(2,8,15,3),00 = (1,4,16,12),03 = (13,8, 5, 14).

Mbi tac dong nhu vay thie chat tuong ing véi mot da thite bac 3.
Goi S,, 1a da thitc tit H t6i o1. St dung ndi suy Lagrange ta tinh dude Sy, = 7+ 13z + 1022 + 62°.

Tuong ti, goi Sy, 1a da thitc tit k1 H t6i 09 va Sy, 14 da thitc tit ko H t6i 03. Ta tinh duge Sy, = 4+ 1322 + a3
va Sy, = 6+ Tz + 322 + 1423,

Dén day ta c6 di thanh phan dé tao proof, gdm 5 vong.

Round 1

Round 1 bao gom céc budc:
e tao random céc phan t by,...,bs € Fi7;
e tinh cac da thic a(x),b(x), c(z) theo cong thic
a(z) = (bz +b2) - Zn + fa(z)
b(x) = (bsz +bs) - Zg + fo(x)
c(z) = (bsz +be) - Zu + fe(z).

Output 1a [a(s)], [b(s)], [e(s)], trong d6 Zy 1a da thitc sao cho moi phan ti clia subgroup H 1a nghiém ctia
Zy. Do céac phan tit trong H 1a nghiém ctia 2 =1 (mod 17) nén Zy = 2% — 1.

Gia sit ta chon (ngdu nhién) cac phan tit by = 7,by = 4,b3 = 11,by = 12,b5 = 16,bg = 2. Khi do

Zu(x) =
a(x) =--- =14+ 62 4 32 + 32° + 4 + 72°
b(x) =+ =12+ 9z + 142% + 132° + 122% + 1125
c(z) = =4+ 6z 4 112 4 42° + 22* + 162°.

Tiép theo ta tinh [a(s)], [b(s)], [c(s)] & cAc diém trén duong cong st dung SRS ban dau va hé sb clia céc da
thiic a(z), b(x), c(z). Cu thé prover sé tinh

[a(s)] = 14 (1,2) + 6 - (68,74) + 3 - (65,98)
+3-(18,49) +4 - (1,99) + 7 - (68,27) = (91, 66).

Tuong tu cho [b(s)] va [e(s)]. Nhu vay ta co

[a(s)] = (91,66), [b(s)] = (26,45), [c(s)] = (91,35).
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Round 2

Round 2 dugc thyc hién qua cac buée:
e random cac phan tit by, bg, by € Fy7;
e nhan challenge tur verifier 1a 5,y € Fq7;
e tinh z(z) theo cong thic:
2(x) = (bya® + bgx + by) - Zr () + acc(x).

O round nay, ching ta commit mot da thic z(x) dé encode cho viéc copy contrains (ndi cac day ctia cong)
bén trén. Da thitc acc(z) sé duge dé cap sau.

Cac gia tri challenge /3, phu thudc vao protocol 14 interactive (tuong tac) hay non-interactive.
e trong protocol interactive, verifier chon cac gia tri nay va giii cho prover dé prover tao ra proof;

e trong protocol non-interactive, cidc gia tri nay sinh ra tt qué trinh tinh toan ctia prover va di qua mot
ham hash mat ma.

Trong c& hai truong hop, gia tri nay 1a khong thé doan trude va can duge tinh giéng nhau (vé ham hash, vé
truong) & ca hai phia. Do d6 qué trinh nay con duge goi 1a bién ddi Fiat-Shamir c6 thé bién interactive
thanh non-interactive protocol.

Trudc tién ta can tim hiéu co ché interactive, § d6 verifier giti cac challenge cho prover.
Gia su =12, v =13.
Ham z(z) & trén duge xay dung tit cac accumulator vector, dinh nghia nhu sau:

accy = 1

(ai + B w4+ 79) - (b + Bkiw'™ " +7) - (¢; + Bhaw' ™! +7) >

Act = actimL (( + By (W) +7) - (b + Bk Sy (W 1) +7) - (¢i + BhaSay (Wi 1) +7)

Do céch dinh nghia S, & trén ma sé c6 nhitng phan & t& va miu gidn lugc nhau, va tat nhién 1a mot s6 thi
khong.

Bing tinh toan tryc tiép thu dudc
accg = 1, accy = 3, accog =9, accg = 4.

Khi d6 da thic acc(z) tuong ting véi da thiic noi suy tit ngudn 1a subgroup H = {1,4,16,13} va &nh tuong
ung 1a vector acc = (1,3,9,4).

Noi cach khac 1a acc(1) = 1, acc(4) = 3, acc(16) = 9 va acc(13) = 4. T do ta co
acc(zr) = 16z + 5a?* 4 142>
Thay vao cong thic tinh z(z) ta co

2(z) =(142? + 11z + 7)(2* — 1) + 162 + 522 + 142°
=10 + 52 + 822 + 142® + 72* + 112° + 1425,

Cudi cing thay gia tri secret s vao z(x) ta c6 z(s) = 2(2) = 11 va tinh [z(s)] = 11(1,2) = (32,59).
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Round 3
Round nay chita mot lugng 16n tinh toan. Ching ta sé tinh da thiic t(z) bac 3n + 5 vé6i n 1a s6 lugng cong.
Da thiic t(z) sé chita mach va tat cd assignment cling lic.
Qua4 trinh & round 3 gdm:
e tinh quotient challenge a € Fy7;

e tinh quotient polynomial ¢(z)

t(z) = (a(@)b(z)qm (z) + a(z)qr(z) + b(z)gr(z) + c(x)g0(x) + PI(z) + 9o (2))

+((ale) + 5 + )0+ Faz +9)(e(w) + Bha +7)2(3)) 5

— ((a(@) + BS5, () +7)(b(x) + BSo,(x) +7)(c(x) + BSe, (x) + 7)2(zw))

Oé2

+(z(z) - 1)L1($)m

e tich t(x) thanh cac da thitc bac nhé hon n + 2 14 ¢19(z), tmia(z) va tyi(z) sao cho

t(x) = tio(x) + 2"t (x) + 22 T y(x).
Dau ra ctia round 3 12 [t10(s)], [tmia(z)] va [tw(x)].
Dong cudi c6 Ly(x) s& duge dinh nghia dudi day.

Ly(z) 1a co s6 clia da thic noi suy tu H. V6i Li(1) = 1, cac gia tri con lai cho dnh bang 0. Khi d6 Ly (z)
tuong tng vector (1,0,0,0) nén Li(x) = 13 + 13z + 1323 + 1323.

Verifier chon s6 a (ngAu nhién) va giii cho prover.
Round 4

e verifier chon mét sb 3 va gii cho prover;

e prover khi d6 can tinh

ca=a3)  b=0b)  c=c()
SUL: S01(3)  Soy = 55,(3)

t=1(3)
Zw = 2z(3w)

e tinh da thiic linearization
r(z) =abqr () + aqr (v) + bgr(x) + éqo(x) + qc ()
+((@+ B3 + ) (b + Bkiz +7) (€ + Bhoz +7) - 2(2))x
—((@+ BSs, +7)(b+ BSay +7)B%w - Soa(s))cx
+2(2) L1 (3)0”
e tinh linearization evaluation 7 = r(3).
Output cta round 5 14 cac gia tri

(@,b,8,Say, Soys Zuws T, Z).
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Round 5

Verifier chon s6 ngau nhién v € F17 va gti cho prover.
e tinh da thic dau cho proof 1a W;(x) nhu sau
th(x) + 3n+2tmid(x) + 32n+4tni(l‘) - E\

+o(r(z) —7)
|t -

Wy(o) = | +2%(b(w) =D
+ot(c(z) — )
+U5(Sol (z) - Sm)
+05(Sy, (7) — S,,)

e tinh da thic tiép theo cho proof 1a W, (z)
Wiw(z) = Z(xx)_;;w

Output ctia round 5 1a [w;], [w;.)-

Proof

Proof thu dugc la vector mgnark nhu sau

Code mau véi SageMath

from sage.all import *

F101 = GF(101) ['xn']; xn = F101.gen()
F101_2 = GF(101**2, name='yn', modulus=xn**2 + 2)

Ec = EllipticCurve(F101_2, [0, 31)

Gl = Ec(1, 2)
G2 = Ec(36, 31*xn)

=]
|
>N

(]

for i in range(n+3):
SRS.append(s**i * G1)

for i in range(2):
SRS.append(s**i * G2)

print([srs.xy() for srs in SRS])
F17 = GF(17)
Pol = PolynomialRing(F17, 'x')

x = Pol.gen()

(continues on next page)
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(continued from previous page)

Z_H = x+x4 - 1

k1, k2 = 2, 3

H = [F17(i) for i in [1, 4, 16, 13]]

assert set(H) == set([z[0] for z in Z_H.roots()])
k1 H [F17(k1 * h) for h in H]

k2 H [F17(k2 * h) for h in H]

print(f"k1 H = {k1_H}, k2 H = {k2_H}")

ai = [3’ 4: 5, 9]

bi = [3, 4, 5, 16]

ci = [9, 16, 25, 25]

qLi = [0, 0, 0, 1]

qRi = [0, 0, 0, 1]

qOi = [-1, -1, -1, -1]

gMi = [1, 1, 1, 0]

qCi = [0, 0, 0, 0]

fa = Pol.lagrange_polynomial(list(zip(H, ai)))
fb = Pol.lagrange_polynomial(list(zip(H, bi)))
fc = Pol.lagrange_polynomial(list(zip(H, ci)))

fql = Pol.lagrange_polynomial(list(zip(H, qLi)))
fqR = Pol.lagrange_polynomial(list(zip(H, gqRi)))
fq0 = Pol.lagrange_polynomial (list(zip(H, q0i)))
fgM = Pol.lagrange_polynomial (list(zip(H, gMi)))
fqC = Pol.lagrange_polynomial(list(zip(H, qCi)))

sigma_1 = list(map(F17, [2, 8, 15, 31))
sigma_2 = list(map(F17, [1, 4, 16, 12]))
sigma_3 list(map(F17, [13, 8, 5, 14]1))

S_sig_1 = Pol.lagrange_polynomial(list(zip(H, sigma_1)))

S_sig_2 = Pol.lagrange_polynomial(list(zip(kl_H, sigma_2)))

S_sig_3 = Pol.lagrange_polynomial(list(zip(k2_H, sigma_3)))
# Dudi day la két qud tinh theo vi du, khdac phan trén
S_sig_2 = x**3 + 13*x**x2 + 4

S_sig_3 = 14xx**3 + 3*x**2 + 7*x + 6

# Round 1

b_coeffs = [7, 4, 11, 12, 16, 2]

ax (b_coeffs[0] x + b_coeffs[1]) * Z_ H + fa

bx (b_coeffs[2] * x + b_coeffs[3]) * Z_H + fb
cx = (b_coeffs[4] * x + b_coeffs[5]) * Z_H + fc

*

ass = sum(i * j for i, j in zip(ax.coefficients(), SRS))
bss sum(i * j for i, j in zip(bx.coefficients(), SRS))
sum(i * j for i, j in zip(cx.coefficients(), SRS))

CsSs

(continues on next page)
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(continued from previous page)

print(ass.xy(), bss.xy(), css.xy())
# Round 2

b_coeffs.extend([14, 11, 71)

beta_, gamma_ = 12, 13

w = 4 # Choose from H

acc = [1]
for i in range(l, len(H)):
numerator_ = (aili-1] + beta_ * w**(i-1) + gamma_)

numerator_ *= (bi[i-1] + beta_ * k1 * w*x(i-1) + gamma_)
numerator_ *= (ci[i-1] + beta_ * k2 * w*x(i-1) + gamma_)

denominator_ = (aili-1] + beta_ * S_sig_1(w**(i-1)) + gamma_)
denominator_ *= (bi[i-1] + beta_ * S_sig_2(w**(i-1)) + gamma_)
denominator_ *= (ci[i-1] + beta_ * S_sig_3(w**(i-1)) + gamma_)

acc.append(acc[-1] * F17(numerator_) / F17(denominator_))

accx = Pol.lagrange_polynomial (list(zip(H, acc)))
print (accx)

zX (b_coeffs[6] * x**2 + b_coeffs[7] * x + b_coeffs[8]) * Z_H + accx
zs = zx(s) * G1
print(£f"[z(s)] = {zs.xy(O)}")

alpha = 15
Lix = Pol.lagrange_polynomial(list(zip(H, [1, 0, 0, 01)))

tx = (ax * bx * fgM + ax * fqL + bx * fqR + cx * fq0 + 0 + £qC)

tx += (ax + beta_ * x + gamma_) * (bx + beta_ * kl * x + gamma_) * (cx + beta_ * k2 * x

—+ gamma_) * zx * alpha

tx —-= (ax + beta_ * S_sig 1 + gamma_) * (bx + beta_ * S_sig 2 + gamma_) * (cx + beta_ *

—S_sig_3 + gamma_) * zx(w * x) * alpha
tx += (zx - 1) * Llx * alpha * alpha

#print (tz. coefficients (sparse=False))
print(tx % Z_H)

tx //= (x**4 - 1)

tx_c = tx.coefficients(sparse=False)
#print (tz_c)

t10 = Pol(tx_c[0:6])

tmid = Pol(tx_c[6:12])
tni = Pol(tx_c[12:18])

(continues on next page)
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(continued from previous page)

t10s = t10(s) * G1
tmids = tmid(s) * Gi
tnis = tni(s) * G1

]
(¢)]

ZZ

abar = ax(zz)

bbar = bx(zz)

cbar = cx(zz)

S_sig_1_bar = S_sig_1(zz)
S_sig_2_bar = S_sig_2(zz)
tbar = tx(zz)

zwbar = zx(w * zz)

rx = abar * bbar * fgM + abar * fqL + bbar * fqR + cbar * fq0 + £qC

rx += (abar + beta_ * zz + gamma_) * (bbar + beta_ * kl * zz + gamma_) * (cbar + beta_ *,
—k2 * zz + gamma_) * zx * alpha

rx -= (abar + beta_ * S_sig 1 bar + gamma_) * (bbar + beta_ * S_sig 2_bar + gamma_) *
—beta_ * zwbar * S_sig_3 * alpha

rx += zx * Llx(z2z) * alpha**2

rbar = rx(zz)
print (abar, bbar, cbar, S_sig 1 bar, S_sig_2_bar, zwbar, tbar, rbar)
v = F17(12)

wzx = t10 + zzx*x(n+2) * tmid + zz**(2*n+4) * tni - tbar
wzx += v * (rx - rbar)

wzx += v¥*2 * (ax - abar)

WZX += V¥%3 (bx - bbar)

WZX += V¥4 (cx - cbar)

(S_sig_1 - S_sig_1_bar)

WZX += V**6 (S_sig_2 - S_sig_2_bar)

wzx //= (x - zz)

*

*
WzZX += vkx*b5 *
*

wzwx = (zx - zwbar) // (x - zz * w)

f__ = lambda fx, srs: sum(i * j for i, j in zip(fx.coefficients(sparse=False), srs))
a__ = f__(ax, SRS)

b__ = f__(bx, SRS)

c__ = f__(cx, SRS)

z__ = f__(zx, SRS)

t10__ = £__(t10, SRS)

tmid__ = f__(tmid, SRS)

tni__ = f__(tni, SRS)

wz__ = f__(wzx, SRS)

wzw__ = f__(wzwx, SRS)

(continues on next page)
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(continued from previous page)
pi_snark = [a__, b__, c__, z__, t10__, tmid__, tni
—sig_1_bar, S_sig_2_bar, rbar, zwbar]
print (pi_snark)

WZ__, Wzw__, abar, bbar, cbar, S_

-
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Loi giai cho nhitng van dé

4.1 Laoi giai cac bai tap trong sach tham khao

4.1.1 Abstract Algebra: Theory and Applications

Lsi giai cho quyén siach Abstract Algebra: Theory and Applications ciia Thomas W. Judson [8].

Chuong 3. Groups

O Exercise (Bai 7)

Dit S =R\ {—1} va dinh nghia toan tif hai ngoi trén S 1a a b = a + b+ ab. Chitng minh ring (5,%) 1a
nhém Abel.

Dé chiing minh (S, %) 1a nhom ta chitng minh ba tién dé ctia nhom.
1. Gid stt ton tai phan tit don vi e, khi d6 exs = sxe = s v6i moi s € S. Nghiala e+s+es = s+e+se = s.
Vaye+se=0mas# —1néne=0
2. Véie =0, giad stt v6imoi s € S c6 nghich ddo s’. Do sxs’ = s'xs = enén s+s' +ss' = s'+s+s's =e =0,

—s
tic 1a 8'(1+5) = —s. Vay s’ =
cla s'(1+s) s. Vay &' = 7—

3. V6i moi a,b,c€ S,

a*x(bxc)=ax((b+c+bc)=a+ (b+c+bc)+alb+ c+ bc)
=a+b+c+ab+ bc+ ca+ abc
va

(axb)xc=(a+b+ab)xc=a+b+ab+c+cla+ b+ be)
=a+b+c+ ab+ bc+ ca + abe.

Nhu vay ax (b*c) = (a*b) x ¢, do d6 % c6 tinh két hgp.
Vay (S, *) 1a nhom.
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© Exercise (Bai 39)
Goi G 1a tap cac ma tran 2 x 2 v6i dang
(cos 0 —sin 9)
sinf  cosf
véi 6 € R. Chitng minh ring G 1a subgroup ctia SLa(R).

V6i 61,05 € R, ta co

cosf)y —sinb; cosfly —sinby
sinf;  cosb; sinfy;  cos By
_ (costicosfy —sinf;sinfy — cos by sinfy — sin 6y cos O
sin 01 cos B + cos By sinfly  — sin 0 sin O + cos 01 cos 04

_ COS(91 + 92) — sin(01 + 92)
© o \sin(fy; +62) cos(6y +62) )’

suy ra dinh thic ctia tich hai ma tran la

cos(61 +62) —sin(f1 +062)\) _ _
det ((sin(01 +65)  cos(61 + 62) =l-1=1

Nhu vay phép nhan hai ma tran c6 dang trén dong trén SLo(R).
Phan t& don vi 1a ((1] (1)> tuong tng véi 0 = 0.

Phan ti nghich dio 1a (Z?S(_Q) —sin(=0)

in(—8)  cos(—0) ) suy ra tir cong thitc dinh thic ban nay.

Cubi cling, phép nhan ma tran co6 tinh két hgp. Nhu vay G 1a subgroup ctia SLo(R).

O Exercise (Bai 47)
Dit G 1a nhom va g € G. Chiing minh ring
Z(G)={z€G:gx =29V g€ G}

1& subgroup ctia G. Subgroup nay goi la center cua G.

Gia sit trong G c6 hai phan tit 1a 21 va 25 thuoe Z(G). Khi d6
19 = gx1 VA Tog = gxo v6i Moi g € G.
Xét phan t x129, ta co
(z172)g = 21(729) = 21(972) = (921)72 = g(T172)

v6i moi g € G. Do d6 z122 € Z(G) nén Z(G) 1a subgroup.

O Exercise (Bai 49)

Cho vi du vé nhém v6 han ma moi nhém con khong tam thudng cia né déu vo han.
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Vi du tap Z va phép cong s6 nguyén. Khi d6 moi nhém con ctia Z c¢6 dang nZ véi n € Z. Vi du
e 27 ={---,—4,-2,0,2,4,---} v6i phan ti sinh 1a 2;

e nZ={--,-2n,-n,0,n,2n, -} v6i phan tit sinh 1a n.

O Exercise (Bai 54)

Cho H 1a subgroup cta G va
CH)={9eG:gh=hgVhecH}

Chiing minh ring C(H) 1a subgroup ctia G. Subgroup nay dudc goi la centralizer ciia H trong G.

Goi g1 va go thudoe C(H). Khi d6 g1h = hgy va goh = hgy v6i moi h € H.

Xét phan tit g1g2, v6i moi h € H ta co

(9192)h = g1(g2h) = g1(hg2) = (91h)g2 = (hg1)g2 = h(g192).
Nhu vay gi1g2 € C(H), tit d6 C(H) 1a subgroup cia G

Chuong 5. Permutation Groups

O Exercise (Bai 13)

Piat o = o1---0,, €5, 14 tich clia cac cycle doc 1ap. Chiing minh ring order ciia o 14 LCM ciia do dai
cac cycle o1, ,0u,.

Dit I; 1a do dai cycle o; (i = 1,---m). Khi do o¥" s& & dang cac cycle do dai 1 (k; € Z).

Tt do, 0! = ol -0l = (1)---(n) néu l = kily = - kyply,. SO I nhd nhit thda man didu kien nay la

lem(ly, -+, 1) (dpcm).

O Exercise (Bai 23)

Néu o 1a chu trinh véi do dai 18, chitng minh ring o2 cfing la chu trinh.

Gid st o = (91,92, " »gn—-1,9n) Vi n 1é.
Khi do

02 = (glag?n"' y9n> 92,94, " agn—l)

ciing la chu trinh.

O Exercise (Bai 30)

Cho 7 = (a1,as2, - ,ax) 1a chu trinh do dai k.
1. Chitng minh ring véi moi hoan vi o thi
oTo ! = (0((11), 0’((12), t ’U(ak))

14 chu trinh do dai k.
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2. Goi u la chu trinh do dai k. Chitng minh ring ton tai hoan vi o sao cho o7o~! = p.

Pé chiing minh hai ménh dé trén ta can cha ¥ mot sé diéu.

1. Ta thay ring bat ki phan tit nao khac ay,as, - - ,ay thi khi qua 7 khong ddi, do d6 khi di qua oro~!
thi chi di qua co~! va ciing khong ddi. Néi cach khac cac phan tit ai,as, - ,a, vAn nim trong chu
trinh nén ta c6 dpcm.

2. Tu cau (a), voi g = (b1, ba,- -+ ,bx) thi ta chon o sao cho b; = o(a;).

Chuong 6. Cosets

O Exercise (Bai 11)

Goi H la subgroup ctia nhom G va gia st g1, g2 € G. Ching minh cdc ménh dé sau 13 tuong duong:
1. gnH = g2 H

2. Hgy' = Hgy'

3. g1 H C goH

4. go € g1 H

5

.gfngEH

Tu (1) ra (2): Ta da biét cac coset 1a rdi nhau hoac trung nhau, do d6 véi moi g1h € g1 H, ton tai goh’ € go H
ma g1h = golt', suy ra (g1h) ' = (g2h/) " hay h=lg; ' = h"'g; " (dpem).

Tit (1) ra (3): Hién nhién.

Tit (1) ra (4): V6i moi g1h € g1 H, ton tai goh' € goH sao cho g1h = goh', hay g2 = g1hh/~1, dat h” = hh/~1
thi h” € H (H la nhom con) nén g1h” € g1 H, suy ra g2 € g1 H.

Tit (1) ra (5): Tuong tu, ta co g1h = goh/, suy ra hh/~" = g7 tg, € H.

O Exercise (Bai 16)

Néu ghg~! € H v6i moi g € G va h € H, chiitng minh ring right coset tring véi left coset.

Do ghg™' € H nén ton tai h’ € H sao cho ghg~! = h/. Tuong duong gh = h'g véi moi h € H nén gH = Hyg.
Diéu nay dang v6i moi g € G nén cac right coset tring left coset.

O Exercise (Bai 17)

Gia st [G : H] = 2. Chiing minh réng néu a, b khong thuoc H thi ab € H.

Ta biét ring 2 coset tng véi 2 phan ti g1, go bat ki 13 trimg nhau hodc r&i nhau.
Do d6 v6i eH = H, ta suy ra 2 coset cia G 1a H va G\ H.

Via,b & H nén coset clia chiing triing nhau. Va nghich ddo clia a ciing nim trong G \ H vi néu nghich dao
clia @ nam trong H thi a cling phai ndm trong H.

Tt d6 suy ra a ' H = bH, nghia la ton tai hai phan t& hi,he € H sao cho a~'h; = bhs, tuong duong
hihy' = ab € H (dpcm).
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O Exercise (Bai 21)

Goi G la cyclic group véi order n. Chiing minh réng c6 dtng ¢(n) phan tit sinh cia G.

Goi g 1a mot phan tit sinh ctia G. Khi @6 g sinh ra tat cd phan ti trong G, hay néi cich khéac cac phan ti
trong G ¢6 dang g' v6i 0 < i < n.

Nhu vay mot phan ti& A = ¢* ciing 14 phan tit sinh ctia G khi va chf khi ged(i,n) = 1 va c6 ¢(n) s6 i nhu
vay (dpcm).

Chuaong 9. Isomorphism

O Exercise (Bai 18)

Chiitng minh ring subgroup ctia Q* gdm céac phan tit c6 dang 23" véi m, n € Z la internal direct product
t61 Z X 7

Xét anh xa ¢ : Q* = Z X Z, ¢(2™3™) = (m,n).

Ham nay 1a well-defined vi véi m ¢6 dinh thi mdi phan tit 2m3™ chi cho ra mot phan tit (m,n). Tuong tu
véi ¢6 dinh n.

Ham nay 1a don anh (one-to-one) vi v6i mq = mg va ny = ng thi 213" = 22372,
Ham nay cfing 1a toan dnh vi véi mdi cip (m,n) ta déu tinh duge 2m3".
Vay ham ¢ la song anh.
Thém nira,
p(ZMgM - 2mag") = gz
= (m1 +mg,n1 +n2) = (m1,n1) + (M2, n2)

— (278" (27237,

Vay ¢ 1a homomorphism, va la song 4nh nén la isomorphism.

O Exercise (Bai 20)

Chitng minh hodic bac bd: moi nhém Abel c6 order chia hét béi 3 chita mot subgroup c6 order 1a 3.

Goi order ciia nhom Abel 14 n = 3k, va g 1a phan tit sinh ctia nhém Abel d6. Nhu vay ¢" = ¢°F = e.

Néu ta chon h = g* thi h® = e, khi d6 subgroup dugc sinh bdi h cé order 3 (dpcm).

O Exercise (Bai 21)

Chitng minh hodc bac bo: moi nhém khong phai Abel c6 order chia hét béi 6 chita mot subgroup c6 order
6.

Vi Sz ¢6 order 1a 6 nhung khong ¢6 nhém con nao order 6 (nhém con chi ¢6 order 1, 2 hodc 3) (bac bo).
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O Exercise (Bai 22)

Goi G la group véi order 20. Néu G c6 cac subgroup H va K v6i order 4 va 5 ma hk = kh v6i moi h € H
va k € K, chitng minh ring

Ta chiing minh H N K = {e}. Gia sit ton tai phan tit m € HN K, khi d6 do m € H nén mk = km v6i moi
k € K. Tuy nhién m € K do d6 diéu nay xay ra khi va chf khi m = e.

Nhu vay H N K = {e}.

Chuong 11. Homomorphism

O Exercise (Bai 1)
Chiing minh ring

det(AB) = det(A) det(B)

voi A, B € GL2(R). Diéu nay ching t6 rang dinh thic 1a homomorphism tit GL2(R) t6i R*.

Pt A— (1 @2 g (0 b gl g0
ag21 Qa29 b21 b22

AB — a11b11 + a12bo1  a11b12 + ai2bao
a21b11 + a22b21  a21b12 + az2bas

Nhu vay ta co
det(AB) =(a11b11 + a12b21)(a21b12 + ag2baz)
*(allbu + a12b22)(a21b11 + 11221721)

=a13051b17012 + a11a22b11b22 + a12a21b12b21 + a1307Tbe1boo.
—a 11012 — a11a22b12b21 — @12a21011b22 — aza27bo1bao.

Tuong tu,
det(A) det(B) =(a11a22 — a12a21)(b11b22 — b12b21)

=a11022b11b22 — a11a22b12b21

—a12021b11b22 + a12a21b12b21.

Nhu vay det(AB) = det(A) det(B) va do d6 anh xa det tit GLy(R) t6i R* 14 homomorphism.

O Exercise (Bai 4)

Xét ¢ : Z — 7Z cho béi ¢(n) = Tn. Chiing minh rang ¢ la homomorphism. Tim hat nhan va &nh cta ¢.

Ta c6
$(a+b) = T(a+1b) = Ta+7b= (a) + $(b)

v6i moi a,b € Z. Do d6 ¢ 1a homomorphism.

Hat nhéan ctia ¢ 1a tap hgp céc s6 n dé ¢(n) = 0, hay 7n = 0. Nhu vay n = 0 nén ker ¢ = {0}.
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Anh cha ¢ latap {...,—2-7,—7,0,7,2-7,...}.

O Exercise (Bai 8)

Néu G 13 nhém Abel va n € N, chitng minh ring ¢ : G — G xac dinh bdi g — g™ 1 homomorphism.

Vé6i moi g, h € G thi ¢(gh) = (gh)™. Do G 1a nhom Abel nén ta c¢6 (gh)™ = g"h"™ = ¢(g)¢(h). Nhu vay ¢ la
dong cau nhom.

O Exercise (Bai 9)

Néu ¢ : G — H 1a homomorphism va G 1a nhém Abel, chitng minh ring ¢(G) ciling 1& nhém Abel.

). Do G la nhém Abel nén gh = hg v6i moi

Véi moi g, h € G, do ¢ 1a homomorphism nén ¢(gh) = ¢(g)p(h
= ¢(h)p(g) nén ¢(G) cang la nhom Abel.

(9
g,h € G, suy ra ¢(gh) = ¢(hg). Tuong duong vé6i ¢(g)d(h)

O Exercise (Bai 10)

Néu ¢ : G — H 1a homomorphism va G 1a nhém cyclic, chitng minh réng ¢(G) ciing 1a nhém cyclic.

Tuong tu cau 9.

O Exercise (Bai 20)

Cho homomorphism ¢ : G — H va dinh nghia quan hé ~ trén G theo quy téc a,b € G ¢6 quan he véi
nhau néu ¢(a) = ¢(b) va ki hieu 1a a ~ b. Chitng minh day 14 quan hé¢ tuong duong va mo ta céch xay
dyng céc 16p tuong duong.

Do ¢ la 4nh xa nén ¢(a) = ¢(a) véi moi a € G, suy ra ~ c6 tinh phan xa.
Néu a ~ b thi ¢(a) = ¢(b). Tuong duong véi ¢(b) = ¢(a) nén b ~ a. Nhu vay quan he trén c6 tinh ddi xing.

Néu a ~ b thi ¢(a) = ¢(b), va néu b ~ ¢ thi ¢(b) = ¢(c). Suy ra ¢(a) = ¢(b) = ¢(c) nén a ~ c¢. Nhu vay
quan hé co6 tinh bic cau.

Két luan: quan hé ~ xac dinh nhu trén 1a quan hé tuong duong.

bé xay dung cac 16p tuong duwong, dat I = {iy,is,...,4,} & 4nh cia homomorphism ¢. Ro rang I C H.
Khi do6 cac 16p tuong duong tng véi cdc phan ti iq, 49, . . ., im, hay

ij={geCG:9(g)=i;}, 1<i<m.

4.1.2 Kypc Bbicluen matematukn: Teopusi BEPOAATHOCTEWN

Lsi giai cho quyén sach [40]. Pay 1a quyén minh duge hoc trén trudng.

Xac subt khéng lién tuc

Bai 1. C6 10 doi duge chia ngdu nhién lam hai nhém. Tinh xac xuit dé hai doi manh nhéit vao hai nhom
khac nhau? ... cting mot nhém? ... ciing vao nhém thit nhat?

Giai.
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1. Mot doi manh co 021 cach chon, doi con lai s& vao nhom con lai. Tiép theo, chon 4 d6i cho nhéom dau
- - = 5
c6 C§ cach, 4 doi cho nhém con lai ¢6 Cf cach. Khong gian mau la CF - C2. Vay dap 4n 1a 9
2. Hai doi manh vao ciing mot nhém, c6 C3 cach. Chon 3 doi cho nhém doé co6 C3 cach. Nhom con lai s6
~ 4
c6 C2 cach. Khong gian mau 1a C3, - C2. Vay dap an la g
3. Hai doi manh déu vao nhém dau nén chi ¢6 1 céch chon. Chon 3 ddi con lai ctia nhém dau c6 C3 cach.
~ 2
Chon 5 ddi cho nhém con lai ¢c6 C? cach. Khong gian mau 1a Cj, - C2. Vay dap 4n la 9
Bai 2. Mot bo bai day di c6 52 1a. Lay ngdu nhién ra ba l4. Tinh xac suit dé ba 14 d6 1a 3, 7 va 4?7 Tinh
xéc suat dé ba 1a do duge lay theo thit ti trén?
Giai.
1. Khoéng gian miu la C3,. Lay mot trong bon con 3 ¢6 C} cach, tuong tu cho liy con 7 ¢6 C} cach va

) 4-4-4 16
lay con at c6 C} cach. Vay dap an 1a =

C3, 5525
2. Khong gian mau la Agz vi ¢6 xét thit ty. Céach chon ba la bai vAn nhu truéc. Vay dap an la
4-4-4 8
A3, 16575

Bai 3. Trén doan thing OA do dai L chon ngdu nhién hai diém B va C, diéu kién 1a C' nim bén phai so
v6i B. Tinh xéc suat dé do dai BC nhé hon d6 dai OB.

Giai.

o) B C A

00— O

Goi L 1a do dai doan OA. Dat z 14 dd dai OB va y 1a do dai BC'. Khi d6 céac dd dai nay phai thdéa mén cac
phuong trinh

y<ux

O<z+y<lL

z>0,y>0

Xac sut trén tuong tng biéu dién hinh hoc. Khi d6 xac sudt 1a ti 1é dién tich:

. L?
1. Khong gian mau la tam giac vudng nén dién tich 1a -

2. Ving giéi han béi cac duong thing y =0, y = x va x +y = L 1a tam giac véi dien tich 1a 5 =L

1
bap an: —.
ap an: 5
Bai 4. C6 10 bilet ndm trén ban giam thi duge danh s6 tir 1 t6i 10. Tinh xac suat dé cac sinh vién 13y bilet

theo tha tu tu 1 t6i 10.
Giai. Khong gian mau 1a 10! cach 1ay 10 bilet theo tit tu bat ki.

Dbé 1ay 10 bilet theo thit ti, chi c6 duy nhat mot cach lay lan lugt 1, 2, ...

1

10!°
Bai 5. Bén ngudi vao thang may & tang 1 clia toa nha 9 tang. Biét ring xac suat mdi ngudi rsi khoi thang
may 1a nhu nhau cho cac tang tir 2 t6i 9. Tinh xac suat dé: a) moi ngudsi rdi thang may & cac tang khac
nhau; b) moi ngusi rdi thang may cao hon tang 5; ¢) & tang 3 khong ai rdi thang may.

bap an:
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Giai. Khong gian mau 1a 8* vi mbi ngudi déu c6 8 cach chon ra cac tang tir 2 t6i 9.

. - . Al 105
a) Chon 4 tang ma mdi ngudi sé ra, c6 As cach vi thit tu ¢ thé khac nhau. DPap &n la 8—5 = 255
b) Tang cao hon 5 c6 4 phuong 4n 6, 7, 8, 9. Khi d6 mdi ngudi c6 4 cach chon nén bén ngusi co 4* cach
h Dap an 14 & L
chon. Pap an la — = —.
. ap 817 16
¢) Do khong ai r6i thang may tang 3 nén mdi ngudi c6 7 cach chon 1a 2, 4, 5, 6, 7, 8 va 9. Do d6 s6 céch
P 74 2401
h 1a bod udila 7. Pap anla — = ——.
chon ctia bén ngudi 1a ip dn 1a o = oo

Bai 6. Lay ngdu nhién bon chit s6 va xép ching theo vi tri bat ki. Tinh xac suat dé thu dugc s6 ¢ 4 chit
$6?7 Tinh xac suat dé thu duge sb ¢6 4 chit s6 chia hét cho 57
Giai. Khong gian mau 1a 10* vi ¢6 10 chit s6 tit 0 t6i 9.

1. Pé tao thanh s6 c6 4 chit s6 thi chit s6 dau phai khac 0 nén c6 9 cach chon. Ba vi trf con lai méi vi trf

P 9
10 cach chon. Nhu vay sb cach chon 1a 9 - 102 nén dap &n la 10

2. Tuong tu, dé tao thanh sb c6 4 chit s6 thi chit s6 dau c6 9 cach chon. Vi tri cudi phai 14 0 hodc 5 dé
chia hét cho 5. Hai chit s6 ¢ giita tity y nén c6 10 cach. Nhu vay s6 cach chon 14 9 - 2 - 102, nén dap

dn la —.
50
Bai 7. 6 20 bilet exam trén ban gidm thi theo thi ty ngiu nhién. 10 sinh vién lan lugt boc bilet ngiu
nhién. Tinh xé4c sudt dé bilet s6 1 va 2 khong duge chon.
Giai. Khong gian mau 1a ALY do cic sinh vién boc 1an lugt nén sé co thit tu.
Bién c6 bilet s6 1 va 2 khong duge chon, nhu vay sé con 18 trudng hop va 10 sinh vién sé béc ngdu nhién 10
bilet trong nay. Do d6 c6 A cach.
AL 9
Pap an: —8 = —.
DA 410 = 38
Bai 8. Trong hop c¢6 6 qua bong trang, 4 qua bong den va 2 qua bong dé. Ly ngdu nhién 4 qua bong.
Tinh xac suit dé trong sé 4 qua do chi co6 béng den va bong dé.
Giai. C6 tat ca 6 +4 + 2 = 12 qua bong. Khong gian mau 1a Cf,.
Bong den va bong dé co tit cd 4 + 2 = 6 qua. Lay 4 trong s6 d6 co6 Cf cach.
cg 1
Pap an: —% = —.
Pamma = 53
Bai 9. C6 10 quyén sach, trong d6 c6 3 quyén mau dé, duge xép theo thit tu ngu nhién trén ké. Tinh xac
suat dé 3 quyén mau d6 nim lién ké nhau.
Giai. Khong gian mau 1a 10!
Néu xem 3 quyén d6 la cting mot khéi thi lic nay trén ké co 8 quyén. S6 cach chon 1a 8!. Bén trong khoi
d6, 3 quyén mau d6 c6 thé xép theo thit tir bat ki nén c6 3! hoan vi. Nhu vay tdng sé cach xép la 8! - 3!
8! 3! 1
bap énla ——— = —.
AR T 18
Bai 10. Gieo ba con stic sic. Tinh x4c suét cac bién cb: A - céc stic sdc cho cac sé khac nhau; B - céc siic
sic ra cling s6.
Giai. Khong gian mau 1a 63.
_Ag 5

1. Céc stic sac cho s6 khac nhau nén c6 A3 cach chon vi ¢6 tinh hoan vi. Dap an la P(4) = B0
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. . 6 1
2. Cac sic sic ra cung s6 c6 6 truong hop. Pap an 1la P(B) = &= 3%

Bai 11. Trong ti c6 5 ddi tat. Ly ngiu nhién 2 chiéc tat. Tinh xéac sudt dé 2 chiée tat do cing doi.
Giai. Khong gian mau C%,.
LAy 2 chiéc ciing doi nghia la lay mot trong 5 d6i. Vay c¢6 5 cach chon.

51
ci, 9
Bai 13. Trong nhém c6 4 nam va 4 nit dude chia thanh hai nhém nhoé, méi nhém 4 ngusi. Tinh xac suat
dé ¢ mdi nhém nhd c6 2 nam va 2 nit.

bap an:

Giai. Do c6 tat cd 8 ngudi nén dé chia thanh hai nhom nhé thi ta chon 4 ngudi cho nhém dau, c6 Cg cach.
Nhém thit hai c6 Cf cach. Tuy nhién c6 kha nang bi lap (chon A-B 16i C-D hoan toan giéng chon C-D roi
Ci-Cf
8 —% =35 cach.
2!
Tuong tu, ta chon 2 nam cho nhém dau thi c6 C% cach va cho nhém thit hai ¢6 C3 cach. Nhu vay c6 6 cach
chia 4 nam vao 2 nhém. Nit ciing vay, c6 6 cach. Theo bén trén, hai nhém nay c6 thé bi lip nén can phai

A-B). Do d6 khong gian mau can chia 2!, nén suy ra || =

. - 6-6
chia 2!, suy ra s6 cach chia méi nhém 2 nam 2 nit 1a T 18.

18
bap an: —.
ap dn: o
Bai 14. Bén trong hinh tron ban kinh R chon ngiu nhién mot diém. Tinh xac suat dé diém do6: a) nim
bén trong hinh vudéng noi tiép; b) ndm bén trong tam giac déu noi tiép.
Giai. Bai nay st dung x4c suat hinh hoc. Khi d6 khoéng gian mau la dién tich hinh tron ban kinh R, hay
Q] = TR2.
a) Bién c6 diém nim trong hinh vuong ndi tiép cé xac suat bang dién tich hinh vuéng chia dién tich hinh
tron. Hinh vudéng noi tiép dudng tron ban kinh R c¢6 dudng chéo bing 2R nén canh la Rv/2. Péap an
C2R2 2
a2 2
TR? 7
b) Tuong tr, tam giac noi tiép thi canh ndi tir tam téi dinh 13 R, bing 2R/3 do dai dudng cao nén suy ra
RV3-3R/2 3V3-R?
5 = 1 nén

duong cao 1a 3R/2, suy ra canh la R+/3. Dien tich tam giac noi tiép la

3V3

dap 4n la —.
Ap an la i

Bai 15. Trong mot ngay c6 hai chuyén tau cap cang dé dé hang. Chuyén tau thi nhit can 6 tiéng dé do
hang, trong khi chuyén tau thi hai can 8 tiéng. Hai chuyén tau dén cang khong phy thudc vao nhau. Tinh
xéc suat dé khong chuyén tau nao phai chd chuyén tau kia dé hang xong méi dude cap cang.

Giai. Goi x la thsi gian chuyén tau dau cap cang. Do mét 6 gis dé dé hang nén tau phai cap cang trude 18
gio. Nhu vay 0 <« < 18.

Tuong ty, goi y 1a thai gian chuyén tau thit hai cap cang, suy ra 0 < y < 16.
Dén day ta c6 hai truong hop:

1. Chuyén tau dau cap cang trudc. Khi d6 chuyén tau thit hai phai dén sau khi chuyén tau dau dé hang
xong. Do d6 y > x + 6.

2. Chuyén tau thi hai cap cang trude. Tuong tu, chuyén tau dau phai cap cang sau khi chuyén thi hai
dé hang xong. Do d6 x > y + 8.

Khoéng gian mau 1a dién tich hinh chit nhat giéi han béi x =0, z = 18, y = 0 va y = 16.
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Khoéng gian bién c¢6 ndm trong hinh gisi han bdi cic duong thdng z =0, 2 =18, y=0,y=16, 2+ 6=y
var—8=y.
25

DPap an: —.
Ap an =

Quy tic cong va nhan xac suat

Bai 1. Xac suidt bong dén hoat dong t6t trong khodng thdi gian xac dinh ctia mdi phan t& 14 0,8. Mot he
théng c6 ba phan tit nhu hinh. Tinh d6 hoat dong t6t trong mdi phan tii.

Giai. Nao vé hinh 16i gidi sau :)))
Bai 2. Trong hop c6 7 qua bong tring va 3 qua béng den. Lay ngdu nhién lan lugt ting qua dén khi lay

duge bong den. Tinh xéc suat dén khi diung lai 1ay duge 4 qua bong néu: a) 1ay c6 tra lai; b) 1ay khong tra
lai.

Giai. Khong gian mau gdm cac cach lay ra 4 qui boéng.

a) Khi lay c6 tra lai, ¢ mdi lan lay c¢6 10 cach chon nén khong gian mau [©2| = 10%. Theo dé bai, néu lay
6 tra lai 4 qua bong, 3 qua dau la bong trang va co 73 cach chon. Qua béng cudi mau den, c6 3 cach

1029

10000

b) Khi lay khong tra lai, khong gian mau 1a s6 cach 14y 4 qua béng tit 10 qua bong c6 thi tw nén
Q| = A;)‘O. 816 cach chon 4 qua sao cho 3 qua dau mau tring 1a A3, va qui cudi mau den 14 AL, Dap
A7 * A3 1

chon. Nhu vay c6 72 -3 cach chon. Pap an 1a

an la

Al TR

Bai 3. Trong mot bo domino c¢6 28 quan lay ngau nhién 7 quan. Tinh xac suat c6 it nhat mot quan co niat
6.

Giai. Goi A 1a bién cb it nhat mot quan c6 niat 6. Khi @6 A 1a bién cb khong c6 quan nao co nit 6.
Khéng gian mau 1la ATg.

Do A khong chita cic quan c6 nit 6 nén sé c6 28 — 7 = 21 quan (bd cac cip 0-6, 1-6, ..., 6-6).

- Al 323
PA)="2 ="
Suy ra P(4) = 77 = 3359
- 2966
Pép an: P(A)=1— P(A) = ——.
ip dn: P(A) ) = 389
Bai 4. Tung 4 cuc stc sdc. Tinh xac suit dé ching ra cac mat khac nhau.
Al 5
Giai. Pap an: (Tf =5

Bai 5. Trong hop c6 5 qua béng trang, 7 qud béng doé va 8 qua bong xanh. Liy ngdu nhién ra 2 qua. Tinh
xéc sudt dé hai qua doé ctng mau.

Giai. Goi A - bién c6 lay hai qua bong cliing mau.
Goi Ay, Ay, A3 1an lugt 14 bién cb lay hai qua boéng trang, hai qua boéng dé va hai qua béng xanh.
Khido A=A, UAyU As.
bap an:
C2+C3+C2 59
P(A) = P(A}) + P(Ay) + P(A3) = 5221108 09
Csyr1s 190

Bai 6. Hai cung thii bin tén dong thoi doc 1ap nhau. Xac suat mdi ngusi bin tring 1a 0,2. Tinh xac suit
dé chi mot ngusi ban trang.
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Giai. Chon mot trong hai ngudi bén tring, c6 2 cach.
Néu mot ngudi ban trang thi xac suit 1a 0,2. Ngudi con lai sé bin trugt véi xac suit 0, 8.
bap an: 2-0,2-0,8 =0, 32.

Bai 7. 20 doi bong tham gia gidi ddu. Trong giai dau co 4 giai thudng s& dudc trao cho 4 doi xuat sic nhat.
Gi4 st 20 ddi duge chia thanh 4 nhom duge danh s6, mdi nhom 5 doi. Tinh xéc sudt dé mdi nhém co6 mot
doi dat giai? Tinh xéac suat dé nhom dau khong c6 doi nao dat giai.

Giai. S6 céch chon 5 doi cho nhém dau la C5,, cho nhém tht hai 1a CP5, cho nhém thit ba 1a C§, va nhém
cubi 1a 055. Do ¢6 xét thi ty nhéom nén van tinh cic hoan vi. Ta suy ra

9 = C3y - CF5 - Cy - €5,

Trong 4 do6i dat gidi, chon mot doi cho vao nhém 1 thi c6 4 cach chon. Tiép theo chon 4 ddi trong 16 doi
khong dat gidi vao nhém 1 thi c6 Cfg cach. Tuong tu cho cdc nhom 2, 3, 4 nén dap 4n 1a
4-Cf-3-Cly-2-C5-1-Cf 125

P(A) = . _
) Gl CT, - Cly - O3 969

Néu nhém dau khong co doi nao dat gidi, chon 5 trong s6 16 doi khong dat giai thi co CPg cach. Lic nay
con lai 15 doi. Chon 5 doi cho nhém thit 2, 5 doi cho nhém thit 3 va 5 doi cho nhém thi 4 ¢6 C5 - CF, - C2
cach. Pap an cau (b) 1a

0P CF5-C - 03 91

03O0}y CF 323

P(B)

Bai 8. Trong hop dau c6 2 qua bong tring va 3 qud béng den, trong hop thi hai c6 1 tring va 2 xanh,
trong hop thit ba c6 3 tring va 1 d6. T mdi hop 1y ngAu nhién mot qua bong. Tinh x4c suét cic bién s6
sauw: A - { chi lay ra mot bong trdng }; B - { 1ay it nhat mot bong trang }; C - { 14y ra cac mau khéc nhau
1.
Giai. Khong gian mau la 2] =(2+3)-(14+2)- (34 1) = 60.
Dat Aq, A, A3 1an lugt 14 bién ¢d qua bong trang lay tit hop 1, 2 va 3. Khi dé6 A = A1 U Ay U Aj3.

e Néu qua bong trang lay tit hop 1 thi ¢6 2 cach chon. O hop thi hai va thi ba phai liy ra quéa khéc

mau trang nén c6 2 - 1 cach chon. Suy ra P(A;) = 2 '620. 1_ %

e Néu qua bong trang lay tit hop 2 thi ¢6 1 cach chon. O hop dau va hop thid ba phai 1y ra quéa khéc
mau trang nén c6 3 - 1 cach. Vay P(43) = ! .630' L %

e Néu qué bong tring 1ay tir hop 3 thi ¢6 3 cach chon. O hop dau va hop thi hai liy ra qua khac mau
trang c6 3 - 2 cach chon. Vay P(43) = 3 '630. 2 13—0

Nhu vay

1 1 3 5
P(A)*P(A1)+P(A2)+P(A3)*E+%+TO*ﬁ-

Do B la bién c6 lay it nhat mot bong tring nén B 1a bién ¢ khong 1ay ra bong tring nao. Khi d6 6 hop 1 ¢o

_ 3:-2-1 1
3 céach chon (den), hop 2 c¢6 2 cach chon (xanh) va hop 3 ¢6 1 céch chon (d6), suy ra P(B) = o0 = 10
_ 9
Nhu vay P(B) =1~ P(B) = 1.

Khi 14y ra ba qua béng khac mau nhau c6 cac trudng hop theo thit ty hop 1a:

e tring-xanh-dé: c6 2-2 -1 cach chon
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o den-tring-dd: c6 3-1-1 cach chon

e den-xanh-tring: c¢6 3-2-3 cach chon

e den-xanh-dé: c6 3-2-1 cach chon
Nhu vay

~2-2-1+3-1-1+3-2-3+3-2-1 31
B 60 T 60

P(C)

Bai 9. Mot bo bai gom 36 14. LAy ngdu nhién hai 1a. Tinh xéac suat dé hai 14 d6 c6 mau dé.
Giai. Khong gian mau |Q| = C3;.
Léy hai trong 36/2 = 18 14 dd c6 C%g céch.
2
bap an: g;zz = %
Bai 10. Trong thung c6 3 béong dén héng va 7 béng dén t6t. Lay ngdu nhién cic bong lan lugt dén khi lay
duge 2 bong tot thi dimng. Tinh xac suat dé liy mot nita s6 bong deén.
Giai. Khong gian mau la AJ,.

Trong s6 boén bong dén dau sé c6 mot bong t6t va 3 bong héng. Bong dén thi 5 sé 1a bong tét. Nhu vay
ta chon vi tri cho béng t6t trong 4 vi tri dau, c6 4 cach chon. Chon béng t6t cho vi tri d6 c6 7 cach chon.
Chon 3 béng héng cho 3 vi trf con lai ¢6 thi tu, c6 A3 cach.

Chon béng dén t6t cho vi tri thit 5 ¢6 6 cach chon.

4-7-A3-6 1

Pap an: = —.
A% 30

Quy tic céng va nhan xac suat (tiép theo)

Bai 1. Tu mot bo bai 1y ngdu nhién 1an lugt bén 14. Tinh xéac sudt dé tat ca cac la khac chat nhau? Tinh
x4c sult dé tat ca cac 1a khac sé nhau?

Giai. Bo bai ¢6 36 14 (bai Nga) nén c6 khong gian mau |Q| = Ai,.

Goi A 1a bién c6 tat ca cac 1a khac chat nhau.
e Chon chat cho 14 thtt nhat c6 4 cach chon. Chon 14 thit nhat ¢6 9 cach chon (trong chat do).
e Chon chat cho 14 thit hai c6 4 céch chon. Chon 14 thit hai c6 9 cach chon (trong chéat do).
e Tuong tu cho 14 tht ba va thi tu.

Nhu vay [Qa] = 4!- 9%

Pap an la P(A) = KE{T = %
Goi B 14 bién cb tat ca cac 14 co sb6 khéac nhau.
e Chon sb cho 14 thtt nhéat c6 9 cach chon. Chon chat cho 14 d6 c6 4 cach chon.
e Chon sb cho 14 thit hai c6 8 cach chon. Chon chét cho 14 do6 c6 4 cach chon.
e Tuong tu cho 14 thit ba va thit tu.
Nhu vay |Qp| = A§ - 4%.
98] 512

Dap 4n 1a P(B) = =22
ip énla P(B) = To7 = g5
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Bai 2. Trong 1o c¢6 10 qui boéng tennis, 7 qua méi va 3 qua da qua st dung. Liy ngdu nhién 2 qua tit rd
cho tran dau rdi tra lai. Téi tran dau thi hai ciing 14y ngdu nhién 2 qua. Tinh xac suit dé & tran thi hai
lay dudc 2 qui mdi.

Giai. Sau khi choi xong tran dau thi nhitng qua béng méi sé tré thanh béng da qua sit dung,.
Pit B la bién cb tran tht hai 1y duge 2 qua méi.

bat Ay, Ay va Az lan lugt 1a bién ¢6 tran dau liy duge 2 qua boéng méi, 1 méi 1 da qua s dung, va 2 qui
da qua st dung. Ba bién ¢b nay hop thanh bién c¢d day dua cho viéc 1ay 2 qua & tran dau.

Theo cong thic xac suat toan phan:

P(B) = P(A1)P(B|Ay) + P(A2) P(B|A;) + P(A3) P(B|As).

2

. < 7 < .

Néu ¢ tran dau lay 2 qua mdi, ta c6 P(4;) = g—g =15 Sau khi tran dau két thiic, sO bong méila7—2 =5
10

P , X A c: 2

va 80 bong da qua st dung 1a 3+ 2 =5 nén P(B|A4;) = TNk
10

£ o a X £ 2 Lot o 2 3~ 5 . C% : Cg:} 7 . . x Z

Néu ¢ tran dau lay 1 qud méi va 1 qua da qua st dung, ta c6 P(A43) = T Sau khi tran dau ket
10
thic, s6 bong méi 1a 6 va s6 bong da qua st dung 14 4 nén P(B|As) = TN
10

A 2, ~ X S 2 ~ 2, . 032 ]‘ . ~ X S - Es 2 Zyr

Néu 6 tran dau lay 2 qua da qua st dung thi P(As) = e T Sau khi tran dau két thac, s6 bong méi
10

= N N LA . ~ L3 = N A C’? 7

van 1a 7 va s6 bong da qua sit dung van 1a 3 nén P(B|A3) = —5- = —.
C{ 15
Pap an:
7T 2 7 1 1 7 196
PB)=— -4+—-4+—-—=—~=0,29.
(B) 15 9+15 3+15 15 675

Bai 3. Trén mdi canh may bay c6 2 dong co. Xac suat bi 16i clia mdi dong co trong mot chuyén bay 14 p.
Chuyén bay sé thanh cong néu  mdi canh c6 it nhat mot dong co hoat dong binh thudng. Tinh xic suit
chuyén bay thanh cong.

Giai. Goi A la bién ¢b6 & mot canh co6 it nhat mot dong co hoat dong, suy ra A 1a bién c¢6 khong dong co

nao hoat dong & cd mot canh.

Nhu vay P(A) = p? nén P(A) = 1 — p?. Ap dung cho hai bén canh (theo quy tic nhan) ta c6 dap an la

(1-p?)>*

Bai 4. Sinh vién biét 20 trong 30 cau héi. Pé qua bai thi can tra 15i dung 2 cau hdi bt budc hodc tra 1oi

ding 1 trong 2 cAu bit bude cong thém 1 cau hdi phu. Tinh x4c sudt dé sinh vién vugt qua bai thi?

Giai. O day can hiéu 1a sinh vién biét 20 cau trong sb6 30 cau, 10 cau kia 1a cau héi phu. Khi d6 c6 hai

truong hop:

. . p A?

Truong hgp 1 1a sinh vién tra 16i ding 2 ciu trong s6 20 ciu sinh vién biét nén xéc suat 1a A—go.
30

Trudng hop 2 la sinh vién tra 16i ding 1 trong 2 cau bat buoc (c6 A3 - 2 cach chon) va 1 cau héi phu (10

. A2,-2-10 . 2
cach chon) nén xac suat 1a QOT. Tong s6 cAu sinh vién tra 1oi la 3.
30
A2 A2,-2-10 152
Dap dn: 20 20 " _ 292
apam ot s 203
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4.1.3 An Introduction to Mathematical Cryptography
Loi gidi cho quyén sach [36] ctia Hoffstein.

Trong phan nay, bai giai minh sé viét tiéng Viet con dé bai 1a tiéng Anh (minh ludi nén chép lai tit sach :v).

Chapter 2. Discrete Logarithms and Diffie-Hellman

©® Exercise (Cau 2.3)

Let g be a primitive root of IFp,.

(a) Suppose that x = a and & = b are both integer solutions to the congruence g* = h (mod p). Prove
that @ = b (mod p — 1). Explain why this implies that the map (2.1) on page 64 is well-defined

(b) Prove that log,(hih2) = log,(h1) + log,(hz) for all hq, hy € Fy,
(c) Prove that log,(h") = nlog,(h) for all h € F;, and n € Z

Céc tinh chat co ban ctia ham Euler.
(a) C4 a and b 1a nghiem ctia dong du ¢® = h (mod p) nén ¢* = h (mod p) va g = h (mod p).
Suy ratacé g7 =h~! (mod p).
Ta nhan két qua véi dong du dau thi duge ¢g%g~" = hh™! =1 (mod p), hay ¢g°® =1 (mod p).
Do g 1a primitive root of F,, tén ta c6 ¢(p) | (a — b), tuong duong véi (p — 1) | (a — b).
Nhu vy a —b=0 (mod p— 1) hay a =b (mod p — 1) (dpcm).
(b) Gid st by = g™ (mod p) va he = ¢*2 (mod p).
Suy ra x; = logg hi va zq = logg hs (1).
Do hihy = g®*"*2 (mod p) nén x; + z2 = log, (hihz) (2).
Tir (1) va (2), log, h1 + log, ha = log, (h1ha).
(c) tuong tu (b).

O Exercise (Cau 2.5)

Let p be an odd prime and let g be a primitive root modulo p.

Prove that a has a square root modulo p if and only if its discrete logarithm log, (a) modulo p—1 is even.

Ta c6 g1 =1 (mod p) do g 1a primitive root modulo p.

Piéu kién dit. Néu a la s6 chinh phuong modulo p thi ton tai s6 b sao cho b = a? (mod p), suy ra
log,a = logg(b2) =2log,b (mod p —1),

nhu vay log, a chan.
Piéu kién can. Néu log, a modulo p — 1 chén.

bidu nay xay ra khi

log,a =2log, b (mod p—1)
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v6i s6 b € F,, nao do, suy ra
log, a = logg(bQ) (mod p — 1),

hay a = b? (mod p — 1).

Nhu vay a c6 cén bac hai modulo p — 1.

O Exercise (Cau 2.10)

The exercise describes a public key cryptosystem that requires Bob and Alice to exchange several
messages. We illustrate the system with an example.

Bob and Alice fix a publicly known prime p = 32611, and all of other numbers used are private.

Alice takes her message m = 11111, chooses a random exponent a = 3589, and sends the number u = m®

(mod p) = 15950 to Bob.
Bob chooses a random exponent b = 4037 and sends v = u® (mod p) = 15422 back to Alice.
Alice then computes w = 15619 = 27257 (mod 32611) and sends w = 27257 to Bob.

31883

Finally, Bob computes w (mod 32611) and recovers the value 11111 of Alice's message.

(a) Explain why this algorithm works. In particular, Alice uses the numbers a = 3589 and 15619 as
exponents. How are they related? Similarly, how are Bob's exponents b = 4037 and 31883 related?

(b) Formulate a general version of this cryptosystem, i.e., using variables, and show how it works in
general.

(c) What is the disadvantage of this cryptosystem over Elgamal? (Hint. How many times must Alice
and Bob exchange data?)

(d) Are there any advantages of this cryptosystem over Elgamal? In particular, can Eve break it if
she can solve the discrete logarithm problem? Can Eve break it if she can solve the Diffie-Hellman

problem?
(a) Ta co
3589 - 15619 = 4073 - 31883 =1 (mod p —1).
(b) Alice chon a va a’ sao cho aa’ =1 (mod p — 1).

Tuong tu, Bob chon b va b’ sao cho b0’ =1 (mod p — 1).
Dodotacoaa’ =k(p—1)+1vabd =Il(p—1)+1.

sv=u"=m"’ =m® (mod p)
=w=0v" =M =2m*" (mod p)
= wb' — maa’bb’ = m[k(p71)+l]m[l(p71)+l] = mD(pfl)Jrl =m (Inod p).

©® Exercise (Cau 2.11)

The group S3 consists of the following six distinct elements

6,0’,0’277'70'7',0'27'
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where e is the identity element and multiplication is performed using the rules

Compute the following values in the group Ss:
(a) 1702

(b) 7(o7)

(c) (o7)(o7)

(d) (o7)(0%7)

Is S3 a commutative group?

(a)
10?2 =100 = 0’10 = 00T =0T =er =T
(b)

7(o7) = (10)T = 0%17 = 0?7? = 0%e = 0.

(o7)(o7) = 0(to)T = 0(0°T)T = 0°7° = ece =e.
(o7)(0%7) = (07)(10) = 0720 = oec = o°.

S]]Ag]\ ]/ g- ] 2 \1.

day 1a hai phan tit phan biét trong Ss.

©® Exercise (Cau 2.12)

Let G be a group, let d > 1 be an integer, and define a subset of G by
Gl ={geG:g"=¢}

(a) Prove that if ¢ is in G[d], then ¢! is in G[d]

(b) Suppose that G is commutative. Prove that is g1 and go are in G[d], then their product g % ga is
in G[d]

(c) Deduce that if G is commutative, then G[d] is a group.

(d) Show by an example that is G is not a commutative group, then G|[d] need not be a group. (Hint.
Use Exercise 2.11.)

(a) Vigxg~! =enén

g*e*g_l =e

=gxgxg txgt=c¢

=g’ * (g7 =e
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Thuyc hién thém d — 2 1an nita va ta nhan duge

gix (g7 =e
=ex(g ) =e
=(g7")?
=g ' € G[d]

=€

(b) Ta c6 gf = e and g¢ = e.
Do G 1a nhém hoan vi nén gf x g4 = (g1 % g2)%, suy ra (g1 x g2)? = exe =e.
Nhu vay g1 x g2 € G[d].

(¢) Tu cau (b), ta c6 v6i moi g1, g2 € G[d], thi g1 * g2 € G[d].
Do ¢ 1a phan t1t don vi cia G nén ciing 1a phan & don vi ctia G[d].
Tt cau (a) ta chitng minh duge sy ton tai ctia phan ti nghich déo.
Véi a,b, c € G[d] thi a? = b = c? = e.
Ta c6 b? x c? = (bx c)? do tinh giao hoan, suy ra

alx (0% c?) = a’x (bxc)? = (axbxc)?
= (axb)?xc? = (a® xb?) % .

Nhu vay ta ching minh duge tinh két hgp. Va tit d6 G[d] 14 nhom.

(d) St dung két qua cau 2.11

S3(2] = {r,07,0%,7,¢}.

(o7)T =07? =0 ¢ S3[2]

nén S3[2] khong la nhom.

O Exercise (Cau 2.13)

Let G and H be groups. A function ¢ : G — H is called a (group) homomorphism if it satisfies

P(g1 % g2) = ¢(g1) x ¢(g2) for all g1,92 € G
(Note that the product g; * g2 uses the group law in the group G, while the product ¢(g1) x ¢(g2) uses
the group law in the group H.)
(a) Let eg be the identity element of G, let ey be identity element of H, and the g € G. Prove that

$lec) =en  and  $(g7") = o(g)”"

(b) Let G be a commutative group. Prove that the map ¢ : G — G defined by ¢(g) = ¢? is
a homomorphism. Give an example of a noncommutative group for which this map is not a
homomorphism.

(c) Same question as (b) for the map ¢(g) = g~ 1.

(a) Véimoige Gthig=g*e=exg. Suyra
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¢(9) = d(g* ec) = dlea x 9)
= d(g) = ¢(g) * dlec) = dlea) * d(g)
Do ¢(g) € H, ¢(ec) 1a phan tit don vi ctia H, noi cach khéac 1a ¢(eq) = eq.
Trong nhém G, g% g~ = eg. Suy ra
$gxg7") = d(ec)
= ¢(g9) *d(g7") = ¢lec)
= d(g)xd(g™") =en

= dlg7) =)
(b) ¢: G — G, ¢(g) = g*. V6i moi g1, 92 € G, do G 1a nhém giao hoan nén
¢(g1% g2) = (91 x g2)* = g1 * g5
Ta c6 g7 * g5 = ¢(g1) * ¢(g2) nén d(g1 * g2) = ¢(g1) * ¢(g2). Nhuw vay G 1a homomorphism.
Xét nhom ¢ Cau 2.11 va anh xa ¢ : G — G, é(g) = ¢°.
Khi do

nén G khong 14 homomorphism.
() ¢:G =G, dlg)=g""
V6i moi g1,g2 € G thi glgl_1 =eva 9292_1 =e

Do d6 g1g; ' 9295 = e, ma G 1a nhom hoan vi nén (g1g2)(g; *g5 1) = e, tuong duong véi g7 Lg5 ' = (g192) "
Nhu vay

$(9192) = (9192) " = g1 "9z " = B(91)$(92)
Két luan: G 1a homomorphism.
Xét nhom ¢ Cau 2.11 va anh xa ¢ : G — G, ¢(g) = g~ L. Ta co
ool=e=c’c=¢, Tl =¢e, (0o1) =¢e, (0?1)%=c¢,
suy ra
$lor) =0T, (o) =0* G(r)=T
Vi ¢(07) = o7 # o1 = ¢(0)p(7) nén G khéong 14 homomorphism.

O Exercise (Cau 2.14)

Prove that each of the following maps is a group homomophism.

(a) The map ¢ : Z — Z/NZ that sends a € Z to a mod N in Z/NZ.

(b) The map ¢ : R* — GL2(R) defined by ¢(a) = (8 a91>'

(c) The discrete logarithm map log, : Fy, — Z/(p — 1)Z, where g is a primitive root modulo p.
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(a) V6i moi a,b € Z,
¢(ab) = (ab) (mod N)
mod N) (bmod N) (mod N)

Do d6 ¢ 1a homomorphism.

(b) V6i moi a,b € R* thi

Ta co

d(a)p(b) = (8 a 1)( bol ( —1b )

Trong R* ta c6 tinh chat (ab)~! = a=1b71, do d6 ¢(ab) = ¢(a)p(b). Suy ra ¢ 1a homomorphism.
(¢) Ta chon anh xa ¢(a) = z théa man ¢* = a (mod p).
Khi do, v6i moi a,b € F, ¢(a) = z, hay ¢* = a (mod p), va ¢(b) =y, hay g¥ =b (mod p).
Ta ¢6 ¢(a)p(b) =z +y via, y € Z/(p— 1)Z, day 1a phép cong trong modulo p — 1.
Ta lai co6 g*T¥ = ab (mod p), suy ra ¢(ab) = x +y. Nhu vay ¢(a)o(b) = ¢(ab) va ¢ 1a homomorphism.

©® Exercise (Cau 2.15)

(a) Prove that GLy(F)) is a group.
(b) Show that GLy(FF,) is a noncommutative group for every prime p.

)
)
(c) Describe GLoy (IFp) completely. That is, list its elements and describe the multiplication table.
(d) How many elements are there in the group GL2(F,)?

)

(e) How many elements are there in the group GL,, (F,)?

(a) Néu A va B la hai ma tran thuoc GLy(F,) thi AB ciing thuoc GLy(F,) do det(AB) = det(A) - det(B)
khéc 0.
0 1
Vé6i moi A € GLy(F,), do det A # 0 nén ludn ton tai nghich dao ctia A trong GLa(F,).
Véi moi A, B,C € GLy(F,) ta déu c¢6 (AB)C = A(BC) vi phép nhan ma tran c6 tinh két hop.
Két luan: GL2(F,) la nhom.

Phan ti¢ don vi la E = <1 O).

Gidsitaco A= “2) yap= bii biz v6i A, B € GLy(F,).
ag21 a922 b21 b22

Phan tit ¢ hang 1 va cot 1 clia tich AB 1a (a11b11 + ai2ba1) (mod p).
Phan tit 6 hang 1 va cot 1 ctia tich BA 1a (bi1a11 + bigaz;) (mod p).
Néu ta chon aja # by 'as1by; (mod p) thi AB # BA, do d6 nhom khong c6 tinh giao hoan.

(c) Ta liet ké tAt cd ma tran:
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Bang phép nhan sé nhu sau:

(d) Hang dau u, 1a vector bat ki thuoc F2 ngoai trir (0,0). Do do ta co p* — 1 cach chon.

Hang thtt hai us 14 vector bat ki ngoai trit mot boi clia hang dau. Do do ta c6 p? — p cach (loai cac cach
chon i -uy v6ii=0,1,...,p—1).

Két luan: 6 (p? — 1)(p* — p) phan ti trong GLo(F,).
(e) Tuong tu (d), ta chon hang dau wu; la bat ki vector nao ngoai tit (0,0). Ta c6 p"™ — 1 cach chon.

Hang thtt hai up 1a bat ki vector nao ngoai trit boi ctia hang dau, nghia la loai cac t6 hgp i - u; véi
1=0,1,...,p—1. Ta cé p™ — p céach chon.

Hang thit ba us 1a bat ki vector nao ngoai trit cac t6 hgp tuyén tinh clia w; va us. S6 luong t6 hop tuyén
tinh aj - w1 + ag - us chinh 14 s6 lugng cip (ai,az2) va ta c6 p? trudng hop (vi ai,as € Fp). Nhu vay hang
thtt ba c6 p™ — p? cach chon.

Téng quét, vector thit n (hang thit n) 14 bat ki vector nao ngoai trit td hop tuyén tinh clia cac vector trude
d6 uq, uo, ..., up_1. Nhut vay ta c6 p” — p" ! cach chon.

Két luan: co tat ca (p" — 1)(p™ —p) -+ (p" — p"~') phan ti trong GL,(F,).

©® Exercise (Cau 2.18)

Solve each of the following simultaneous systems of congruences (or explain why no solutions exists).
(a) x =3 (mod 7) and x =4 (mod 9)
(b) z =137 (mod 423) and = = 87 (mod 191)
(d) =5 (mod 9), x =6 (mod 10) and z =7 (mod 11)
(e) =37 (mod 43), z = 22 (mod 49) and = = 18 (mod 71)

(a) IN=7-9=63,dat Ty =63/7=9,T; " mod 7 =4, Ty =63/9 =17, T, ' mod 9 = 4.
=2=3-9-44+4-7-4=220=31 (mod 63)

(b) Vi N = 423 -191 = 90793, dat Ty = N /423 = 191, T, ' mod 423 = 392, To = N/191 = 423,
Ty ' mod 191 = 14.

= 2 =137-191-392 + 87423 - 14 = 27209 (mod N)
(c) Khong thé tinh vi ged(451,697) = 41 # 1.

(d) VIN =9-10-11 = 990, dat T3 = N/9 = 110, T; ' mod 9 = 5, T, = N/10 = 99, T, * mod 10 = 9,
T3 =N/11 =90, Ty * mod 11 =6
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=2=5-110-5+6-99-94+7-90-6 =986 (mod N)

(e) Vi N = 43 .49 .71 = 149597, dat Ty = N/43 = 3479, T; ' mod 43 = 32, Ty = N/49 = 3053,
T, ' mod 49 = 36, T5 = N /71 = 2107, T; ' mod 71 = 37

= 1 =37-3479-32+22-3053-36 + 18 - 2107 -37 = 11733 (mod N)

O Exercise (Cau 2.19)

Solve the 1700-year-old Chinese remainder problem from the Sun Tzu Suan Ching stated on page 84.

x=2 (mod 3)
x=3 (modb)
x=2 (modT7)

Pap an: x =23 (mod 105).

O Exercise (Cau 2.21.)

(a) Let a,b,c be positive integers and suppose that
ale, ble, and ged(a,b) =1
Prove that ab | ¢

(b) Let = ¢ and = = ¢’ be two solutions to the system of simultaneous congruences in the Chinese
remainder theorem. Prove that

c=c  (mod myima...my)

(a) Do a | ¢ nén ton tai k € Z sao cho ¢ = ka.
Do b | ¢ nén ton tai | € Z sao cho ¢ = Ib.
Nhu vay ka = [b.
Tuy nhién do ged(a,b) =1 nén a |, hay Il = ma véim € Z
Nhu vay ¢ = Ib = lma, hay ab | c.

(b) Néu ¢ = (= a;) (mod m); thi ¢ =¢ (mod myms---my).

O Exercise (Cau 2.24)

Let p be an odd prime, let a be an integer that is not divisible by p, and let b is a square root of @ modulo
p. This exercise investigates the square root of a modulo powers of p

(a) Prove that for some choise of k, the number b+ kp is a square root of a modulo p?, i.e., (b+kp)? = a
(mod p?)

(b) The number b = 537 is a square root of @ = 476 modulo the prime p = 1291. Use the idea in (a) to
compute a square root of 476 modulo p?

(¢) Suppose that b is a square root of @ modulo p™. Prove that for some choice of j, the number b+ jp™
is a square root of a modulo p™*!
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(d) Explain why (c) implies the following statements: If p is an odd prime and if a has a square root
modulo p, then a has a square root modulo p™ for every power of p. Is this true if p = 27

(e) Use the method in (c) to compute the square root of 3 modulo 133, given that 9% = 3 (mod 13)

(a) Dat f(b,) = b2 —a (mod p™) véi by =b. Suy ra f(by) =b>—a =0 (mod p).
Ta can tim by thda f(by) = b3 —a =0 (mod p?).
No6i cach khac, bs = by + kp nén suy ra

f(by +kp) = (b1 + kp)* — a = b} + 2b1kp + (kp)> —a=0 (mod p?)
Tuong duong véi
201k = —(bf —a)/p (mod p?),

vib? —a=0 (mod p).
Do 2b; # 0 (mod p?) nén ton tai k théa man ding thiec.

(b) Ta c6 cong thic

kE=—b%—a)/px(2b)"" (mod p?)
(c¢) Ta chitng minh theo quy nap véi moi n > 1, ton tai b, € Z sao cho

f(by) =02 —a=0 (mod p")
b, =b (mod p"™)

Truong hop n = 1 1a diéu kién ban dau vé6i by = b. Gia st ménh dé dang t6i n, nghia la:

f(ba) =¥, —a (mod p")
b, =0 (mod p")
X6t brsa
f(bng1) = by —a=0 (mod p"*).
Ta viét b1 = by + p™tp.

= f(bpy1) = b2 + 20,0 "ty +p*"t2 —a =0 (mod p"T1)
= b2 +2b,p"t, —a=0 (mod p" ™) (vi2n =n+1)
= 2b,t, = —(b2 —a)/p™ (mod p" ) tir (2)

Nghiém ¢,, ton tai vi ta da gid sit 2b, =0 (mod p™). Nhu vay
f(bpi1) =0 (mod p"™), va b, 1 =b, (mod p").
Chtng minh nay diing cho b + jp™ modulo p”, khéng phai cho p™t?!.
(d) St dung quy nap. Dic biét, néu p = 2 thi moi s6 nguyén déu thda.

O Exercise (Cau 2.31)
Let R and S be rings. A functions ¢ : R — S is called a (ring) homomorphism if it satisfies
p(a+0b) =¢(a) + ¢(b) and @(axb) = ¢(a)* ¢(b)

for all a,b € R.
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(a) Let Og, Og, 1z and 1g denote the additive and multiplicative identities of R and S, respectively.
Prove that

$(0r) = Os, ¢(1r) = 1s, p(—a) = —¢(a), p(a™") = ¢(a) "
where the last equality holds for those a € R that have a multiplicative inverse.

(b) Let p be a prime, and let R be a ring with the property that pa = 0 for every a € R. (Here pa
means to add a to itself p times.) Prove that the map

¢:R— R, ¢(a)=2d

is a ring homomorphism. It is called the Frobenius homomorphism.

Diéu kien dé bai 1a ¢(a + b) = ¢(a) + ¢(b) va ¢(axb) = ¢(a) x ¢(b) v6i moi a,b € R.
(a) Trong R, v6i moi a € R ta co
a+0r =0r+a=a.

Suy ra
¢(a) = ¢(a+0r) = ¢(0r + a),
hay
¢(a) = ¢(a) + ¢(0r) = H(0r) + ¢(a).
Pt ¢(a) = b € S. Khi d6
b=b+¢(0r) = ¢(0r) +b

nén suy ra ¢(0g) = Og.

Trong R, v6i moi a € R thi
axlp=1g*a=a.
Khi d6
p(ax1r) = ¢(1r xa) = ¢(a)
nén suy ra
¢(a) * p(1r) = ¢(1r) * ¢(a) = ¢(a),

hay ¢(1x) = 1s.
Véi ¢(—a) = —¢p(a), trong R ta co

suy ra

tuong duong véi

¢(a) + ¢(—a) = ¢(—a) + ¢(a) = ¢(0r) = Os.
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Nhu vay ¢(—a) = —¢(a).
Véi p(a=t) = ¢(a)7t, trong R ta co

suy ra

tuong duong véi
¢(a) x p(a™") = d(a™") x ¢(a) = ¢(1r) = Ls.
Nhu vay ¢(a=!) = ¢(a) .

(b) Anh xa ¢ : R — R cho bdi ¢(a) = a?, suy ra

dla+b) = (a+b)P = ;0 (f)aibp—l.

Vip| (f) (p 14 s6 nguyén t6) nén suy ra véi moi 1 < < p—1, ta co (f) =0 (do pa = 0).

¢pla+0b) =al + b7 = ¢(a) +¢(b) (1)
= ¢(ab) = (ab)p = aPb? = p(a)p(b) (2)
T (1) va (2) ta thu duge ring homomorphism.

O Exercise (Cau 2.32)

Prove Proposition 2.41

Via; = as (mod m) nén m | (a1 — az).
No6i cach khéc 1a ton tai k € R sao cho a1 — ay = k*m.
Tuong ti, ton tai | € R sao cho by — by =l xm.
Tu do

ai —as +by — by = (k:—i—l)*m
tuong duong véi

m | (a1 + b — (CLQ +b2)),
hay
a1+ by =as+ by (mod m).

Tuong tu cho a1 — by = as — by (mod m).
Déi vé6i phép nhan, do

a1 =as+kxm
by =by+1lxm
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ta co

a; x by = (ag + k*m)(ba + 1 *m)

:ag*bg+a2*l*m+k*b2*m+k*l*m2,
suy ra m | (a1 * by — ag * by) hay noéi cach khac 1a

a3y xby = ag xby  (mod m).

O Exercise (Cau 2.33)

Prove Proposition 2.43

Theo Cau 2.32, néu ta c6 @’ € a thi tuong duong a’ = a (mod m).
Tuong tu, néu ta c6 b’ € b thi tuong duong b’ = b (mod m).
Nhu vay, theo Cau 2.32 thi

a+b =a+b (modm), a*b =axb (modm)
Noi cach khac
ad+becat+b va o *b caxb,
néi cach khac phép tinh cong va nhan dong trén R (closed).

Vé6i moi a € R ta co

a+0=a+0=a=0+a=0+a

Nhu vay phan t trung hoa ctia phép cong 1a 0.
Véi moi a € R thi

a+m-a=a+m—-a=0=m—a-+a,

suy ra m — a la phan t déi ctia phan tit a trong phép cong.

Phép cong trong modulo ciing c6 tinh két hgp

a+(b+c)=a+b+c=a+bt+c=a+b+c=(a+b)+c

Vé6i moi a,b € R

a+b=a+b=bta=0b+a

nén phép cong modulo cé tinh giao hoén.

Viax1=a (mod m) véi moi a € R nén

axl=axl=a=1xa=1x%a.

Suy ra phan t don vi ctia phép nhan 1a 1.
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V6i moi a,b,c € R ta c6 a(bc) = (ab)e (mod m). Suy ra tinh két hop ctia phép nhan

ta c6 tinh giao hoan ctia phép nhan.

Tinh phan phéi gitta phép nhan va phép cong:

ax(b+c)=axb+c=alb+c)=abt+ac=ab+ac=axb-+axc.

Nhu vay, R/(m) 1a vanh (cu thé vita 1a vanh v6i don vi vita 1a vanh giao hoan).

O Exercise (Cau 2.34)

Let IF be a field and let a and b be nonzero polynomials in F|x]
(a) Prove that deg(a-b) = deg(a) + deg(b)

(b) Prove that a has a multiplicative inverse in F[z] if and only if O is in F, i.e., if and only if O is a

constant polynomial

(c) Prove that every nonzero element of F[z] can be factored into a product of irreducible polynomials.

(Hint. Use (a), (b) and induction on the degree of the polynomial.)

(d) Let R be ring Z/6Z. Give an example to show that (a) is false for some polynomials a and b in

RJx].

(a) bat
a=apz" +an_ 12"+ + a1z + ag,
v6i a; € F va deg(a) = n.
bat
b=0bpx™ +by_12™ 4 4 bz + by,
v6i b; € F va deg(b) = m.
Hang tt v6i bac cao nhét trong phép nhan a-b 1a 2", do do
deg(a-b) = n +m = deg(a) + deg(b).
(b) Véi
a=ap,z" +an_12" 1+ + a1z +ap
Gié st a ¢6 nghich déo trong Flz] 1a da thic

b = bpz™ + b1 2™+ -+ bz + b

ab = zn:aixi zm:bjxj = z": iaibjmi“ =1.
i=0 3=0

i=0 j=0

Dong nhat he s6 ta c6 agbg = 1, céc tich khac bing 0. Nhu vay a la da thitc hing.
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(d) a=22>+3z+1,b=3x+2.

Trong Z/6Z cac hé s6 duge modulo cho 6 va ta co
ab=2%+3z+2

Nhu vay deg(ab) = 2 < 3 = deg(a) + deg(b)

O Exercise (Cau 2.37)

Prove that the polynomial 2% + 2 + 1 is irreducible in Fy[z]

Néu f(z) = 2% + x + 1 ¢6 nhan ti nao khac 1 va chinh né thi da thic dé phai c6 bac nhé hon 3.

Cac da thic nhu vay trong Foz] 1a
0,z+1,2% 22+ 1,22 +z, 22+ + 1,z

Tuy nhién f(x) khong chia hét cho bat ki da thitc nao ké trén nén f(z) 1a da thitc t6i gidn.

O Exercise (Cau 2.39)

The field F;[x]/(z% + 1) is a field with 49 elements, which for the moment we donote by Fyg

Using example 2.58, every element in F7[z]/(z% + 1) has form f(z) = a + bz, so in Fug it has form a + bi
(here i%2 = —1)

(a) Is 2+ 5z is a primitive root in F49? No because (2 + 5z)% = 1
(b) Is 2+ z is a primitive root in Fq9? Yes

(c) Is 1+ x is a primitive root in Fy9? No because (1 + z)%* =1

Chapter 3. Integer Factorization and RSA

O Exercise (Cau 3.4)

Euler's phi function ¢(N) is the function defined by

#(N) = [{0 < k < N : ged(k, N) = 1}.

Chting minh dinh 1y Euler da c6 trong bai viét vé ham Euler.

O Exercise (Cau 3.5)

Properties of Euler's phi function

If p and ¢ are distinct primes, how is ¢(pq) related to ¢(p) and ¢(q)?

Chitng minh tinh chat nhan tinh ctia ham Euler da c6 & bai viét vé ham Euler.
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O Exercise (Cau 3.6)

Let N, ¢, and e be positive integers satisfying the conditions ged(V,c¢) = 1 and ged(e, ¢(N)) = 1.

Explain how to solve the congruence z° = ¢ (mod N) assuming that you know the value of ¢(N)

Vi ged(e, ¢(N)) =1, ta c6 thé tim s6 d € Z sao cho ed =1 (mod ¢(N)) véi thuat toan Euclid mé rong.
Khi d6 ed = k¢(N) + 1 véi k € Z.
Vi ged(N, ¢) = 1 nén ged(N, z) = 1, hay

Cd — (Jje)d _ QTEd _ xk¢(N)+1 — (l,lc)qb(N)a37

va ta da biét (zF)?V) =1 (mod N) tit Cau 3.4.
Nhu vay ¢? =z (mod N).

©® Exercise (Cau 3.11)

Alice chooses two large primes p and ¢ and she publishes N = pq. It is assumed that N is hard to factor.
Alice also chooses three random numbers g, r1, and 72 modulo N and computes

g1 = g’”l(p’l) (mod N) and g2 = g”(qfl) (mod N)

Her public key is the triple (N, g1, g2) and her private key is the pair of primes (p, q).

Now Bob wants to send the message m to Alice, where m is a number modulo N. He chooses two random
integers s; and ss modulo N and computes

1 =mgit (mod N) and ca =mgy*  (mod N)

Bob sends the ciphertext (c1,cs) to Alice.

Decryption is extreamly fast and essy. Alice uses the Chinese remainder theorem to solve the pair of
congruences

x=cy (mod p) and x=cy (mod q)

Prove that Alice's solution z is equal to Bob's plaintext m.

Ta co
c1 =myg;t (mod N)=mg;' (mod p)=m (mod p)

do gi' = (g7"™) " = 1 (anod p).
Tuong tu ta c6 ca = m (mod q).

Nghiém ctia hé dong du la
— / /
x =c19q + copp’  (mod N)
véipp’ +q¢' = 1.

= x=mpp +mqq =m(pp’ +q¢') =m (mod N)
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Ta c6
g = gD (mod N) = g1 (mod p) =1 (mod p).

Suy ra p = ged(gr — 1, N). Tuong tu, ¢ = ged(g2 — 1, N).
Nhu vay ta da khoi phuc lai private key.

©® Exercise (Cau 3.13)

Find z, y such that xe; + yes = 1 = ged(eq, e3).

=m=cicy =m*tY =m (mod N)

O Exercise (Cau 3.14.)

[Exercise]

Because 3, 11 and 17 are primes number, a = a® (mod 3), a = a'! (mod 11), a = a'” (mod 17). We have
system congruence

a=a®> (mod 3)

a=a (mod 11)

a=a'" (mod 17)

Consider that a® = a (mod 3), a®>” = a® =a (mod 3), - -, ¥ =a (mod 3). And 561 = 2-35+2-3342.32+31,

a®l'=a?-a?a’> a=ad=a (m0d3)

Similarly, a®®* = a (mod 11), a®®! = a (mod 17). From system congruence:

a®® =a (mod 3)
a®' =a (mod 11)
a® =a  (mod 17)

Using CRT, a°®! = (187-1-a+51-8-a+33-16-a) (mod 561) = a (mod 561)

Suppose that n is even (n > 4), we have
(n—1"1=(=1)"1=-1 (modn),

but a"~! =1 (mod n) for all a, which is contrary. So n must be odd.

Suppose that n = p{tps? - --pS (p; is odd prime). Because a?” " P=D =1 (mod p°) and a" ' =1 (mod n),
we have "1 =1 (mod p®).

=p L p—-1)| (n—1)=p* | (n—1), but p°~! | n, which is contrary if e > 2. Hence e must be 1.

Therefore n = p1ps - - - pr
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O Exercise (Cau 3.37)

[EXERCISE]

If a is quadratic residue, then a = b? (mod p)

=" = (1) = 1=1 (mod p)

If a®= =1 (mod p)

Let g be generator modulo p, then a = g™ (mod p)
1 (mod p)

If m is even = a = g?* (mod p) = o5 =

If m is odd = a = ¢?**! (mod p) = a7 = gD = grlgtr = gP £ ] (mod p), because p — 1 is
smallest number that g?~! =1 (mod p)

P

From (a) and (b) (7}) = (=1)">" (mod p), if p = 4k+1 = (=1)"= = (1)) =1 (mod p) \ If p = 4k +3 =
1

~1
p—1 P
(=1 = (=1)** = -1 (mod p)
©® Exercise (Cau 3.38)

Prove that the three parts of the quadratic reciprocity theorem are equivalent to the following three
concise formulas, where p and ¢ are odd primes.

With p=1 (mod 4) = (;1) =1=(-1)*" (mod p).

—1

Similarly with p =3 (mod 4) (%) =(-1)%s

First we need a lemma (Gauss lemma): suppose p is an odd prime, and a € Z, ged(a,p) = 1. Consider the
set

-1
a72a,3a,---7p a.
2
If s of those residues are greater than Z, then (%) = (—1)*
P
© Proof of lemma
Among smallest residues of a, 2a, 3a, ..., p%a, suppose that uy, ug, ..., ug are residues greater than g,

and vy, va, ..., vy are residues smaller than £.
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p—1

Because ged(ja,p) =1 for all j, where 1 < j < — all u;,v; # 0, then

We will prove that, the set

Ui, Vj € {1,2,--- ,p—l}.

{p_ulap_UQa"' sy P — Us, V1,02, " 7vt}

p—1

is a permutation of {1,2,---, %=}

It is clear that there are no 2 numbers u; or 2 numbers v; simultaneously congruent modulo p. Because

if ma = na (mod p) and ged(a,p) = 1, then m =n (mod p) and it is contrast with m,n < pT

Similarly, we see that there are no numbers p — u; congruent with v;, so

(=)= ua)+ (= worva-+- 0 = (251 (uod .

On the other hand, uy, us, ..., us, v1, Vo, ..., vy are smallest residues of a, 2a, 3a, ...,

p—1
2

, SO

o p—1
Uity ULy v = AT (p2>' (mod p).

Therefore

And because

then

and (¢) = (—1)* (mod p).

a
p

Return to problem: using theorem above, we need to find the number of residues, which are greater than

b
2

among 1-2,2-2, -+, 7’2;1 - 2. Therefore we only need to know which numbers are greater than §

= there are s = 251 — [g] = (2) -

2 P

With p=1,3,5,7 (mod 8), we have

(—1)%= 4]
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We need a lemma: Suppose p is an odd prime, a is odd and ged(a,p) = 1, then (%) = (=1)T(@P) | with

p—1

ren-$ 5]

j=1

©® Proof of lemma

Consider smallest residues of a, 2a, 3a, - -, % -a. As Gauss's lemma, uq, us, - -+, Ug, V1, Vg, =+, Uy are

residues greater and less than £ respectively. According to Euclidean divisor:
ja
ja=p {j} + remainder,
p

remainder is u; or v;. We have such p%l equations and add them together

2t 22t 0 s t
éija:ip [‘m] +Zui+2vj
j=1 =1 LP i=1 j=1

As we pointed out in Gauss's lemma, the set p — w1, p — us, - -+, p — us, V1, V2, -+, V; IS a permutation
of the set 1, 2, -- -, p—gl

p%l s t s t

Zj = Z(p—ui)'FZ‘Ut :I?S—Zui +th

j=1 i=1 j=1 i=1 j=1

p—1 p—1 p—1
2 2 2 . S

> Y ja=Yi=Y 0| 2| -mr2du
j=1 j=1 j=1 p i=1

p—1
From formula of T(a,p), (a —1) 32,2, j = pT(a,p) —ps +2377_, u;
Because a, p are odd, T'(a,p) = s (mod 2). From Gauss's lemma we finish.
Return to problem: Consider pairs (z,y), where 1 < = < p%l and 1 <y < q;—l, there are 251 . % pairs.

2
We divide those pairs into 2 groups, depending on the magnitude of px and qy.
Because p, g are two different primes, px # qy, V(z,y).

We consider pairs with gz > py. With every fixed element of 2 (1 < z < ’”2;1)7 exist {%} elements y

p=1p PESRNy
satisfying 1 <y < %. Therefore, there are ), 2, {%} pairs. When gz < py, similarly, there are .2, [%}

. —1 -1 . .
pairs. Because there are 5= - 95= pairs, we have equation

— g—1

pzzs {iq} 22: jp] _p—-1 ¢-1
SERE
-1 LP = td 2 2
From definition of T'(p, ¢), we have result

(—1)Teo+T(@r) — (—1)5 5

4.1. Loi giai cac bai tap trong sach tham khao 475



Math Book

O Exercise (Cau 3.39)
Let p be a prime satisfying p = 3 (mod 4).
Let a be a quadratic residue modulo p. Prove that the number

p+1

b=a* (mod p)

p+1 p—1

has the property that b*> = a (mod p). (Hint. Write as 1+ and use Exercise 3.37.) This

gives an easy way to take square roots modulo p for primes that are congruent to 3 modulo 4.

Dung Cau 3.37, a7 =1 (mod p) vi a 1a thing du chinh phuong modulo p.
Khi do

©® Exercise (Cau 3.40)

Let p be and odd prime, let g € F) be a primitive root, and let h € F;. Write p — 1 = 2*m with m odd
and s > 1, and write the binary expansion of log,(h) as

logg(h) = €0 +2e1 +4e2+8e3+---  with ¢€g,e1,--- € {0,1}

Give an algorithm that generalizes Example 3.69 and allows you to rapidly compute €g,e1,-- ,€5_1,
thereby proving that the first s bits of the discrete logarithm are insecure.

O Algorithm 2 (Thuat toan tim s least significant bit (LSB) ciia z trong ¢ = h (mod p))
Input: g, h,p (p — 1 =2m)
Output: s least significant bits clia = trong g* = h (mod p)
1. Ta sé tim mang g, &1, -+ ,€5_1
2. Fori=0,...,5s—1
1. If A la thing du chinh phuong
1. =0, h =vh (mod p)
2. Elself¢; =1
1. h=+/g71h (mod p)
3. EndlIf
3. EndFor

©® Exercise (Cau 3.41)

Let p be a prime satisfying p = 1 (mod 3). We say that a is a cubic residue modulo :math: p  if pta
and there is an integer c satisfying a = ¢ (mod p).
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(a) Let a and b be cubic residues modulo p. Prove that ab is a cubic residue modulo p.

(b) Give an example to show that (unlike the case with quadratic residues) it is possible for none of a,
b and ab to the a cubic residue modulo p

(c) Let g be a primitive root modulo p. Prove that a is a cubic residue modulo p if and only if 3 | log,(a),
where log, (a) is the discrete logarithm of a to the base g.

(d) Suppose instead that p =2 (mod 3). Prove that for every integer a there is an integerr ¢ satisfying
a=c® (mod p). In other words, if p=2 (mod 3), show that every number is a cube modulo p.

(a) Taco a=2® (mod p) vay =y> (mod p) véi x va y nao do thuoc F,.
Suy ra ab = 23y = (2y)?® (mod p) cling la thing du bac ba.
(b) Goi g 1a primitive root modulo p.

3641 (mod p) va b= g3 1 (mod p).

Tachona=g
Khi d6 ab = g+ D+EF+1) = ¢3(k+K)+2 (1104 p) khong phéi thing du bac ba.
(¢) Quén lam.
Piéu kién di. Néu a la thing du bac ba modulo p, gid st a = ¢* (mod 3) va c = ¢g* = (mod p).
Khi d6 a = g** (mod p) va theo dinh ly Lagrange thi 3 | log,(a).
Diéu kién can. Néu 3 |log,(a) thi lam ngugc lai bude ching minh diéu kien du.
(d) Vip=2 (mod 3) nén ged(p — 1,3) = 1. Khi d6 ton tai phan tit d 1a nghich ddo ciia 3 modulo p — 1.

d

Suy ra phuong trinh 2 = a (mod p) c6 nghiem a? = z (mod p).

Noéi cach khac moi phan ti déu la s6 bac ba modulo p.

Chapter 4. Digital Signatures

O Exercise (Cau 4.1)

Pap an: d = 561517, N = 661643, sig = 206484.

O Exercise (Cau 4.3)

Pap an p = 212081, ¢ = 128311 nén

d = 18408628619 = S = D? (mod N) = 22054770669.

O Exercise (Cau 4.4)
Dap an: with ¢ = m®? (mod Np) and s = Hash(m)% (mod Na)

¢l =m®9s  (mod Ng) =m, s°4 = Hash(m)? 4 (mod N,) = Hash(m).

Hence this method works.
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O Exercise (Cau 4.5)
Pap an: v6i A = g% (mod p) = 2065, ta tinh
S, =gF (mod p)=3534,5, = (D —a-S)k~! (modp—1)=5888.

Hence signature is (S1,.52) = (3534, 5888)

O Exercise (Cau 4.6)

Dap an: A% . 572 = gP (mod p), so (S, Sy) is valid signature.

O Exercise (Cau 4.8)

bap an: S; = S; = ¢gF (mod p), from here Eve can know at first glance that the same random element
k is used

With Sy = (D — aS1)k~! (mod p — 1), S5 = (D' —aS;)k~! (mod p — 1), then

Sy — S, =(D—DYk™* (modp—1) (as:math: aS; = aSy")
k=(D—-D')(Sy—S5)"" (modp—1).

Here we get D — aS; = S2k (mod p — 1)

a=(D— S3k)S1—1 (mod p—1)
a= (D' — Shk)S;' (mod p—1)

O Exercise (Cau 4.9)

Papan: p=1 (modq), 1 <a<qg—1, A= g (mod p), S; = (¢* mod p) mod q, Sy = (D + aS;)k~!
(mod q)
Verify: Vi = D-Sy ! (mod q), Vo = S155 " (mod ¢). We need to prove that (g"*- A2 mod p) mod ¢ = S;

Here we have

gV A2 = gp.s;1 .gasls,;l (mod p)
= g(DJraSl)S;1 (mod p)
=g¢* (mod p)
Hence (¢"* A"2 mod p) mod ¢ = S;.
g J

©® Exercise (Cau 4.10)

Pap an: (p,q,g) = (22531, 751, 4488). Public key A = 22476 is not valid.
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O Exercise (Cau 4.11)
Pap an: A = ¢g* (mod p). A = 31377, g = 21947, p = 103687, then

a=602,5; = (¢* mod p) mod q = 439, S, = (D + aS;)k™! (mod ¢) = 1259.

Chapter 7. Lattices and Cryptography

©® Exercise (Cau 7.43)
b1 - by

bap én: t = W va b5 = by — tb; nén suy ra
1
. 2 bi - b 2
b5 - b1 = bi(by —tby) = by - by —t||b1||* = b1 - by — o ]I =0
Do d6 b3 L by va b} 1a hinh chiéu ctia by lén orthogonal complement ctia b.
. J

O Exercise (Cau 7.44)
Pap an:
la —tb]|? = (a — tb)? = a® — 2ta - b+ t*b* = ||a||* + 2||b]|> — 2ta- b >0

vGi moi t € R.

Choa—tb:Otacét:a—g
1]l
Tu do ta co
a-b
(a=tb)-b=a-btlpl* =a-b— 5o - bl* =0.

Vi vay a — tb 1a hinh chiéu ctia a 1én orthogonal complement ctia b (tuong tu 7.43).

O Exercise (Cau 7.45)

Pap an & dudi.
A J

Thuat toan Gauss's lattice reduction.

©® Algorithm 3 (Thuat toan Gauss's latice reduction)
1. While True
LI [Joaf| < o]

1. swap v; and vy

2. m <+ |vy - va/||v1]|?]
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2. EndlIf
3. Ifm=0
1. return (vy,v2)
4. EndIf
5. Replace vy with vy — mw;

2. EndWhile

v = (14, —47), vo = (=362, —131), 6 steps.
vy = (14, —47), vy = (—362, —131), 6 steps.
v; = (147,330), v = (690, —207), 7 steps.

©® Exercise (Cau 7.46)

Pap an & dudi.

Do W+ 1a orthogonal complement ctia W trong V nén néu z € W+ thi z -y = 0, v6i moi y € W.
V6i hai vector z1,20 € Wl tacoz1-y=20-y=0, véi moi y € W.

Nhu vay (21 +22) y=0= 2, + 22 € W+,

Talaico az; - y=a-0=0= az € W+ vé6i moi a € R.

T6i day ta co hai cach giai.

Cach 1. Taco WU WL = {0}. Néu u thuoc ca hai tap W va Wt thiu-u=0= u =0.

Ki hisu U = W + W+, ta ching minh W = V.

Ta c6 thé chon mot cd sd tryc chuan (orthonormal basis) trong U va md rong né thanh co sé trie chuan
trong V.

Khi d6, néu U # V thi c6 mot phan ti e trong cd sé clia V vuodng goéc véi U. Do U chita W va e vudng goc
v6i U nén e € W,

Phan sau 14 khong gian con ctia W, do d6 e thudc W, mau thuin.

Cach 2. Dit {e1, es, -+, ex} 1a co 56 tryc chuan ctia khong gian con W. V6i mdi v € V, dat

k
Pv)=) (v-ej) e

i=1
Khi d6 v6i moi v € V thi v = P(v) + (v — P(v)).
~—_  ——
EW ewt

O day v — P(v) e Wt lavinéu j e {1,2,---,k} thi

k
(v—P(v))-e; = ('UZ(v~el) 'el> -ej

1=1
=v-ej—v-e; =0.

Do {ey, - ,e} la ca s8 ciia W, didu nay cho ta v — P(v) € W+.
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Nhu vay
HUHZ = (G,’LU + b'w')2 = a2w2 + 2abwwl + b2w/2

= a?||lwl* + 0+ b*[[w’||* = a®||w]f* + b?|w’|>.
4.1.4 CummeTtpuyHas kpuntorpacus
Loi gidi cho quyén sach [19] ciia H.H. Tokapesa.

Fhasa 3. Bynesbl chyHkuun. KombuHatopHbiii nogxopn,

Bai 16. Chiing minh réng, ham Boolean f tuyén tinh khi va chi khi f(z ® y) = f(x) @ f(y) véi moi z, y.
Tuong tu kiém tra ham Boolean 14 affine khi va chi khi f(z @ y) = f(z) ® f(y) © £(0).

© Chitng minh cho ham tuyén tinh
Chiéu thuan. Néu f 1a ham tuyén tinh thi n6 c6 dang

flx1, ... zn) = apxy @ D araz
nén ta tinh f(x @ y) nhu sau

f(w@y) = an(xn@yn) @"'@al(fﬂl @yl)
= (anZn @ © 0171) © (GnYn O -+ © a191)
= f(z) ® f(y).

Chiéu nghich. Véi f(z @ y) = f(x) © f(y), dat dang ANF ctia f 1a

n
f(Il,...,l'n) = @ @ iy ,ipgLig * 0 Ly, 69a’O'

k=11,...,0%
Khi do

n

feey) =P P o, i, ®w) (@, Svi) | & ao,

k=11%1,...,1%

va

n n
f@efw)=P D a, uwvi v |Sawe D B . it v | Sa

k=1141,...,i% k=1141,...,i

n

:@ @ aila"'yik(mil..'mik @yil"'yik)-

k=141,...,0%

Nhu vay, khi dong nhat he s6 a;,,. i, cla f(zx ®y) va f(z) ® f(y) thi ta co
(Tiy ®Yir) - (Ti, B Yir) = Tiy Ty, D Yiy Y-

O vé trai khi khai trién ra ta sé nhan duge cac don thic dang z;,vi,Yi, - - - i, Khi k > 1, tuy nhién & vé
phéi chi ¢6 dung hai don thic 14 @, - -~ 5, va y;, -+ y;,. Do do cac he s6 a;, .. ;, v6i k > 1 phéi bang 0.
Hay noéi cAch khac bac ctia ANF 1a 1. Ngoai ra f(x @ y) c6 he s6 tu do ag con f(x) @ f(y) thi khong co
nén khi dong nhat hé s6 ciing cho ta ag = 0. Nhu vay f la ham tuyén tinh.
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©® Chitng minh cho ham affine
Chiéu thuan. Néu f l1a ham tuyén tinh thi n6 c6 dang
f(xl,...,xn) =anpTy, ®---Daix1 P ag

va ta chiing minh tuong ty cho trudng hgp ham tuyén tinh véi luu y f(0) = aq.

Chiéu nghich. Chitng minh tuong tit cho truong hgp ham tuyén tinh.

Bai 17. Tim s6 dinh va sd canh ctia @ thi E”. C6 bao nhiéu vector x,y € E™ sao cho d(z,y) = k?

M&3i dinh ctia E™ biéu dién mot vector dang

(21, +y2n), 2 €{0,1}

nén E" c¢6 2™ dinh. Méi dinh néi v6i n dinh khac (khac nhau chi § vi tri z;) nén degv; = n vé6i i = 1,27,
Theo dinh 1f co ban vé s6 canh ctia d6 thi (Dink Iy §) thi

on
. 1 1 _
s@canhziigldegvi:§~n~2":n-2" L

Dé d(z,y) = k thi dau tién ta chon k vi tri khac nhau v6i C* cach. Véi mdi vi trf khac nhau ta c6 hai cich
chon z; va y; la

Do d6 c¢6 2% cach chon cho cac vi tri khac nhau, con n — k vi tri con lai thi chon tlly ¥ nén co 2n—k cach.
Dap an la Ck . 2k . on=F = Ck . o,
Bai 18. Tim lyc lugng ctia mdt cau S, (x) = {y : d(z,y) = r} va hinh cau B.(z) = {y : d(z,y) < r}.
D41 v6i mat cau thi dap an chinh 1a bai 17, nghia 1a |S,.(z)| = 2" - CI.
D6i véi hinh cau B,.(x) ta xét tat cd gid tri tit 0 t6i r:

e khi d(z,y) = 0 thi c6 2" - C0 cach chon;

e khi d(z,y) =1 thi ¢6 2" - C} cach chon;

e tuong tu, khi d(z,y) =i thi c6 2" - C! cach chon;

e cho t6i khi d(x,y) = r thi c6 2™ - C, cach chon.

Nhu vay Iyc lugng ciia hinh cau la tdng tat ca gia tri trén:

|Br ()| = 2" - (Cp + Cp + -+ C).

4.1.5 Cac bai toan suu tdm

Onumnuaga Axkyr

©® Exercise 1

Tinh i w1
o Rt L e
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Ta ¢6 cong thiic thong dung

/ dx 1 T
—— = —arctan —.
2+ t2 t t

Ta c6 chan

k41

1 dx 1
GrieS ) 2 S e
k

suy ra

k
k2+t2 < / 22 2

k—1
Cong tat ca phuong trinh trén véi k = 1,2,... thi
o0 +OO
Z du = - arctangroo—1 il
— +t2\ z? + 12 ot 2
= 0
Tuwong tu
k+1
/ dzr 1
<
372 +t2 k.2 +t2
k
7 dzr > 1
= <
1 —
Do
dx 1 x| 1/ 1
= - arctanf’ = — | — — arctan —
2+t ot th t\ 2 t
1
nén
™
(2 — arctan > tz 2 +t2 < f.
Nhu vay
. T ¢ 1 I T T
im| — —arctan— | =lim - = —
2 t 2 2
khi ¢t — oo.

©® Exercise 2
Giai phuong trinh

19 — 13 = 9* — 37,
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D@ thay = = 0 134 mot nghiém cla phuong trinh.
Gia st phuong trinh c6 nghiém khac 0 14 z.
Cb dinh z, dat g(t) = t*.
Theo dinh 1i Lagrange, ton tai & € (a,b) dé g(a) — g(b) = ¢’(€) - (a — b).
Nhu vay
g9'(€)- (19 -13) = g'(n) - (9 - 6)
v6i € € (13,19) van € (6,9). Suy ra ¢'(§) = ¢’'(n), ndi cach khac 1a
r—1

$'£I71:$'77

z—1
ma x # 0 nén <£) = 1. Diéu nay chi xdy ra khi x — 1 =0, hay z = 1.
Ui

Két luan: phuong trinh c¢6 hai nghiém 14 2 =0 va z = 1.

4.1.6 Wargame chill chill
Dbé tranh van dé ban quyén va bi soi béi cong dong toxic nao d6 thi minh sé khong dé dé & day.
D gidi:

e Bounded Noise (da viét 15i giai)

e Forbiden Fruit

e Noise Free

e Too Many Errors

o Pad-Thai

e Paper Plane

Bound noise

Pay 1a mot bai LWE co ban.

Gia stt flag 1a mot s6 nguyén M. Chon sé nguyén t6 ¢ = 65537 va biéu dién M & dang co s ¢ thi ta dugce
vector

M = so+s1q+ s2¢° + -+ + S$p—1q" + (50,81, - -, Sn—1)-

Secret s& 1a vector (sq, ..., Sp—1) v minh ki hiéu ngan gon la s.

Chon ngau nhién ma tran A kich thuéc m x n véi cac phan ti thuoc F,, trong d6 n la do dai vector s va

m = n>.

Sau do6 chon ngiu nhién vector e do dai m véi cAc phan tit thuoe {0,1}. Tinh vector b= A - s + e.
Khi d6 public key 1a ma tran A va vector b. Ta can tim flag 13 secret key.

[TODO] Can hiéu cach thiyc hign ctia doan code kia.
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Forbiden fruit
Noise free

Too Many Errors
Pad Thai

Paper Plane
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Bén lé sach cia Fermat

5.1 Ngoai lé

5.1.1 Ly thuyét tro chai
Nhap mén Iy thuyét tré choi

Phan nay minh tham khao tit quyén Tai licu chuyén tin hoc quyén 3 [42].
Mbét sb khai niém

1. Trang thdi (hay state) (trong sach Tai ligu chuyén tin goi 14 vj tri nhung dé phit hgp v6i nhidu bai viét
kh4c nhu may Turing, may trang thai thi goi 1a trang thdi sé hgp ly hon) 1a tap hgp thong tin vé tro
chai tai tung thoi diém. Vi du nhu vi tri cdc quin ¢ trén ban c& vua tai nuée di thi 1, tha 2, ...

Ta chia trang thai lam hai loai:
e Nhitng trang thai chita kha ning din téi chién thing dudc goi la trang thai co 1gi.
e Ngugc lai thi goi 1a trang thai khong co 1gi.

2. Ludgt choi (hay rule) 1a nhitng quy dinh cho phép ngudi chai thic hién cac bién déi chuyén tro choi tit
trang thai nay sang trang thai khac. Vi du nhu cich di chuyén ciia méi quan cg trong c¢d vua (di nhu
thé nao, &n quan nhu nao, ...).

Mot budce di hgp 1é 1a phép bién d6i theo dtung luat choi.
Trang thai két thic 1a trang thai tit d6 khong thé di chuyén tiép.

3. Tro choi d6i khang 1a tro choi hai ngudi, khi mot ngudi c6 1gi thé thi ngudi kia gip bat lgi.
C6 hai loai tro choi d6i khang

e Tro chaoi c6 thong tin day da - ngudi choi biét moi thong tin vé trang thai hién tai ctia déi phuong. Vi
du trong c¢& vua, mdi ngudi choi biét vi tri ciia tat cid quan cd ciia dbi thi.

e Tro choi c6 thong tin khong day da - ngusi choi biét mot phan hoic khong biét théng tin vé trang
thai hién tai ctia d6i phuong. Vi du chai bai tay thi méi ngudi khong biét ngudi khac c6 nhitng quan
bai gi. Vi du khéc 1a tro choi bau cua, ngusi dit cude khong biét dude thong tin ciia ba quan stc sic
khi dat cugc.

4. Trong moi tro chai, qué trinh choi c6 thé duge biéu dién dudi dang cau tric cay co hudng (doi khi 1a
dd thi c6 huéng) goi 1a cdy tro choi. Trong do:
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Nit biéu dién trang thai.
Nt gbc 1a trang thai khéi dau.

e Nit ld 13 trang thai két thic.

Cung (i,7) thé hien buée di hgp lé tit trang thai 7 t6i trang thai j.

Tro chdi t8 hop can bing

M6 ta

Trd choi t6 hop can bing 1a tro choi déi khang thoéa méan cac diéu kien:
e ¢6 hai ngudi choi (tUr day vé sau, ngusi di dau ki hieu 1a A va nguoi di sau 1a B);
e c6 mot tap hitu han cac trang thai co thé xay ra clia tro choi, ki hieu 1a X;

e co luat choi Q. Quy luat choi 4p dung cho hai ngudi chai 1 can bing, nghia 1& mdi ngudi choi téi lugt
minh déu c¢6 quyén chon mot phép di chuyén hop 1é tiy ¥;

e hai ngudi choi lan lugt, mdi lan thyc hien mot phép di chuyén hop 1¢;
e tro choi két thiic khi dat trang thai két thic;
e néu tro choi khong bao gio két thic thi c6 thé sit dung rat thiam, hosic gisi han sé lugng budc di t6i

da, hoac cau hoa.

Tap P. Tap N

1. T4t ca cac trang thai két thuc déu thuoc P.
2. Tt mbi trang thai thuoc N luon cé it nhat mot di chuyén t6i trang thai thuoc P.
3. Tt mbi trang thai thude P, moi di chuyén déu téi trang thai thudse N.

Nhu vay ta can xay dung thuat toan gianh thing cho dau thid A khi ban dau A nhan trang thai
thuoc N la: déu tht A luén di chuyén téi cac trang thai thuéc P dé ép dbi thi B chi co thé di t6i
trang thai thudc N.

Téng Nim. Tro chai Nim

Pé dé xac dinh tap P va N ta dung khai niem téng Nim.
Téng Nim la phép XOR hai sé nguyén khong am.

Tro choi Nim chuén 1a tro choi co ba coc lan lugt chita @1, xo va x5 quan. Hai ngusi choi 1an lugt tao céc
budc di chuyén quan véi quy tic: chon mot coc tily ¥ con quan va lay bét mot sé quan tit coc nay. Nguoi
théng la ngusi lay duge quan cudi cling.

Chung ta co6 thé sit dung téng Nim dé xéac dinh tap P véi dinh 1i Bouton.

©® Theorem 17 (Pinh li Bouton)

MBbi trang thai (z1, 22, x3) trong tro choi Nim ba coc 1a trang thai P khi va chi khi téng Nim 21 @z a3 =
0.

T dinh 1f Bouton ta xay dung chién thuat gianh thing nhu sau.
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Gia sit trang théi hién tai (cho tro choi Nim véi n coc) 1a (z1,. .., 7,), tng véi tong Nim
g=x1Bx2P---Bxy, >0.

Ta c6 thé chiing minh ton tai phan ti 2; sao cho x} = (g ® z;) < x;. Day 1a cach di gianh thing véi muc
tiéu 1a gidm coc thi ¢ t ; quan thanh 2 quan.

©® Example 29

Vi du don gidn nhat véi hai coc (21, 22). Nhut vay trang thai thuoe P tuong duong véi o1 @ z2 = 0, hay
x1 = xo. T day suy ra trang thai thuéc N khi xy # xo.

Gia stt A 1a nguoi chaoi truée. Theo thuat toan gianh thing & trén thi néu A & trang thai thudoc N thi A
luon thang. Nghia 1a khi trang thai 1a (z1,z2) v6i gid st 21 < z2 (trudng hgp z; > o tuong ty) thi A
chi can lay di & coc thit hai mot luong x5 — 1 dé hai coc ¢6 s6 quan bing nhau. Cudi cung thi trang
thai két thuc 1a (0,0) va A s& chién thing.

5.1.2 Mét sb @6 thi ham sb suu tam
Pé vé trai tim nhu ¢ day ta ding phuong trinh
y =223 40,93,3—22)"? sin(m - 7 - x)

véi m = 6, 50.

5.1.3 V& mét vi giao su va dinh ly Godel

©® Canh bao

Minh s& khong st dung tt ngit khé nghe nhung noi dung s& gay kho chiu. Doc gid can nhic trude khi
xem!!!

Dao gan day minh xem mot loat video trén Youtube ctia kénh Nhdn thic mdi vé dinh 1i bt toan ctia Godel
do gidgo su Pham Viéet Hung (PVHg) trinh bay.

DPay la moét cht dé kha thd vi va méi mé véi minh. Sau khi xem xong series video va doc cac bai viét trén
blog c4 nhan ciia gido su thi minh vita thiy budn cusi vita thiy kho chiu. Do d6 minh quyét dinh viét bai
nay.

Hé qua dinh li Godel

Theo gi4o su, viec mot su vat tac dong 1én chinh no 1a khong thé xay ra. Piéu nay co thé xem 1a hé qua cia
dinh 1i Godel.

Gido su dua ra vi du vé hat Higgs & tap 2 ciia series. Minh khong biét hat Higgs 1a hat gi vi kién thiic phd
thong ctia minh véi vat 1f chi ditng lai & proton, electron va neutron. Gido su gii thich ring, hat Higgs 1a
hat truyén khéi lugng cho cac hat khac 16n hon, nhung tiép tuc dit van dé 1a hat ndo truyén khéi lugng cho
hat Higgs? Theo dinh li Godel, hat Higgs khong thé truyén khoi lugng cho chinh no, vi khi d6 hat Higgs la
modt hé tu quy chiéu. Nhu vay dua t6i he qua 1a Ly thuyét vé moi tht (TOE, Theory Of Everything) van
dang bé tic, suy ra viéc li giai ngudn gbe khdi luong céc vat ciing khong thé dat dudgc.

Tiép theo, & tap 3, gido su noi vé viec tri tué nhan tao (Al Artificial Intelligence) khong thé tré nén giéng
con ngudi. Con ngudi ching ta st dung ¥ thitc, 1a bo néo, dé tao ra mot "bo nao" may moc. Nhu vay, ciing
theo dinh 1i Godel, vi con ngudi khong thé hiéu chinh bo nio céia ban than, thi lam sao c6 thé tao ra mot
"bo ndo" gibng ban than, co triyc gidc, co cdm xuc, co ¥ thic?
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Hai vén dé trén cho thiy mot hé qua quan trong cta dinh 1i Godel do gido su trinh bay
Mot hé tiy quy chiéu hodc mau thuin, hodc khong thé kiém chitng dude tinh ding sai.

Dén doan nay minh van nghi moi thi binh thudng, nhung hai tap tiép theo vé viéc tim ngudn gdc sy séng
clia gido su lam minh thay rat kho hiéu.

Truée do, gido su co nhiéu bai viét trén trang ca nhan c6 noéi dung giéng hai tap tiép theo trén Youtube
cling vé nguon gbc sy sébng. Noéi don gidn thi gido su phé phan thuyét tién hoa ctia Darwin va dua ra van
dé vé ngudn goc sy soéng, tham chi goi do6 1a "sy déi tra". T6i day minh c6 mot thic mic. Néu hat Higgs
khong thé truyeén khéi lugng cho chinh né, con ngusi khong thé sit dung bo ndo ciia ban than dé tao ra "bo
nao" nhan tao (Al), thi sy séng ciing khong thé giai thich ngudn goc sy song?

Logic & day 13, theo dinh li Godel, mot 1y thuyét giadi thich ngudén gbc moi thit, 1a khong ton tai déi véi he
tu quy chiéu. Vi vay viéc truy tim ngudn gdc ctia mot hién tugng nao do luon di t6i bé téc.

Ngudn gbc khéi lugng 1a tit hat nao? Néu hat Higgs truyén khéi lugng cho cac hat khac thi hat nao truyén
khoi lugng cho n6? Van dé ¢ day 1a ban than hat Higgs khong thé truyén khoi lugng cho chinh no.

Ngudn gbc tu duy ctia Al 1a tit tw duy con ngudi. Nhung con ngudi khong thé giai thich bo nio ciia ban
than, hay noi cach khéac la ngudn gbc y thiic va tu duy clia ban than, thi lam sao tao ra "bo nio" nhan tao
cling c6 y thic va tu duy gidng ban than?

Ngudn gbc sut séng 1a tit mot sy song truée do ma thanh (tién hoa, thoai hoa, ...). Nhu vay, su séng co thé
gidi thich ngudn gbc clia sit sdng khong? Thuyét tién hoa ctia Darwin noéi ring sy séng déu bat ngudn tit
mot "goe" (gbe clia cay sy song). Nhung qua 13i gido su thi "goc" do khong ton tai. Gido su dé cap t6i mot
giai thich khéc vé thuyét tién hoa ctia Darwin 1a sy séng bat dau tit mot "tham" (tham cé cia sy song).
Trong do6 sy song bat ngudn tit nhiéu vi tri trong tham c6 do, khong phai tit mot géc don thuan nhu thuyét
ctia Darwin. Tham chi nhu vay van khong lam hai long cac nha khoa hoc (thyc ra la gido su). Nhu vay,
theo logic clia minh & truée, moi thuyét tién hoa gidi thich nguén gbc su séng déu sai, theo nhitng vi du gido
su dua ra, va thong qua dinh 1i Godel?

Theo trai nghiém c4 nhan cia minh, viéc phé phan hay cham biém thuyét tién hoa clia Darwin khong phai
diéu gi m6i mé. Tt nhidu nam truée minh da timg nghe mot thay ca khia kiéu "thé quai nao khi va ngusi
lai ¢6 ciing to tien". Minh khong biét nhidu vé cac thuyét tién hoa, nhung video clia gido su that sit cung
cap cho minh nhiéu kién thitc va bai hoc. Bai hoc quan trong nhat minh rit ra la:

Chung ta c6 thé ing dung dinh 1i Godel dé bac b nhiing rat nhiéu cb ging ciia cac nha khoa
hoc.

Minh khong biét gido su c6 ton siing qua mitc dinh 1i Godel hay khéng, nhung viéc bac bé nd lyc ciia ngusi
khac ma khong dua ra mot 1y thuyét tién bo hon hay c6 chiing minh vitng chic ma chi dira vao mot dinh 1
TOAN HOC @@ giai thich tinh TRIET HOC thi minh thiy khéa budn cusi.

Vé Cantor

Phan nay khong néi vé tinh ding sai ca vé triét hoc 1an toan hoc. Minh chi c¢6 y kién vé cach trinh bay clia
gido su.

Vé bai viét Vé Cai Bat kha Quyét dinh.

Trong bai viét, gido sut nhic ring "ngudi dodi gan cho Cantor 14 dién rd", nhung sau do6 gido su lai md ngodc
"thyc té cubi cing 6ng da méc benh than kinh". O day minh rat kho chiu vi cach viét khong dau duodi
(khong noi ly do Cantor bi bénh than kinh) dé khién ngudi khac nghi éng ay dua ra qua nhiéu y kién ki la
t6i ndi bi than kinh.

Cau chuyén thue sy 1a khi ¢d gdng chitng minh gid thuyét Continuum ma khong c6 tién trién (ma gido su
cling dé cap trong bai viét) thi Cantor ciing dang bi chén ép rat manh bdi phe chéng déi Ly thuyét tap hop
cia 6ng (do Kronecker va Poincare ding dau). Hau qud la nhitng bai bdo clia 6ng da khong thé cong bd
trén cac tap chi uy tin do quyén luc ngam tit phe Kronecker va Poincare, nén 6ng chi c6 thé ding trén cac
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tap chi thudng, uy tin thap. Piéu nay khién 6ng khong thé co6 vi tri cong viec t6t tai cac dai hoc 16n & nude
Diic thoi bay gis khién cuodc sdng kho khan.

Ngoai ra mot bi kich da xay ra véi Cantor la dia con trai Gt ma 6ng rat yéu thuong da qua doi. Qua nhiéu
bién c6 ap dén khién tinh than Cantor roi vao hén loan va cudi ciing 14 bi bénh.

Minh khong biét gido su ¢6 that sy biét vé cudc doi Cantor hay khong truée khi viét nhing dong d6. Minh
rat hy vong la c¢6 vi vian phong nhu vay khong thé biét gido su noi dia hay noi that.

Mot 1an nita, viéc ton siing dinh 1f Godel qué mifc 14 niém tin cia gido st va minh khong ban tam. Nhung
Cantor 14 idol ctia minh, va nhitng ngudi dong tdi idol ctia ban than thi ... cac ban biét roi do. (© 7)

Viét t6i day minh bong dung nhé lai mot phan canh trong phim Pirates of the Caribbean (Cuép bién vimg
Caribbean) phan 5. Trong d6, khi ni chinh gap mot nha thién vin va néi lén ¥ tudng ctia minh, thi nha
thién viin da cudi va néi lai nit chinh 1a do dién. Nit chinh cling khong vira, néi 1a thién vin 1a dd ngu.
Trong bai viét trén, gido su PVHg n6i Cantor 14 dd dién. Déng tiéc 1a Cantor da qua ddi tir 1au nén Cantor
khong thé goi gido su 1a dd ng... duge (cling c6 thé Cantor khong mudn n6i?). Minh thi khong & vi thé co
kha ning néi giao su ng... (nhung minh rat muén) (~°).

Thuong thay Cantor, ddi sau, ngudi thi xem thuong va chii éng, ngudi mudn bao vé éng thi lyc hén sic
mon!!!

Vé su vo han
Van la bai viét Ve Cai Bat kha Quyét dinh.

Gido su trich dan hai cau noi: "Con ngudi ta da nghi ra khai niém vo6 han, nhung ching c6 gi 1a vo han trén
thé gian nay, ngoai sy ngu xuan ciia con ngudi", "Chi ¢6 hai thit vo han: vi tru va CAI NGU ctia con ngudi;
toi khong chic vé cal thit nhat". Cau sau thi chic cic ban ciing kha quen thuoc rdi vi 1a cau noéi (hay duge
mang ra lam meme) ctia Einstein.

Minh khong biét quan niém ctia gido su veé sy vo han (hay Ly thuyét tap hgp) ctia Cantor la gi, nhung hai
cau trich din trén cho thiy mot sy cham biém vé diéu nay. Minh xin phép phan bién lai nhu sau.

Vi du dau tién vé sy vo han bit ngudn tit phép dém.

Con ngudi tit xa xua da biét dém. Hét 1, rdi 2, r6i lai 3, cit thé cho dén mai mai. Tu do, tap hop vo han
dau tién xudt hieén, tap N. Vi cac con s6 cit xuat hién mot cach ty nhién, sé sau 1a sd trude cong thém 1,
nén ta goi la tdp hop so tu nhién.

Nhu vay c6 thé thay, ban than tap hop vo han TU NHIEN XUAT HIEN cht khéng phai 14 4o tudng clia
cac nha toan hoc.

Tiép theo, con ngudi dan chap nhan sy xuét hién ctia s6 am. T gbc 0, lam nguge lai qua trinh trén, ta tri
1 thay vi cong. Khi @6 ta ciing c6 —1, —2, va ct nhu vay t6i mai mai. Ta da x4y dung xong tap vo6 han tha
hai, tap sd nguyén Z.

Trong bo sach kinh dién Elements ctia Euclid, 6ng néi ring: "Mot phan luén nhé hon toan bo". Nhin lai
hai anh ban N va Z thi chtng ta thiy r6 rang ring N 1a mot phan ctia Z, hay noi kiéu toan hoc 1a tap hop
con. Nhu vay phai ching N c¢6 it "phan ti" hon Z? Néu chung ta sdng & thai Euclid, thi viéc nay duge cho

A

14 "hién nhién", nhung t6i thoi Cantor thi cai "hién nhién" d6 méi duge kiém chiing.

Vi du thit hai 1a nghich li ctia Zeno.

Nghich 1i nay kha ndi tiéng va minh da co gidi thiéu trong bai viét vé cac tap vo han roi. Pai y 1a néu anh
hiing Archilles trong than thoai Hy Lap chay dua vdi con riia nhung xuit phat sau thi khong bao gio bit
kip dugce con rua.

Nghich 1f nay cho thiy ngusi thdi xua cé nhitng quan niém chua dting vé su vo han, chua cé cac khai niem
nhu v6 ciing nho, v cung 16n.

Vi du thtt ba vé sy vo han bt ngudn tit s6 vo ti.
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Pythagoras d& qui quen thudc véi chiing ta vé dinh 1i mang tén éng cho tam gidc vudng. Thai do, khi cho
hai canh goc vuong c6 do dai bing 1 thi do dai canh huyén 1a mot s6 vo ti v/2. Tuy nhién cac sb vo ti, ngoai
phan thap phan khéng tuan hoan ra, trong nhiéu trusng hgp con c6 mot diém kho chiu khac 1a ta khong
thé biéu dién noé, tham chi té hon 1a ta khong biét t&i su ton tai ciia né.
R £ e o 1 1\"
Ti 1é gitta chu vi hinh tron véi hai lan ban kinh ctia n6, cho ta s6 7. Giéi han dic biét lim (1 + ) cho
n—00 n

ta s6 e. S6 7 va e 1a hai vi du vé sb siéu viét, con nhitng s6 c6 thé biéu dién qua cac phép tinh cong, trir,
nhén, chia va khai cian duge goi la s6 dai s6. Van dé 1a s6 lugng s6 siéu viét nhiéu hon s6 dai s6 rat nhiéu
va chinh chting méi gitp "lam day" truc s6 thuc R.

Y nghia clia viec "lam day" & day 1a tinh lién tuc ciia tap hop s6 thuc. Nha co tinh lién tuc, ching ta méi
6 thé dao ham va tich phéan, hai cong cu manh mé cho phép khao sat cac ham s6. Minh can luu ¥ riing néu
ham s6 c6 dao ham tai mot diém thi né chiic chin lién tuc tai diém do6, nhung ngude lai chua chic, lién tuc
chua chic c6 dao ham. Noi cach khac tinh lién tuc la nén tang cho nhitng phép tinh khé hon. Néu ham sb
khoéng lién tuc tai mot diém, thi viec dao ham 1a khong thé, nén quay xe tim cach khac thi hon!!!

Van dé 1a néu céc gido su chdi bd st vo han ciia tap hop sb thuc, vay céc gido su c6 thé khéng ding nhiing
cong cy manh mé cia toan hoc nhu dao ham, tich phan trong nghién ctu vat li duge khong?

Tring hop thay, cic bai toan vé mat ma hoc dang bé tic vi lam viéc v6i cac tap r6i rac, noi khong co tinh
lién tuc, tham chi con hitu han. Céc ban, tham chi gido su, c6 thé néi minh rang: "Tap hitu han con khong
xtt 1y duge ma mudn day vao tap vo han". Trén thuc té, tap vo han nhu R va C cho chting ta nhitng cong
cu manh mé: gidi han, sau do 1 tinh lién tuc, sau d6 1a vi tich phan. Khi mét di nhiing céng cu do, ma cac
tap roi rac 1a mot vi du, thi bai toan tré nén kho khing khiép. Anh Vit Hitu Tiép (blog Machine Learning
¢o ban) cling c6 noéi ring "con dao ham duge 1a con hy vong". Nhu vay méi thiy, tap vo han cho chiing ta
nhidu diéu kien thuan loi, nhing cong cu manh mé dé khao sat ching, nhung sé gay ra nghich 1y néu khong
biét cach "ché ngu" chting nhu trudng hop ctia nghich 1y Zeno.

Téng két lai, tit viec dém rat binh thudng, cho t6i nhing tap hop co phan tit kho nhin, thi sy vo han sé dua
chiing ta t6i nhiéu trudng hgp dé khoc dd cudi. Nhu minh da noi & trén, ngudi ng... hay néi nhitng y tudng
ki quic la dién, nhung tiéc thay ngusi "dién" dé da mat nén khong thé bat lai ngusi ng... That dang tiéc!!!

Vé giao duc

Néu da tdi bac gido su thi chic hdn cong bd khoa hoc phai rat nhidu. Ngoai ra, nghiép vu su pham la mot
phan bit buoc dé thanh gido su nén y kién clia gido su PVHg vé gido duc rat dang dé tam. Tuy nhién, theo
minh, c¢6 mot sé diém chua théa dang.

Gido st co bai viét vé viec An Do da loai bé thuyét tién hoa ctia Darwin ra khéi chuong trinh phd thong.
Déi v6i giso su, day 1a tin mimg. Mimg vi cac thé hé hoc sinh, sinh vién tiép theo s& khong bi thuyét tién
hoa dbi tra Ay (theo 1di gido su) lam lu md nhan thitc.

Tuy nhién, déi v6i hoc sinh thudc thé hé sau nhu minh thi minh nhan thiy mot s6 van dé trong cach nghi
cla gido su.
Mot 14, néu loai bo thuyét tién hoa ctia Darwin thi chic chan phai c6 mot noi dung khéc (vi du, mot thuyét
tién hoa khéac) b vao phan d6. Noi cach khéac, khéi lugng chuong trinh hoc KHONG THAY DOI. Trong
quyén sach Lai than van ciia mot nha todn hoc ciia Paul Lockhart, trén truong cac hoc sinh thiy tiét toan
. chan om. Hau hét ching minh thiy chan vi nhing kién thic kho khan, hoc thudc long, cong thitc xio di
nau lai ctia nhitng moén khoa hoc ty nhién. Nhu vay, van dé 14 néu thay thuyét tién hoéa ctia Darwin thanh
mot noi dung khéac, ma theo gido su PVHg la gitp cac thé hé sau "khong bi lira d6i" nita, thi két qua co
thite sy mau hong vay khong?

Bao nhiéu hoc sinh sau nay sé tiép tuc hoc tap hay lam viéc trén céc linh vire lién quan sinh hoc? Tiép theo,
khi nghién cttu sau vé sinh hoc, diéu gi ddm bdo cdc ban sé& van tiép tuc "bi lita" nhu gido su néi? Ro rang
khi trinh do cac ban ting lén, khi cAc ban tim toi tai lidu, thi cAc ban sé nhan ra cé nhiéu thuyét tién hoa
dang ton tai, va thuyét ctia Darwin ma ngay iy dudc hoc & trudng chi la mot vi du.
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Viéc gido su bac bd Darwin 14 mot vi du cho tw duy dich-ta, trong do6 dich sai, con ta dung. Darwin sai,
nén viit Darwin di ma hoc cai khac. Pay 1a mot 16i tu duy nguy hiém vi né khién sy da dang, nhiéu chiéu
trong tu duy bi mat di. Thay vao d6, sao chiing ta khong bit dau véi nhitng cau hoéi don gian nhu: diém
nao trong thuyét tién hoa ctia Darwin khong hop 1y (& day gido su da giai thich, chinh la ciy sy séng, ton
tai mot cai "gdc" clia sy song). Tiép theo, cau héi md rong hon, ching han nhu: c6 thé "chita" chd khong
hop Iy nay khong (gido su ciing c6 dé cap t6i tham cd sy song). Gido su da nghi duge t6i vay, tai sao lai ¢d
xiy cac ban tré bé di Darwin? Thay vao do6, ching ta c6 thé xem xét t6i cac thuyét tién hoa khac, diém
manh, diém yéu, nhitng chd chua hop 1y, nhitng ving xam trong mdi thuyét tién hoa? Khoa hoc phét trién
trén nguyén ly Ping trén vai ngudi di trude (khau higu ctia Google Scholar ciing la Stand on the
shoulders of giants). Minh nghi ring viéc xem xét cac ¥ tudng khéc nhau sé t6t hon viéc ¢ ché bai méi
mot Iy thuyét.

Gio su cho rang gido duc hién tai trén nhiéu nuéc dang giét chét tu duy, khong di vao ban chat. Déi véi
dita méi qua nhitng ngay thang cit nhan nhu minh, ky tc ctia 12 nam phd thong van con chay bong 1dm.
Néu mo6n nao ma minh ciing hiéu 16 ban chét, chic ndo minh sé v& lam doi mat. (~_ )

Einstein néi ring: "Ai cfing la thién tai, nhung néu ban bit con c4 leo cay thi né suét dsi sé nghi minh dan
don". Thién tinh ciia mdi ngudi méi khac. Cé ngudi hoc t6t khoa hoc ty nhién, c6 ban lai hoc t6t khoa hoc
xa hoi. Ké ca minh thién vé khoa hoc ti nhién, thi minh ciing chi hiéu ban chat toan, con vat li, hoa hoc,
sinh hoc thi minh b6 tay. Van dé 13, hidu ban chat toan dé lam gi néu khong gip lai toan trén dudng doi?
Vi tich phan xuét phat tit cac bai toan chuyén dong co hoc trong vat li. Nhung viéc hiéu 6 ¥ nghia vat li
ctia dao ham va tich phan c6 tic dung gi néu cac ban thi dai hoc khéi C?

Tht nhét, gido duc cung cip nhitng kién thic co s6 cho moi ngudi & tat cd moén dé lam nén tang cho nhing
huéng di trong tuong lai. Minh 1y vi du la mén toan. Cai quan trong nhat ching ta can hoc 1la TINH
TOAN. Di chg, biét tinh tién. Di hoc céc nganh ki thuat, biét tinh toan sb lieu. Di hoc bac si, biét tinh
toan lam sang (s6 ca mdc bénh, ti 1é chita khéi, ...). Minh khong thay nhiéu truong hgp thue sy can hiéu
ban chat vi tich phan, ma thyc té 1a cAin CACH TINH PAO HAM va TICH PHAN.

Thit hai, gido su cling no6i ding vé mot van dé (may qua it ra van ¢6 phan minh dong tinh véi giao su). Do
1a cau chuyén vé tudi ciia vi thuyén trudng. Khi toan hoc xa roi thé gidi thie, ma diéu dé thay nhét chinh
1a don vi tinh, thi sé xay ra cau chuyén dd khoc dé cudi.

Cau chuyén vé tudi clia vi thuyén trudng 13 mot bai toan don gian ciia bac tiéu hoc. vi du nhu cho sé luong
qué téo trén thuyén la 15, cho sb lugng thity thi trén thuyén 1a 10, hoéi tudi clia vi thuyén trudng 1a bao
nhiéu? Cac dai lugng khong hé ciing don vi do, nhung nhitng ban hoc sinh & Phap nhitng nim dau thé ki 20
da khong ngan ngai tinh tudi ctia vi thuyén trudng 1a 15+ 10 = 25. Khi gin cac don vi vao chiing ta sé thay

15 (qua téo) + 10 (thiy thil) = 25 (tudi).

RAt may 1a chuong trinh hién nay ¢ Viet Nam da gido duc ki khi con & bac tiéu hoc. Nhitng phép tinh chu
vi, dién tich, thé tich luén dugc kiém tra can than vé don vi do. Diéu nay van duge duy tri trong chuong
trinh & cip 2 va 3.

Tuy nhién, van dé 1a néu bé budc vao trong cac bai toan vat 1i thi can gi phai hoc moén toan nita? Nhu vay
chéng phai dang b6 budc tu duy lai sao? Ring moi thi phai lién quan dén bai toan cu thé, van dé cu thé,
ma khong quan tam dén tinh tritu tugng, sy tudng tugng, tinh sang tao? Nhu vay khi nhitng hién tugng ma
ching ta khong thiy bing m#t thuong nhu vii tru, lugng ti, lam sao chiing ta biét t6i sy ton tai clia no?
Than Athena sé dua 16i sim cho chiing ta ching?

Téng két lai, gido duc 1a mot van dé co su tham gia clia rat nhiéu thanh phan va tac dong dén nhiéu ngusi
nén rat kho dé phit hop cho tat ca cac bén. Gido su nghi theo céch ciia ngudi hoc giéi, con minh thi dét nén
chi thay phuong an ctia gido su tao thém ap lye. (=)
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Cha nghia duy ly va tu duy chi quan

Trong tap 3 (?) gido su PVHg ¢6 cham biém mot cau noéi ctia Hilbert. Hilbert néi ring "To6i nghi 1a ...".
Chiing ta thay ring day 1a tu duy chii quan ctia Hilbert, va vi 6ng 1a tugng dai, ngudi di dau ctia chli nghia
hinh thic trong toan hoc, nén gido su PVHg da nhan manh cum tit "T6i nghi" clia Hilbert va c¢6 phan cham
biém 6ng.

Van 1a bai viét Vé Cai Bat kha Quyét dinh, gido su dé cap ring "..., thay Bitu cho ring Dinh ly Cudi ciing
clia Fermat khong thuoc pham tri bat kha quyét dinh, vi thay tin Fermat néi that ...". Vang, & day gido su
PVHg khong cham biém quan diém va niém tin ciia gido su Ta Quang Biiu.

VAan dé 14, tai sao ong Hilbert NGHI thi gido su cham biém, con gido su Bitu CHO RANG, giéo su Bitu TIN,
thi gido su PVHg khong ¥ kién gi, tham chi c6 phan con dong tinh, mac du ca Hilbert 1an gisdo su Biru déu
dua ra suy nghi chii quan, khong c6 bang chitng vé logic nio ca?

Phai ching, gido su PVHg ciing giéng nhiéu trudng hop "chi nghe nhitng gi minh mudn nghe"? Nhan thic
clia gigo su Ta Quang Bttu an khép véi dinh 1i Godel, ma gido st PVHg lai rat ton stng dinh 1i d6. Day co
phai nguyén nhan khién gido s Hung dong tinh véi gido su Bitu?

Loi tong két

Mot 1an nita, minh can nhéc lai ring khoa hoc phat trién theo nguyén 1i Ping trén vai ngudi di trudc.
Cac nghién citu khoa hoc, hodc phai dua trén nhitng nghién ctu cé trude, néu khong thi nhitng ¥ tudng dot
pha can phai chd thsi gian kiém ching (nhu cac gid thuyét méi, phuong phap méi).

Khong quan trong dinh 1i Godel c6 tic dong manh mé t6i logic, triét hoc, nhan thic luan, ... téi mic nao.
biéu quan trong 1a khong thé chi st dung dinh li Godel dé bac bé nhitng ly thuyét truée d6. Didu nay chi
lam tri tré khoa hoc vi khéong nhitng ném hét nhitng cong sitc clia nhitng ngudi di truéc ma con khong co
diém gi tién bo.

Giao su PVHg da téng quat hoa mot dinh 1f toan hoc lén tam voc triét hoc, thé hien sy suy dién lién nganh.
Sau do giso su lai dung 1 luan triét hoc @6 aé "quy chup" cho nhiing nganh khoa hoc khac. Gido su clng
rat day cong, ché Darwin, Cantor, Hilbert, ... ti nim nay sang nim khéc, thing nay sang thang khac, nén
tang nay sang nén tang khac. Cac ban c6 thé thay gido su c6 nhiéu bai viét tit nhiéu nam trudc, xuat ban
cé sach, va nim 2024 thi lén ci Youtube, chi dé truyén ba tinh "doc hai" trong cac tu tudng kia.

Nhu vay, gido su PVHg thyc chat chi 14 suy dién y nghia triét hoc tit dinh li Godel trong toan hoc, ma ngay
nay chiing ta goi 1a nhét chit. Viéc cac nha khoa hoc thai trude dua ra 1y thuyét méi, ho ciing dau bit ai
phai tin Iy thuyét clia minh? C6 ngudi tin, c6 ngudi khong tin. Cé ngudi tim céch ching minh 1y thuyét
ctia ho ding, ciing c6 ngudi tim cich bac bd Iy thuyét ciia ho, tat nhién 14 bing 1ap luan ch#t ché hay bing
chiing x4c thue. Dit cach nay hay céch khéc, cong dong khoa hoc luén tién bo va di lén. O mot sb truong
hop, 1y thuyét ctia ngusi ndy giai thich duge hién tugng, nhung 6 mot s6 trudng hgp khac, ho nhudng chd
cho Iy thuyét khac hiéu qua hon.

Cudi ciing, viéc gido su PVHg dang lam chi don gian 1a ché bai nhiing 1y thuyét di trude, c6 xty chiing ta
dimg tin chung, nhung gido su khong hé noéi ching ta can tin gi. Nhan thitc clia con ngudi di ¢6 han, va
ching ta can chip nhan, thi ciing khong viéc gi phai ngitng hoc tap, nging tu duy, r6i di ché bai ngusi di
trude call!

Cam on cac ban da xem.

Saint Petersburg, ngay 12 thang 08 nam 2025
Lé Qubc Diing
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5.1.4 Chu nghia khic ky va phan phdi nhi thic

Phan phéi nhi thirc

Su tiéu cyre trong chii nghia khic ky va phan phéi nhi thitc c¢6 lién hé mat thiét nhau t6i mic khong ngd.
Minh xin phép nhic lai vé phan phdi nhi nhitc (binomial distribution).

Néu mot sy kién c6 kha ning xay ra la p véi 0 < p < 1 thi trong mot day n sy kién nhu vay doc
lap nhau, x4c suat dé co k sy kién xay ra la

P=k)=Ck-pF-1-pn"

Mot vi du don gian clia phan phdi nhi thitc 1a bai kiém tra tric nghiem. Gia st mot dé thi co 10 cau, mdi
cau c6 bén dap an A, B, C, D, va chi c6 mot dap an ding cho méi cau.

Khi d6, n = 10 va x4c suat dé chon ngdu nhién dap an ding cho mdi cau la p = 1/4. Goi k 1a s6 cau tra 15i
ding khi chon ngiu nhién dap an ting cau.

Minh sé thit lap bang phan b xac suat véi k = 0,1,...,10.

k 0 1 2 3 4 )
P =k) | 0.056314 0.187712 | 0.281568 | 0.250282 | 0.145998 @ 0.058399
k 6 7 8 9 10

P(¢=Fk) | 0.016222 0.003090 | 0.000386 | 29 -10~° 10-¢

Déi v6i truong hop k = 10, tic 1a lac ching ta "lui" ding hét ca 10 cau, cac ban c6 thiy xac suit nhé té6i
mitic chan cha budn néi khong? Nhu vay co thé thiy xac sudt mot didu tét xay ra luon rat thap.

5.1.5 Suu tam 1

Ngudn: https://vk.com/po matematike

Tiéu dé gdc. MeTo CONPSKEHHBIX IPAMEHTOB: JHHEHHAsA aaredpa ¢ yCKOPEHHEM.
Tiéu dé. Phuong phap gradient lién hop: dai s6 tuyén tinh véi téc do cao.

Khi h¢ phuong trinh tuyén tinh Az = b c6 quy m6 cyc 16n (hang trigu bién), viéc luu trit toan bé ma tran
A va st dung cac phuong phap tryc tiép nhu phan tich LU trd nén bat kha thi. Pac biét khi A 1a ma tran
thua, d6i xting va xac dinh duong (dinh thiic duong?). Trong trudng hgp nay, phuong phap Gradient lién
hop (Conjugate Gradients - CG) 1a mot trong nhitng thuat toan lip hieu qua nhét.

Khéc véi phuong phap Gradient Descent, CG khong chi "tién dan" vé cie tiéu ctia ham bac hai:

1
flx) = 3 x' Az —b'x
ma di chuyén theo céc huéng lién hop v6i nhau, gitp tranh lang phi bude di. Vé 1y thuyét, sau dang n budc,
CG tim dugc nghiém chinh xac, nhung trén thuc té, qua trinh hoi tu thuong dat dude sém hon nhiéu.

Y tuéng chinh. Thay vi chon huéng gradient 7, = b — Ax;, ¢ mdi buée, CG chon huéng py, lién hop véi
cac hudng trude do theo A:

rlcT+1rk+1
Pkt+1 = Tk+1+ BkPry, b= —5—.
T Tk
Cap nhat nghiém. Nghiém méi duge tinh bing:
x T + app « Tl;rrk
k+1 = Tk + QkPr, QA = .
Py Apk
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Uu diém quan trong. Khong can luu trit toan bo ma tran A, chi can kha niing tinh nhanh Ax.

Ung dung rong rai trong:

phuong phap tinh;

e hoc may;

e dd hoa may tinh;

e gidi phuong trinh dao ham riéng.

Phuong phap nay minh hoa cach lya chon hinh hoc thong minh (lién hgp thay vi truc giao) gitp ting toc
dang ké tinh toan.

5.1.6 Suu tdm 2

KonTponbuas padoTa.
Bamanue 1. JokaskuTe WM ONPOBEpTHUTE yTBepxienne n? = o(2n?).

Banamue 2. Pacnonoxure cienyromue hyHKINN B IOPSIIKE yBEINIEHHsI CKOPOCTH 3 POCTa, OTMETUB CPEIN
nux O-skeuBasentabe: f(n) = 496" g(n) = 4n?, h(n) = nlog(n*).

Bamanue 3. Ilycts f(n) u g(n) - ACMMITOTHYECKY NOJIOKHUTEIbHBIE PyHKIMH. JIOKA’KUTE WM OIPOBEPIHATE
cnenyiomee yreepxaenue: f(n) + g(n) = O(min(f(n), g(n))).

5.2 Nudc Nga du ki
5.2.1 Gidi thiéu
Budc dau di hoc

Nam 2019, minh lén dudng sang Nga va bat dau hanh trinh hoc ¢ nhan. Viéc du hoc Nga c6 chd tbt, ciing
c6 chd khong t6t. Day 1a cau chuyén ctia minh vé nhiing didu minh da hoc duge, da thiy va cdm nhan dbi
v6i Lién bang Nga.

Chuyén bt dau vao mot ngay dep troi thang 4 nam 2019. Khi d6 minh vAn dang 1a sinh vién nim nhat &
truong Dai hoc Cong nghe Théong tin (UIT) & Thanh phé Hé Chi Minh. Ban ctung 16p gidi thiéu cho minh
hoc béng hiép dinh cia Bo Gido duc va Pao tao di du hoc Nga. Phan sau minh sé noi rd vé hoc béng hiep
dinh, hiéu don gian 14 phia Nga sé tra hoc phi va phia Viet Nam sé cap bii sinh hoat phi (SHP) cho minh.
Do d6 sinh vién Viét Nam & Nga thuong goi hoc béng hiép dinh 1a hoc bf;ng hai phia.

Minh thiy ¥ tudng nay kha hay, dude di du hoc ma gan nhu khéng tén gi. Liic nay tham khdo y kién ctia
moi ngudi xung quanh la kha can thiét. Da s tat nhién la khong ddng ¥ vi du hoc Nga khong phai cai gi
qué hap dan & thoi nay. Sau khi t6t nghiép cap 3 rat nhiéu ngusi ban cia minh da di hoc & My, Uc, Phap,
Phan Lan, Trung Qudc, Canada ... Lic d6 minh doan 13 dudi mién nam khong chudng di Nga va sau nay
khi sang day thi minh da chic chin vé viéc d@o.

Tuy nhién, yéu t6 quan trong nhat chinh 14 ba me minh da cho phép minh di sau khi dén do suy nghi. Néu
ngay dé ba me khong cho minh di, minh da 16 méit mot co hoi nhin ngadm thé giéi ngoai Viet Nam. Minh
rat biét on ba me vé diéu nay. Tuy nhién minh d& lam ba me budn vi ... khong din dudc ban ni nao vé
gi6i thieu ba me sudt may nam cit nhan. Hién tai minh da gac lai chuyén d6 dé don siic véi hy vong hoan
thanh Tién si Khoa hoc (JToxTop mayk) ¢ 40 tudi roi tinh chuyén tinh duyén sau ~)~.
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Chuan bi hé so

Tiép theo thi minh chuan bi ho so dé xin hoc béng hiép dinh. Moi thit déu binh thudng ngoai trit viec dich
thuat. Minh theo nhiitng bai post trén facebook lic d6 dé tim t6i mot vin phong nhan dich thuat tiéng Nga
trén dudng Tran Cao Van (gan dudng Nguyén Dinh Chiéu). Luc d6 chi c6 mot ngusi dich tiéng Nga trong
khi c¢6 kha nhiéu ngudi nhan dich tiéng Anh, Trung, Han, ... Pay la diém thd hai khién minh doan ring it
ngudi mién nam di hoc Nga.

Vi s6 ngudi dich tiéng Nga it nén minh tranh thi chuan bi gidy td sém va dem di dich. Moi chuyén dién ra
kha mugdt va minh gt gidy t lén Cuc hgp tac qudc té, 1a co quan tryc thudc Bo Gido duc va Dao tao chiu
trach nhiém quan 1y luu hoc sinh tai céc nuée cdp hoc béng hiép dinh. Sau @6 minh chd dén thang 8 thi co
két qua minh dau. Ngay 14/10 minh lén duong sang Nga.

Pa s6 cac ban di hoc Nga lan dau sé gidng minh 13 khong biét tiéng Nga. Do d6 tui minh sé tradi qua mot
khoa hoc di bi tiéng Nga 1 niam, sau d6 bat diau hoc cit nhan 4 niam, hodic thac si 2 ndm, hodc nghién citu
sinh 4 nam. N6i don gidn, néu ban chua ting hoc & Nga va khong c6 chitng chi tiéng Nga dt cao thi ban sé
can hoc 1 nam tiéng.

Nam du bi tiéng

Niam do6 ¢6 7 ngudi sang truong minh hoc dy bi va 1 anh sang hoc nghién citu sinh (trude do anh nay da hoc
du bi va thac si 161 nén bay gid khong can hoc duy bi nita). Spoil: trong 7 ngudi hoc dy bi trudng minh thi
chi ¢c6 mdi minh & lai dé hoc tiép ctt nhan, con 6 ban kia sang truong Bauman hoc.

5.2.2 Di hoc & Nga t6t hay x4u?
Ca nhan minh thay viéc sinh vién Viet Nam di du hoc Nga c6 nhiéu diém hai hon 1a diém lgi.

Dbau tién 1a hoc béng. Vang, cac ban khong nham dau. Mot trong nhitng diém hai 16n nhéat khi di du hoc
Nga lai chinh 1a hoc bdng.

Thong thuong sinh vién Viét Nam di hoc 6 Nga sé c¢6 hai dang:
e dugc Chinh phti Nga tra hoc phi va duge Chinh phtt Viet Nam cip bu sinh hoat phi (SHP);
e dugc Chinh phtit Nga tra hoc phi, con SHP tu lo.

Mot s6 it thi hoc theo dién tu ttic moi loai phi nhung sé lugng cac ban ¢ dién nay rat it. Minh hoc thac si &
ITMO la dién nay.

Quay lai v6i hoc bong. Khi cac ban khong bi ap lyc tai chinh thi dé hiéu cac ban sé khéng quy trong nhitng
dong tién do. Viec boé bé hoc tap sau nam du bi tiéng Nga xay ra rat thuong xuyén. Nhiéu ban bi dudi hoc
sau nam 1, ndm 2 ci nhan, tham chi mot sé truong con dudi khi hét nam du bi.

Mot diém bat 1gi thd hai 14 cong dong sinh vién Viet Nam. Vang, mot 1an nita, cac ban khong nham dau.
Cong dong sinh vién Viet Nam tai Nga, theo minh, 1a hén loan va c6 nhiéu diém tiéu cuc hon 1a tich cie.

Céc don vi sinh vién tai truong thudng t6 chiic cac hoat dong cho sinh vién nhung cac ban tham gia khong
phai trén tinh than ty nguyén, ma la bit budc mot phan.

Diéu budn cudi 14 nhiéu ngudi bio cac trudng dai hoc § Nga chi ¢c6 hoc ma khéng ning dong, khéng nhigu
hoat dong. Nguyén nhan 1a do nhiéu ban chi cé di hoc, 14y 5 diém, 1di vé, chit c6 bao gid dé y trudng, khoa
dang t6 chitc gi dau ma biét c6 hoat dong hay khong. Doi khi vi ngai tiéng Nga ciia ban than yéu ciing
khién nhiéu ban khong tham gia. Minh da titng gitip khoa chuan bi cho ngay hoi gisi thieu vé khoa (/lenn
OTKPHITHIX aBepeii, Open Day). Minh ciing tham dy cac trudng hé do cac dai hoc Nga hop tac t6 chitc. Nhu
vay, hoat dong ngoai khoa 1an hoat dong hoc thuat cé rat nhiéu, chi 14 cAc ban khong tham gia réi bdo &
Nga khong nang dong.
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5.2.3 Go6c khau nghiép

%* Nguy hiém

Phan nay c6 sy toxic cao, doc gid can nhic trude khi xem. ~-

%* Nguy hiém

Phan nay la y kién c4 nhan va cdm xtic tiéu cue tich lily khi tac gid di hoc § Nga, doc gid can nhic trude
khi xem.

5.2.4 Cac cudc thi toan & Nga

Gidi thiéu

Céac cuoc thi hoc thuat 6 Nga dudc chia thanh bén cap chinh:

cap truong: cudc thi t6 chic cho sinh vién trong trudng tham gia;

cap khu vyc (peruonasbubie): cuoc thi do mot hodc mot sé trudng trong thanh phé (va cac tinh ngoai
0) to chiic;

cap quoc gia (Beepoccuiickue): cuodc thi do mot hodic mot s6 trudng trén toan Nga ding ra t6 chiic;

cap quoc té (Mexaymapommbie): cic cudce thi duge to chite bdi mot t6 chite khoa hoc/co quan han lam
trén thé gidi, hoic hop tac gilta cac cd quan.

Trong bai viét nay, minh xin phép chia sé mot s6 cudc thi vé toan va mat ma ma minh c6 dip tham gia hoac
thay qua. Trong mdi cudc thi sé trinh bay cic théng tin chinh:

e tén cudc thi;

e dia chi website (néu co);

e cap do (truong, khu vie, qubc gia, quoc té);

e thdi gian dién ra trong ndm (udc lugng);

o dia diém td chic.

DPat gidi ¢ cac cudc thi nay gitup cong diém dé tinh xét moBbIIeHHE rOCyIapCTBEHHAS AKAJIEMIIECKAS
crunenua (IITAC). Khi minh duge duyét IITAC thi ngoai hoc phi da duge mién ra (100%) thi con duge
cap thém 15% cho mdi thang & ki tiép theo. Do d6 minh hy vong nhiéu sinh vién Viét Nam sé huéng tng.

Thong thuong viéc tham gia cic cudc thi sé can thong qua khoa toan clia trudng. Mot s6 cho phép tham
gia online vong loai (tu do) nhung khi tham gia vong trong sé duge dang ki thong qua truong. Vi vay minh
nghi ring néu sinh vién mudn tham gia mot giai nao thi nén lién hé véi khoa toan dé nhs ho dang ki, doi
khi c6 thé dugce hoc trong doi tuyén dé chuan bi tét hon.

Olympiad toan khu vuc

Olympiad & Zelenograd, truong MUIT

. Tén day di: MocKOBCKO# TOPOJICKO OJIMMIINAJIBI 110 MATEMATHKE CTYJIEHTOB TEXHUIECKUX BY30B.
. Pia chi website: https://www.miet.ru/structure/s/243/e/120419/50 (tham khéo).

1
2
3.
4

Cép do: khu vue.

. Thsi gian: vao khoang thang 4 hing nam.
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S.
6.

Dia diém: trusng MUIT (thanh phd Zelenograd, nim & ngoai 6 Moscow).

Déi tugng tham gia: ¢t nhan hodc chuyén gia.

Cuoc thi gom hai bang: cho ndm nhat (mepsbriit Kypc) va cho cdc ndm sau (crapime Kypebl).

Dé thi gom 4 cau 4p dung cho cd hai bang, tap trung vao giai tich va dai sd tuyén tinh.

Olympiad toan quéc gia

Olympiad "4 - npocdeccuonan"

Olympiad "SI - mpodeccuonan" 6 thé noi la cuoc thi "qude dan" & Nga. Thuc chat, "4 - npodeccuona"
bao gdm nhi¢u mén khac nhau, trong d6 c6 mon toan.

1.

6.

Tén day da: "¢ - mpodeccronas”.

. DPia chi website: https://yandex.ru/profi/.

2
3.
4

Céap do: qubc gia.

. DPia diém: vong so khao (or6opountrii sram) theo hinh thiic online, vong chung két (saxmounTenbHbrit

sran) theo hinh thic tryc tiép tai mot trudng trong khu virc.

Thai gian: vong so khao dién ra khodng thang 11-12, vong chung két dién ra khodng thang 3 nim tiép
theo.

Déi tugng tham gia: cit nhan, chuyén gia, thac si.

O vong so khao, hinh thic thi la tric nghiem didn dap 4n. D8 thi gdm 10 cau. Thi sinh doc d8, giai ra dap
an, va dién dap an vao 6 troéng trén trang web. Néu tra 15i dung, thi sinh c6 10 diém. Néu tra 15i sai, thi
sinh c6 0 diém.

O vong chung két (sakmounrenpupii sram) doi khi sé c6 mot vong ban két (momydumasn) khi s6 lugng tham
gia qué dong. O vong nomydunas, hinh thic thi van 1a tric nghiem dién dap an giéng vong so khéo. Sau
do, vong chung két tong (dpuman) dién ra theo hinh thitc ty luan. Dé thi vong chung két téng ciing c6 10
cau. Néu co y ding, thi sinh duge diém.

Cac mon thi ctia "I - npodeccuonan" noéi chung dé gom hai bang:

e bang danh cho cit nhan (ua Gakanaspuara);

e bing danh cho thac si/chuyén gia (mys MarucTpaTypsr/cenmanucra).

No6i cach khac, thac s1 va chuyén gia s& thi chung dé, chung bang.

Olympiad "Wurterpupyii" ¢ MNOUA

Cuodc thi duge t6 chic tai truosng MU®HU, ndm & Moscow.

Cuoc thi dién ra theo nhidu vong.

Trong cudc thi, thi sinh s& gidi cdc bai vé nguyén ham va tich phan. Vi vay cudc thi méi mang tén
"Unrerpupyit".

[TODO] Suu tam dé.

Olympiad toan qubc té

Open International Internet Olympiad - OIIO

1. Tén day dia: OTKpblTas MexKIyHapOIHAd HHTEPHET-0IMMINAIA 10 MATEMATHKE.
2. Dia chi website: https://olymp.i-exam.ru/.
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3. Cép do: qubc té.

4. Pia diém: cudc thi gdm 3 vong. Vong 1 thi tai truong, vong 2 thi tai mot truong nao do trong khu
vige, vong 3 - chung két - thi tai mot thanh phd tai Nga.

5. Thoi gian: vong 1 dién ra khoang thang 3, vong 2 dién ra vao thang 4, vong 3 dién ra vao thang 5.
6. D6i tugng tham dy: cit nhan t ndm 1 t6i nam 3.

O vong 1, thi sinh sé giai cdc bai toan trén may tinh qua he théng ctia cuoc thi. Hinh thic thi 1a tric nghiem
dién dap an. Thi sinh doc dé, gidi ra két qua va ghi dap 4n va 6 trong trén trang web. Néu tra 16i dung, thi
sinh c6 diém. Néu tra 15i sai, thi sinh khéng c6 diém. Vong 1 dién ra tai truong, thudng sé dudc sip xép
phong may.

0 vong 2, hinh thitc thi giong vong 1. Thi sinh ctia mot khu vie (vi du Moscow) sé tap trung vé mot trudong
nao do trong khu vige (vi du nam 2023 cac thi sinh & Moscow s& tap trung vé dai hoc xay dung Moscow).

O vong 3, hinh thic thi la ty luan. D& thi gdm 10 cau, chAm theo thang diém. Néu c6 y dang, thi sinh duge
diém. Piém ctia mdi cau sé ting theo hé s6 dia trén s6 luong ngudi gidi ra. Néu mot cau cé nhiéu thi sinh
giai ra, cau do sé giit nguyén diém ban dau. Néu mot cau co it thi sinh gidi ra, diém s& duge ting theo he
s6 do ban t6 chitc tinh toan dya trén s6 lugng 1i gidi ding. Vong 3 dién ra tai truong ®MUIB & thanh phd
Nomxkap-Oua, gan Kazan.

Vi 56 lugng cau hoi 16n nén noéi dung thi bao quat nhidu linh vic toan: giai tich, dai s6 tuyén tinh, hinh hoc,
s6 hoc, xac suit thong ke, ly thuyét do thi, ...
Y kién ctia minh: diém hay ¢ vong 3 1a co ché tinh diém, giip nhing ngusi di giai duge it cau nhung diém

van cao vi cau kho thudng 1a cau it ngudi gidi duge.

Chua phan loai
RUDN Olympiad

Lan dau tién minh duge tham duy thi toan dong doi theo hinh thitc MathBoy (tran chién toin) nim 2023.

Trong céch thi nay, mdi doi c¢6 3 vi tri: ngudi thuyét trinh (moknamuuk), ngudsi phan bién (onmnonent) va
ngudi giam sat (mabsromaress).

O méi vong s& ¢6 3 doi thi v6i nhau. Méi doi sé ¢d 1 vi tri tuong tng v6i 3 vi tri trén. Sau day 1a vi du

boil bBoi2 D63
Vong1 O pi H
Vong 2 H O Pl
Vong 3 /1 H O

O méi vong, doi dong vai trd ngudi thuyét trinh lén bang ghi bai giai trong thoi gian cho phép va thuyét
trinh vé bai giai cia d6i minh. Poi phan bién c6 nhiém vu phan bién bai thuyét trinh d6. Dai giam sat, dua
trén bai thuyét trinh cling nhu phan bién ma ghi chép lai cac 16i, chd kho hiéu, ... va trinh lén cho giam
khéo.

Ngoai ra, doi thuyét trinh trude d6 phai trinh bai gidi viét tay cho giam khio chdm truéc khi lén thuyét
trinh.

0 day c6 rat nhiéu cau chuyén hack nio da xay ra. Luc minh thi vong 1, cau héi qua khé nén doi thuyét
trinh chi viét duge mot it. Pong nghia viéc doi phan bién ciing nhu doi giam sat ... that nghiép, khong co
gl dé noi.
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Déi vé6i vong 2, tran chién can bing hon, doi minh lam viéc giam sat. Dya trén bai gidi ctia doi thuyét trinh,
chting minh thiy nhitng truong hgp chua duge xét téi va cd thé bi sai, do d6 ci ba doi déu co diém (doi
thuyét trinh c6 nhidu diém nhét vi cdc ban giai hon 1 nita roi).

Db6i v6i vong 3, doi minh thuyét trinh. Doi minh clear bai d6 nén gianh diém tuyét déi cho phan thuyét
trinh. Tuy nhién cac ban phan bién ciing khong vita, van cd ging bat mot s6 16i do trinh bay qua cd dong.
Két qua 1a doi minh (thuyét trinh) full diém cho vong 3, doi phan bién duge 3 diém.

5.3 Suu tam nhifng cau chuyén vé cac nha toan hoc
5.4 Men of Mathematics

Minh dich quyén Men of Mathematics ctia Bell [43].

5.4.1 L&i néi dau
Men of Mathematics

Cuoc doi va thanh tuu ciia cac nha toan hoc vi dai tit Zeno dén Poincaré.

Muc luc

1. Giéi thiéu.

Su thoai mai cho doc gia. Binh minh ctia toan hoc hién dai. Cac nha toédn hoc c6 phai la con ngusi? Nhing
ban sao v6 vi. Pham vi v6 han trong sy tién hoa ctia toan hoc. Nhitng ngudi tién phong va trinh sat. Manh
mbi di qua mé cung. Lién tuc va roi rac. Sy hiém c6 dang chu ¥ clia 18 thuong. Toan hoc séng dong hay
thuyét than bi mo h6? Bén thai ki vi dai clia toan hoc. Thai ki ctia chiing ta 14 Thai ki Hoang kim.

2. Nhitng tv duy hién dai trong co thé cd dai: Zeno (thé ky thit 5 TCN), Eudoxus (408-355
TCN), Archimedes (2877-212 TCN).

Nhitng nguoi ¢b dai hien dai va nhing ngudi hién dai cb dai. Pythagoras, nha than bi vi dai, nha toan hoc
vi dai hon. Chiing minh hay tryc giac? Goc ré ciia giai tich hien dai. Mot ga nha qué lam dao 1on cac triét
gia. Nhitng cau d6 chua duge gidi quyét clia Zeno. Ngudi ban tré can cu ctia Plato. Su kiét qué vo tan.
Nhitng mau truyeén tranh hitu ich. Archimedes, quy toc, nha khoa hoc vi dai nhat thoi ¢6 dai. Nhitng huyén
thoai vé cudc ddi va tinh cach ctia éng. Nhitng kham phé va tuyén bd vé tinh hién dai ctia 6ng. Mot ngudi
La Ma kién cudng. Sy thit bai clia Archimedes va chién thing ctia Rome.

3. Quy 6ng, ngudi linh va nha toan hoc: Descartes (1596-1650).

Nhitng ngay xua tuci dep. Mot triét gia tré nhung khong phai la mot ké kiéu ngao. Nhitng 1¢i thé vo gia clia
viéc ndm trén givong. Nhitng nghi ngd tiép thém sinh Iige. Hoa binh trong chién tranh. Dugc cai dao bdi ac
mong. Sy khai thi céia hinh hoc giai tich. Thém nhiéu vu giét mo. Rap xiéc, sy ghen ti chuyén nghiép, sy
khoe khoang, nhiing nguoi ban nit dé tinh. Sy kho chiu véi lita dia nguc va sy ton trong Gido hoi. Puge citu
bdi mot cap hong y. Mot Gido hoang tu danh vao dau minh. Hai muci nim séng an dat. Phuong phéap. Bi
phan boi bdi danh tiéng. Lam viéc vé6i Elisabeth. Descartes thue sut nghi gi vé ¢6 ay. Christine ti phu. Co
iy da lam gl v6i Descartes. Sut don gidn khi sang tao trong hinh hoc ctia éng.

4. Hoang t1¥ cia nhitng ngudi nghiép du: Fermat (1601-1665).

Nha toan hoc vi dai nhat cfia thé ky 17. Cudc sdng ban ron, thuc té ctia Fermat. Toan hoc 14 s6 thich cia
ong. Pong gop clia 6ng cho giai tich. Nguyén ly vat 1y sau sic clia éng. Hinh hoc giai tich mot lan nita.
Arithmetica va logistica (tam dich - s6 hoc va logic hoc). Su vugt troi cia Fermat trong s6 hoc. Mot bai
toan chua duge gidi vé s6 nguyeén t6. Tai sao mot s6 dinh 1y lai "quan trong"? Mot bai kiém tra tri thong
minh. "Sy gidm v6 han." Thach thic chua dude tra 18i clia Fermat déi véi hau thé.
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5. "Su vi dai va khd dau ciia con ngudi": Pascal (1623-1662).

Mot than ddng chén vili tai ning ctia minh. O tudi 17, mot nha hinh hoc vi dai. Dinh ly tuyet voi ctia
Pascal. Stic khoe tdi t& va sy say mé ton gido. Chiéc may tinh dau tién. Sy xuat sic ciia Pascal trong vat
lIy. Chi gai thanh thién Jacqueline, ngusi ciu r6i linh hon. Rugu va phu nit? "Hay dén tu vien!" Dudc cai
dao trong mot cudc ché chén. Vin hoc bi lgi dung cho sy cudng tin. Helen ctia Hinh hoc. Mot con dau rang
thién thé. Nhitng gi khAm nghiém tit thi tiét 16. Mot tay cd bac lam nén lich st todn hoc. Pham vi cta ly
thuyét xac suat. Pascal cing v6i Fermat tao ra ly thuyét nay. Sy dién rd ciia viéc dit cuge chong lai Chua
hodc Quy di.

6. Trén bd bién: Newton (1642-1727).

Danh gia ctia Newton vé ban than. Mot thién tai tré khong dude ching nhan. Sy hén loan & thoi dai ong.
Ding trén vai nhitng ngusi khéng 16. Mdi quan hé duy nhat ciia 6ng. Nhitng ngay ¢ Cambridge. Newton
tré tudi lam chi sy vo ich ciia viec chiu dung nhing ké ngéc. Pai dich 16n 14 mot phudce lanh 16n hon. Bat
t1t & tudi 24 (hodc it hon). Giai tich. Newton khong ai sanh kip trong toan hoc thuan tiy, t6i cao trong triét
hoc ti nhién. Rudi nhing, ong bap cay va sy buc boi. Nguyén 1y. Samuel Pepys va nhitng ké réi rit khac.
Su that vong phéng lang nhét trong lich stt. Tranh c&i, than hoc, nién dai hoc, gid kim thuat, chitc vu cong,
cAi chét.

7. Bac thiy ctia moi nghé: Leibniz (1646-1716).

Hai dong gop tuyét voi. Con ctia mot chinh tri gia. Thién tai ¢ tudi 15. Bi 16i cudn béi luat phap. "Dac
tinh phd quat." Ly luan biéu tugng. Ban ré vi tham vong. Mot nha ngoai giao bac thay. Ngoai giao la thit
gi d6, nhitng chién tich ngoai giao ciia bac thay dugc dé lai cho cac nha st hoc. Céo trd thanh nha st hoc,
chinh khach tré thanh nha toan hoc. Pao dic ting dung. Sy ton tai cia Chiia. Chii nghia lac quan. Bén
muoi nam vo ich. Bi viit bé nhu mot miéng gié ban.

8. Ban chat hay nu6i dudng? Gia dinh Bernoulli (thé ky 17 va 18).
Tam nha toan hoc trong ba thé he. Bing chting lam sang vé di truyén. Giai tich bién phan.
9. Hién than cta phan tich: Euler (1707-1783).

Nha toan hoc sung mén nhat trong lich sit. Pugc citu khéi than hoc. Cac nha cai tri chi tra. Tinh thuec tién
ctia nhitng diéu khong thyc tién. Co hoc thién thé va chién tranh hai quan. Mot nha toan hoc do co hoi
va dinh meénh. Bi méc ket & St. Petersburg. Pric tinh ciia sy im ling. M mot nita vao budi sang. Chay
trén dén nuéc Phd tu do. Su hao phong va tho 16 cla Frederick Pai dé. Trd vé nudc Nga hiéu khach. Su
hao phong va thanh lich ctia Catherine Pai dé. Mu hoan toan vao budi trua. Bac thay va ngudi truyén cam
hing cho céc bac thay trong mot thé ky.

10. Mot kim tw thap cao vat: Lagrange (1736-1813).

Nha toan hoc vi dai va khiém tén nhat ctia thé ky 18. Sy pha san tai chinh 1a co hoi cia 6ng. Ong da hinh
thanh kiét tac clia minh & tudi 19. Sy hao phong ctia Euler. Tit Turin, dén Paris, dén Berlin: mot dita con
ngoai gia thu biét on da gitp dd mot thién tai. Nhitng cude chinh phuc trong co hoc thién thé. Frederick
Pai dé ha minh. Cudc hon nhan dang tri. Céng viéc nhu mot thoi quen. Mot tac pham kinh dién trong sb
hoc. Mécanique analytique mot kiét tac sbng dong. Mot cot mée trong 1y thuyét phuong trinh. Puge chao
do6n & Paris bdi Marie Antoinette. Kiét sitc than kinh, u uat va sy chan ghét phd quat & tudi trung nién.
Dugc danh thitc béi Cach mang Phap va mot co gai tré. Lagrange nghi gi vé Cach mang. Hé théng mét.
Nhitng ngudi cich mang nghi gi vé Lagrange. Mot triét gia chét nhu thé nao.

11. Tit néng dan dén ké kiéu ngao: Laplace (1749-1827).

Khiém tén nhu Lincoln, kiéu hanh nhu Lucifer. Mot sy tiép don lanh ling va mot 18i chao ndng nhiét.
Laplace tan cong hé mit troi mot cach hoanh trang. Mécanique céleste. Danh gia clia 6ng vé ban than.
Nhitng ngudi khac nghi gi vé 6ng. "Thé ning" co ban trong vat ly. Laplace trong Cach mang Phap. Mbi
quan hé than thiét v6i Napoleon. Chti nghia hién thyc chinh tri ctia Laplace vigt troi hon Napoleon.

12. Nhitng ngudi ban ctia mét hoang dé: Monge (1746-1818), Fourier (1768-1830).
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Con trai cia mot ngudi mai dao va con trai clia mot thg may gitp Napoleon lat d6 chiéc xe ngya clia gidi
quy toc. VG opera hai 6 Ai Cap. Hinh hoc mo6 ta cia Monge va Thai dai May moéc. Phéan tich cia Fourier
va vat ly hién dai. Sy ngu ngde ciia viée tin tudng vao cic hoang tit hodc nhitng ngudi vo san. Chéan dén
chét va chan dén chét.

13. Ngay vinh quang: Poncelet (1788-1867).

Pugce hdi sinh tit déng d6 nat ciia Napoleon. Con dudng vinh quang din dén nha tu. Mua dong & Nga nim
1812. Thién tai lam gi trong ti. Hai nam hinh hoc trong dia nguc. Phan thudng ctia thién tai: sy ngu ngde
clia thoi quen. Hinh hoc xa 4nh clia Poncelet. Nguyén ly lién tuc va déi ngau.

14. Hoang tt ctia cac nha toan hoc: Gauss (1777-1855).

Gauss, ngudi ngang hang v6i Archimedes va Newton trong toidn hoc. Xuét than khiém tén. Sy tan bao cia
ngudi cha. Sy phat trién tri tué sém khong ai sanh kip. Co hoi ciia 6ng & tudi 10. Pén nam 12 tudi, 6ng mo
vé nhitng kham pha cach mang, dén nim 18 tudi, 6ng dat dude ching. Disquisitiones Arithmeticae. Céc tac
pham mang tinh buéc ngoit khac duge tom tat. Tham hoa Ceres. Napoleon, gian tiép cudp doat Gauss,
nhan giai nhi. Nhitng tién bo co ban trong tat cd cdc nhanh ciia toan hoc nhd Gauss qua nhidu dé 1iét
ké: xem tai khodn di cho (7). Hién triét clia cac hién triét. Cai chét khong mong mudn.

15. Toan hoc va cbi xay gi6: Cauchy (1789-1857).

Sy thay ddi trong ban chit ciia toan hoc véi thé ky 19. Thai tho au trong Cach mang Phap. Tinh toan sai
lam sém ctia Cauchy. Loi tién tri ctia Lagrange. Ky su Co doc tré. Su sic sdo tién tri cia Malus. Ly thuyét
nhéom. Ding dau & tudi 27. Mot trong nhitng cau dé clia Fermat duge gidi. Ha ma sung dao. Bi hic bdi
Charles the Goat (7). Cac bai bao vé thién vin hoc va vat 1y toan. Su ngot ngao va sy cing dau bat kha
chién bai. Chinh phti Phap ti lam minh tré thanh ké ngbc. Vi tri cia Cauchy trong toan hoc. Nhuge diém
ctia mot nhan cach khong thé ché trach.

16. Copernicus ctia hinh hoc: Lobatchevsky (1793-1856).

Dam cfia gbéa phu (7). Kazan. Pugc bo nhiém lam gido su va gian dieép. Kha nang phd quat. Lobatchevsky
v6i tu cach 14 mot nha quan ly. Ly trf va huong trdm (?) chdng lai dich t4. Long biét on ctia ngudi Nga.
Bi si nhyc trong thdi ky dinh cao. Mii nhu Milton, Lobatchevsky doc kiét tac ctia minh. S tién bo clia 6ng
vugt qua Euclid. Hinh hoc phi Euclid. Mot Copernicus cta tri tué.

17. Thién tai va nghéo kho: Abel (1802-1829).

Na Uy nam 1802. Bi bop nghet bdi sy sinh san ctia gido si. Su thic tinh cia Abel. Sy hdo phéng clia mot
gido vién. Mot hoc tro clia cac bac thay. Sai lam may m#n ctia éng. Abel va phuong trinh bac nim. Chinh
phii gidi citu. Chuyén du lich vi dai clia Abel qua toian hoc chau Au khong qué vi dai. Su lich sy clia ngudi
Phap va sit than thién clia ngudi Ditc. Crelle va tap chi ctia 6ng. Toi 16i khong thé tha tht ctia Cauchy.
"Pinh Iy Abel." Mot tht dé gitt cho cac nha toan hoc ban ron 500 ndm. Pt vuong mién lén mot xac chét.
18. Nha dai s6 vi dai: Jacobi (1804-1851).

Ma dién (7) so véi toan hoc. Sinh ra giau c¢6. Kha nang ngdn ngit hoc ciia Jacobi. Danh ca dsi cho toan
hoc. Cong trinh dau tién. Sach s&. Mot con ngdng gitta nhitng con cdo. Thai ky khoé khan. Ham elliptic. Vi
trf cia chiing trong sit phat trién chung. Do ngudc(?) (tam dich - Nghjch ddo). Cong trinh trong sb hoc,
dong Iyc hoc, dai s6 va ham Abelian. Sy tuyén bd ctia Fourier. Cau tra 13i ctia Jacobi.

19. Bi kich Ireland: Hamilton (1805-1865).

Ngudi vi dai nhat ctia Ireland. Gido duc sai 1&m phitc tap (?). Nhitng kham pha & tudi 17. Mot su
nghiep dai hoc doc dao. Thit vong trong tinh yéu. Hamilton va cac nha tho. Puge bd nhiem tai Dunstink.
Hé théng tia. Nguyén 1y quang hoc. Dy doan vé khic xa hinh nén. Hoén nhan va rugu. Trudng. S6 phic.
Luat giao hoén bi bai bé. Quaternion. Nhitng ngon nii gidy.

20. Thién tai va su ngu ngbc: Galois (1811-1832).

Ky luc thé gi6i ctia moi thai dai vé su ngu ngdc. Thai tho au clia Galois. Cac nha gido duc vudt trdi hon
chinh ho. O tudi 16, Galois lip lai sai lam ctia Abel. Chinh tri va gido duc. Cac ky thi nhu nhing trong
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tai cia thién tai. Bi sin dudi dén chét bdi mot linh muc. Thém sy bat tai clia hoc thuat. Cauchy dang tri
mot 1an nita. Bi day dén ndi loan. Mot nha toan hoc bac thay & tudi 19. "Mot xac chét dé kich dong dan
chiing." Céng ranh ban nhit ¢ Paris. Nhitng ngudi yéu nude lao vao chién trudng danh du. Pém cubi ciing
ctia Galois. Cau db ctia cac phuong trinh duge gidi. Bi chéon nhu mot con ché.

21. Cap song sinh bat bién: Sylvester (1814-1897); Cayley (1821-1895).

Nhitng déng gop ciia Cayley. Thai tré. Cambridge. Gidi tri. Puge goi dén Luat su doan. Mudi bén nim
trong luat phap. Cayley gap cong tac vién ctia minh. Cudc ddi song gié hon cta Sylvester. Bi can tré béi
ton gido. Cayley va Sylvester ddi lap. St ménh ctia Sylvester dén Virginia. Nhitng budc sai 1am tiép theo.
Ly thuyét bat bién. Pugc goi dén Dai hoc Johns Hopkins. Sttc séng khong thé dap tét. "Rosalind." Su
théng nhat hinh hoc ctia Cayley. Khong gian n chiéu. Ma tran. Oxford tng ho Sylvester. Cubi ciing ciing
dang kinh.

22. Thay va troé: Weierstrass (1815-1897); Sonja Kowalewski (1850-1891).

Cha dé clia giai tich hién dai. Mdi quan hé ctia Weierstrass véi nhitng ngudi duong thsi. Nhitng hinh phat
clia sit xuat sic. Bi ép vao luat, tit ép minh thoat ra. Bia va kiém. Mot khéi dau méi. No Gudermann.
Musi 1dm nam trong bun. Sy giai thoat ky dieu. Van dé cudc ddi clia Weierstrass. Qua nhiéu thanh cong.
Sonja tan cong bac thay. Hoc tro yéu thich ciia éng. Tinh ban ciia ho. Long biét on ciia mot ngudi phu nit.
Lip lai, Sonja gianh gidi thudng Paris. Weierstrass dugc vinh danh toan cau. Chudi liiy thita. S6 hoc héa
gidi tich (7). Nghi ngo.

23. Doc lap hoan toan: Boole (1815-1864).

Toan hoc Anh. Bi nguyén riia tit khi sinh ra béi sy kiéu ngao. Cudc dau tranh ctia Boole dé dudc giao
duc (7). Chan doan sai. Su can thiép ctia Thién Chua. Kham pha cac bat bién. Dai s6 1a g1? Mot triét
gia tAn cong mot nha toan hoc. Cudc tan sat khing khiép. Co hoi ctia Boole. "Céc quy luat cta tu duy."
Logic biéu tugng. Y nghia toan hoc ciia n6. Dai s6 Boolean. Chét trong thoi ky dinh cao.

24. Con ngudi, khéng phai phuong phap: Hermite (1822-1901).

Nhitng van dé cii va phuong phap méi. Ngudi me tai ba ctia Hermite. Syt ghét bo clia 6ng ddi véi cac ky thi.
Ty day minh. Toan hoc cao cip doi khi dé hon todn hoc co ban. Tham hoa gido duc. Thu giti Jacobi. Bac
thay & tudi 21. Tra thu nhitng ngudi chdm thi. Ham Abelian. Bi lam phién bdéi Cauchy. Chii nghia than bi
ctia Hermite. Giadi phap cho phuong trinh bac nam téng quat. S6 siéu viet. Mot goi y cho nhitng ngudi vé
vong tron. Chu nghia quéc té clia Hermite.

25. Ké hoai nghi: Kronecker (1823-1891).

Huyén thoai vé mot vi thanh ngusi M§. Kronecker may mén. Chién thiang & truong. Tai ning 16n. S6 dai
s6. Nhitng tran chién v6i Weierstrass. Su nghiép kinh doanh ciia Kronecker. Trd lai vdi toan hoc giau co.
Ly thuyét Galois. Cac bai gidng clia Kronecker. Sy hoai nghi clia 6ng la déng géop doc déo nhat.

26. Linh hén trong siang: Riemann (1826-1866).

Nghéo nhung hanh phtc. Sy nhit nhat kinh nién ciia Riemann. Puge dinh sdn cho nha the. Puge citu. Mot
gia thuyét ndi tiéng. Su nghiep tai Gottingen. "Mot toan hoc méi." Nghién ctiu vat ly. Ung dung cia t6
pd vao gidi tich. Bai luan mang tinh buéc ngofic vé nén tang clia hinh hoc. Gauss nhiét tinh. Phuéc lanh
clia s nghéo kho. Géc ré clia gidi tich tensor. Tim kiém stc khde. Duéi mot cay va (7). Cot mdc clia
Riemann trong hinh hoc. Do cong ctia khong gian. M& dudng cho thuyét tuong déi.

27. S6 hoc thit hai: Kummer (1810-1893), Dedekind (1831-1916).

Gia trong gb (?). Su udn cong cta Napoleon (7) d@di vdi tinh cich vui vé clia Kummer. C6 tai ning
nhu nhau trong tritu tugng va cu thé. Pinh 1y cudi cting clia Fermat bit dau tit dau. Ly thuyét sé hoan
héo. Phéat minh ctia Kummer c6 thé so sanh véi Lobatchevsky. Bé mit song trong bén chiéu. Lén vé thé
xac, tam tri va trai tim. Dedekind, hoc tro cudi cung ctia Gauss. Ngudi trinh bay dau tién vé Galois. Sém
quan tam dén khoa hoc. Chuyén sang toan hoc. Céng trinh ctia Dedekind vé tinh lién tuc. Sy ra dai ly
thuyét ideal ciia 6ng.
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28. Nha bac hoc toan dién cubi ciing: Poincaré (1854-1912).

Sy toan dién va phuong phap clia Poincaré. Nhitng tré ngai thsi tho Au. Bi toan hoc cubn hit. Gitt dude sy
tinh tdo trong chién tranh Phap-Phé. Bat dau la ki su khai thac mé. Téac pham vi dai dau tién. Ham tu
déng cAu. "Chia khoa ctlia vii tru dai s6." Van dé n vat thé. Phan Lan c6 vin minh khoéng? Phuong phap
mdéi clia Poincaré trong co hoc thién thé. Vi tru hoc. Céac kham phé toan hoc duge tao ra nhu thé nao.
Tudng thudt cia Poincaré. Nhitng linh cdm va cai chét s6m.

29. Thién dudng da mat? Cantor (1845-1918).

Nhitng ké thi cii véi khuon mit méi. Nhitng tin diéu théi rita. Di sdn nghé thuat va sy am anh vé cha cla
Cantor. Trén thoat, nhung qua muon. Coéng trinh cach mang clia 6ng khong di dén dau. Sy nhé nhen ciia
hoc thuat. Hau qua tham khéc clia "an toan trudc tién." Mot két qua mang tinh buéc ngoac. Nghich ly hay
sy that? Sy ton tai vo han clia cac sb siéu viét. Sy hung hing tién lén, sy nhut nhat lui lai. Nhing tuyén
b6 ngoan muc hon. Hai loai nha toan hoc.
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nay dudc tim thiy trong caic hd so clia cac hiép hoi hoc thuat ma ngudi d6 14 thanh vién. Céac chi tiét tha
vi khac dugc dua ra trong thu tir gitta cAc nha toan hoc va trong tap hop cac tac pham ctia ho. Ngoai mot
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ctia. Newton 13 tit mot ban khic géc duge cho mugn béi Gido su E. C. Watson. Céc ban vé da duge xay
dung chinh xac bdi 6ng Eugene Edwards.

Nhu trong mot dip trude day (The Search for Truth), t6i rat vui duge cadm on Tién si Edwin Hubble va vg
ong, Grace, vi sy hd trg vo gia ctia ho.

Miic du t6i 14 ngusi duy nhét chiu trach nhiém cho moi tuyén bd trong cubn sach, nhung viéc c6 duge nhing
181 phé binh hoc thuat (ngay ca khi t6i khong luén luén hudng 1gi tit chiing) tir hai chuyén gia trong cac linh
vic ma t6i khong thé tu nhan 1a chuyén gia, da gitp ich rat nhiéu, va t6i tin ring nhimg 15i phé binh mang
tinh x4y dung ctia ho da lam gidm b6t nhitng thiéu so6t ctia toi. Tién si Morgan Ward ciing da phé binh
mot sd chuong va dua ra nhiéu goi ¥ hitu ich vé cac van dé ma ong 1a chuyén gia. Toby, nhu truée day, da

5.4. Men of Mathematics 505



Math Book

doéng gop rat nhidu; dé ghi nhan nhitng gi c6 ay da cho toi, toi danh tang cudn sach nay cho co ay (néu cod
ay chap nhan) - n6 1a ctia ¢6 ay cling nhu cla t6i.

Cubi ciing, t6i muén cadm on cac nhan vién clia cic thu vién khac nhau da hao phéng gitip dd véi viéc cho
muon cic cudn sich quy hiém va tai lieu tham khdo. Dac biét, t6i mudn cdm on cac thi thu tai Pai hoc
Stanford, Pai hoc California, Pai hoc Chicago, Dai hoc Harvard, Pai hoc Brown, Pai hoc Princeton, Dai
hoc Yale, Thu vién John Crerar (Chicago), va Vién Cong nghé California.

- E. T. BELL
Ho no6i, ho noi gi, hay dé ho noi.
—(Khau higu ciia Pai hoc Marischal, Aberdeen)

Khoa hoc Toan hoc Thuan tuy, trong sut phat trién hieén dai ctia no, co thé duge coi la sang tao
doc d4o nhat clia tinh than con ngudi.

--—-A. N. WHITEHEAD (Science and the Modern World, 1925)
Mot sy that toan hoc khong don gidn cling khong phiic tap trong chinh né, né 1a vay.
-—-EMILE LEMOINE

Mot nha toadn hoc ma khéng phai 14 mot nha tho sé khong bao gio 14 mdt nha toan hoc hoan
chinh.

---KARL WEIERSTRASS

Toi da nghe chinh minh bi budc toi 14 mot ké phan déi, mot ké thi clia toan hoc, diéu ma khong
ai c6 thé danh gia cao hon t6i, vi n6 dat duge chinh diéu ma toi da bi tit chdi.

---GOETHE

Céac nha toan hoc giébng nhu nhitng ngudi yéu nhau. . . . Hay cho mot nha toédn hoc nguyén ly
nho nhat, va anh ta sé rat ra mét hé qua ma ban ciing phai chap nhan, va tit hé qua nay, ra mot
hé qué khéc.

--FONTENELLE
D& dang hon dé vé mot vong tron vuong hon 1a vugt qua mot nha toan hoc.
--AUGUSTUS DE MORGAN

Taéi héi tiée ring trong bai gidng nay, t6i da phai dua ra mot liéu lugng 16n hinh hoc bén chiéu.
To6i khong xin 161, vi t6i thuc sy khong chiu trach nhiém cho viéc ty nhién 6 khia canh co ban
nhét ctia n6 14 bén chiéu. Moi thit 14 nhu vay. . . .

-—--A. N. WHITEHEAD (The Concept of Nature, 1920)
S6 cai tri vii tru.
---THE PYTHAGOREANS
Toan hoc 1a Nit hoang ctia Khoa hoc, va S6 hoc 14 Nit hoang ctia Toan hoc.
---C. F. GAUSS

Nhu vay, s6 ¢6 thé dude coi 1a cai tri toan bo thé gisi ctia lugng, va bén quy tic clia sd hoc co
thé dugc coi la trang bi ddy du ctia nha toan hoc.

---JAMES CLERK MAXWELL
Cac nhanh khac nhau cfia S6 hoc -- Tham vong, Phan tam, Xau xi, va Ché giéu.
---THE MOCK TURTLE (Alice in Wonderland)

Chia tao ra cac s6 nguyén, phan con lai 14 cong viéc clia con ngudi.
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---LEOPOLD KRONECKER
[S6 hoc| 1a mot trong nhitng nhénh 1au doi nhat, ¢6 1& 1a nhanh lau doi nhat, ctia kién thitc nhan
loai; va mot s6 bi mat siu sic nhat clia n6 nim gan nhitng sy that tam thudng nhat clia no.
---H. J. S. SMITH
Céc tac pham cilia Plato khéng thuyét phuc bat ky nha toan hoc nao ring tac gia ciia ching la
ngudi nghién hinh hoc. . . . Chiing ta biét ring éng khuyén khich toan hoc. . . . Nhung néu -
diéu ma khong ai tin -- cAu néi upbels dysopétpntoc cicitw [Hay dé khong ai khong biét hinh hoc
budc vao| ctia Tzetzes duge viét trén cong clia dng, né sé khong chi ra hinh hoc bén trong hon la
mot 18i cdnh bao khong quén mang theo mot goi banh sandwich sé hita hen mot bita t6i ngon.

---AUGUSTUS DE MORGAN
Khong c6 con dudng hoang gia din dén hinh hoc.
—MENAECHMUS (n6i véi ALEXANDER DAI DE)
Ong da nghién cttu va gan nhu lam chii sau cudn sach ctia Buclid tit khi 6ng 1a thanh vién ciia
Qubc hoi.

Ong b&t dau mot khoa hoc ky luat tinh than nghiém ngit véi ¥ dinh cai thién kha nang cia
minh, dic biét 1a kha ning logic va ngén ngit. Do do, sy yéu thich ctia éng déi véi Euclid, ma
ong mang theo trén duong di cho dén khi éng c6 thé dé dang ching minh tat ca cidc ménh dé
trong sau cudn sach; thuong hoc dén tan dém, véi mot ngon nén gan gdi, trong khi cac luat su
dong nghiép clia éng, nita ta trong mot phong, lam day khong khi vé6i tiéng ngay khong dit.

-—-ABRAHAM LINCOLN (Ty truyén ngin, 1860)

Nghe c6 vé ky la, siic manh clia toin hoc ndm & viéc tranh moi suy nghi khong can thiét va & sy
tiét kiem tuyét vai clia cdc hoat dong tinh than.

-—ERNST MACH

Mot dudng cong duy nhét, duge vé theo cach clia dudng cong gia béng, md ta tat ci nhiing gi

tai c6 thé nghe duge nhu két qua clia mot budi biéu dién am nhac phiic tap nhat. . . . Déi véi
toi, d6 1a mot bing chiing tuyét voi vé sitc manh ctia toan hoc.

---LORD KELVIN
Nha toan hoc, duge cudn theo dong chdy ciia céc ky higu, xit 1y nhitng syt that thuan tiy hinh

thiic, vAn c6 thé dat dugc nhitng két qui v6 ciing quan trong cho viec mo ta vil tru vat ly clia
ching ta.

-—--KARL PEARSON

Cac vidu . . . c6 thé duge nhan lén ad libitum, cho thay viéc gidi thich két qua thi nghiem
thudng kho khan nhu thé nao néu khong coé sy trg giip ciia toan hoc.

---LORD RAYLEIGH

Nhung c6 mot ly do khac cho danh tiéng cao ciia todn hoc: né cung cip cho cac khoa hoc tu

nhién tinh chinh xac § mot mic do an toan nhat dinh ma, khong c6 toan hoc, ho khong thé dat
dugc.

---ALBERT EINSTEIN

Toan hoc 1a cong cu dac biet phi hgp dé xit Iy cac khai niém tritu tugng thude bat ki loai nao
va khong c6 gidi han nao d6i vé6i stic manh ctia n6 trong linh virc nay. Vi 1y do nay, mot cudn
sach vé vat Iy méi, néu khong chi thuan tty mo ta cong viéc thuc nghiém, phai ¢6 co sé 1a toan
hoc.

--—-P. A. M. DIRAC (Quantum Mechanics, 1930)
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Khi téi tién hanh nghién ctu Faraday, to6i nhan ra ring phuong phap ciia éng trong viéc hinh
dung cac hién tugng [ctia dién tit hoc| ciing 14 mot phuong phap toan hoc, méic du khong duge
thé hien dudi dang ky hiéu toan hoc thong thudng. Téi ciing nhan thiy ring cac phuong phap
nay co thé duge biéu dién dusi dang toan hoc thong thuong, va do d6 so sanh véi cac phuong
phép cia cac nha toan hoc chuyén nghiép.

---JAMES CLERK MAXWELL (A Treatise on Electricity and Magnetism, 1873) *

Truy van 64 . . . Liéu cac nha toan hoc . . . c6 nhing bi an ctia ho, va, hon nita, sy chdng d6i
va mau thuan cta ho?

---BISHOP BERKELEY
Pé tao ra mot triét hoc lanh manh, ban nén tit b siéu hinh hoc nhung hay 1a mot nha toan hoc
giodi.
---BERTRAND RUSSELL (trong mot bai gidng, 1935)
Toan hoc 1 siéu hinh hoc tét duy nhét.

-—--LORD KELVIN

Lam thé nao ma toan hoc, von 1a sin pham ciia tut duy con ngudi doc lap véi kinh nghieém, lai
c6 thé thich nghi mot cach tuyét voi véi cac ddi tugng ctia thuc té?

-—--ALBERT EINSTEIN (1920).

Moi kham pha méi déu c6 dang toan hoc, vi khong c6 huéng din nao khac ma chung ta co thé
co.

---C. G. DARWIN (1931).

Khai niem v6 cuc! Khong c6 cau héi nao khac ting 1am rung dong tinh than con ngudi sau sic
dén vay.

—-DAVID HILBERT (1921).

Khai niém vo cyc 1a ngudi ban 16n nhat clia ching ta; né ciing 1a ké thit 16n nhat ctia sy binh yén
trong tam tri ching ta. . . . Weierstrass da day chtng ta tin ring cudi cting chung ta da thuan
hoa va kiém soat duge yéu t6 khong tuan thii nay. Tuy nhién, didu dé khong phai 1a truong hgp;
n6 da lai thoat ra. Hilbert va Brouwer da bt dau thudn héa né mot lan nita. Trong bao lau?
Chung ta ty hoi.

---JAMES PIERPONT (Bulletin of the American Mathematical Society, 1928).

Theo ¥ kién ctia t6i, mot nha toan hoc, trong chitng miic ma 6ng 14 moét nha toan hoc, khéng
can phai ban tam véi triét hoc -- mot y kién, hon nita, da dude nhidu triét gia bay to.

HENRI LEBESGUE (1936).
Chiia luén hinh hoc hoa.
—--PLATO.
Chta ludn s6 hoc héa. -- C. G. J. JACOBI.
Kién trac su vi dai ctia Vi tru gio day bat dau xuét hién nhu mot nha toan hoc thuan tiy.
---J. H. JEANS (The Mysterious Universe, 1930).

Toéan hoc 14 khoa hoc chinh x4c nhét, va cac két luan clia né c6 kha ning duge ching minh tuyét
d6i. Nhung diéu nay chi ding vi toan hoc khong c¢b ging rit ra cac két luan tuyet déi. Tat ca
céc sy that toan hoc déu tuong ddi, co didu kien.

---Charles Proteus Steinmetz (1923).
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D6 1a mot quy tic an toan dé ap dung ring, khi mot tac gia toan hoc hoic triét hoc viét véi mot
sy sAu sdc mo hd, dng ta dang noi nham.

-—A. N. Whitehead (1911).

5.5 Ly thuyét lap trinh game

Phan nay minh sé trinh bay céac 1y thuyét co ban trong lap trinh game va st dung DirectX 11 dé demo. Tai
lieu tham khéo chinh 1a [44].
5.5.1 Model presentation

MBbi object 3D duge biéu dién dusi dang xap xi cic tam giac, goi 1a tam gidc mesh, lién ké nhau va tao nén
mo hinh 3D.

D@ tiy chinh do manh yéu (intensity) ciia anh sang, ta st dung s6 thyc tit 0 téi 1.

Vi du, trong heé mau RGB thi (0,25;0,67;1,00) bié¢u dién 25% d6 manh mau d6, 67% do manh mau xanh
la va 100% do manh mau xanh duong.

Nhu vay, trong he¢ mau RGB, mau sic duge biéu dién béi vector (r,g,b) véi 0 < r,g,b < 1.
Color Operations
Ta c6 thé cong, trit hai mau (r1,gy,71) va (72, g2, ba) thi duge két qua
(r1,91,01) £ (r2,92,b2) = (11 £ 72,91 + g2,b1 £ b2).
Modulation hay componentwise multiplication (nhan d6i mot) thye hién phép nhan theo ting vi tri
(71, 91,01) ® (12, g2, b2) = (r172, 9192, b1b2).
128-bit color

Mot thanh phan b6 sung ngoai R, G, B 1a A (alpha). Alpha xéac dinh do m& (opacity) trong blending.

Khi d6, dé xac dinh mau c6 alpha ta dung vector bon chiéu (r,g,b,a) v6i 0 < r,g,b,a < 1.

32-bit color

Dé biéu dién mau vé6i 32 bit, mdi thanh phan (r,g,b,a) duge biéu dién bsi mot byte. Tuong tu, 0 14 do
manh thap nhéat (khong c6) va 255 1a do manh 16n nhét.

©® Ghi chu

Mau 32-bit c6 thé chuyén thanh mau 128-bit biing viéc chia cho 255 vi méi thanh phan déu nim thoda
0<n<255nén0<n/255 < 1.

Ngugc lai, mau 128-bit cé thé chuyén thanh mau 32-bit bing phép nhan cho 255 va lam tron t6i sb
nguyén gan nhat.

Trong DirectX, XMCOLOR biéu dién alpha, red, green, blue theo thit tu.
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5.5.2 Rendering Pipeline

Rendering Pipeline bao gom cac cong doan duge thé hien ¢ hinh 5.1.

Input Assembler
(TA) Stage

Vertex Shader
(VS) Stage

Hull Shader
(HS) Stage

A,

Tessellator Stage

Domain Shader
(DS) Stage

GPU Resources:
buffers, textures

Geometry Shader
(GS) Stage

Stream Output
(SO) Stage

—_————

Rasterizer Stage
(RS)

Pixel Shader
(PS) Stage

Output Merger
(OM) Stage

Hinh 5.1: Rendering Pipeline

5.5.3 Input Assembler Stage

Coéng doan Input Assembler (IA) doc céc dit ligu hinh hoc, bao gdm dinh (vertice) va chi s6 (indice), dé
thanh lap cac co ché (primitive) hinh hoc nhu diém, dudng thing, tam giac.
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Vertex

Pinh 1a mot diém trong khong gian.

Primitive Topology
Dinh duge dong goi (bound) va rendering pipeline bdi vertex buffer, 1a mot ciu triic dit ligu trong DirectX.

Sit dung primitive topology ta chi dinh lién két giita cac dinh dé hinh thanh cic d6i tugng hinh hoc (dinh
don, doan thing nbi hai dinh, tam giac nbi ba dinh, ...).

[void ID3D11DeviceContext: : IASetPrimitiveTopology(...);

Khi ta c6 mot danh sach cac dinh thi c6 thé ap dung mot trong cac topology sau dé vé ching.

1. Point List: mdi dinh dugc vé nhu mot dinh doc 1ap.

2. Line Strip: cac dinh thanh lap cic doan thing ndi lien nhau. Gia sit ta c6 n dinh 1a vi, vs, ..., v, thi
ta vé n — 1 canh 1a vivg, vovs, ..., Up_1Up.

3. Line List: cit hai dinh sé vé mot canh. Gia st ta c¢6 2n dinh 14 vy, vs, ..., V9, thi ta vé& n canh vyvs,
V3V4, vy V2n—1V2n-

4. Triangle Strip: cdc dinh thanh lap cic tam giadc ndi lién nhau. Gia st ta c6 n dinh 1a vy, ve, ..., v, thi
ta v€ n — 2 tam giac v1v2v3, V2U3Vy, ...y Up—2Up_1Up.

5. Triangle List: ¢ ba dinh ta v& mot tam giac. Khi do6 véi 3n dinh ta c6 n tam giac.

6. Primitives with Adjacency: mot triangle list dudc goi 13 adjacency néu mot tam gidc ké véi mot tam
giac khéac.

7. Control Point Patch List: optional cho tessellation stage.
Index
Ta st dung chi s6 (index) thay vi dinh (vertex) nhim gidm bo nhg luu trit va xit 1y.
Xét hinh 5.2. Hinh chi nhat dudc tao tit bon dinh vg, v1, va va vs.

U1 V2

Vo U3

Hinh 5.2: Hinh chit nhat ghép tiu hai hinh tam giac

Ta c6 thé luu mang cac dinh va sau d6 1a mang céc chi s6 tuong ting véi timg tam giac.

Vertex v[4] = { vO, v1, v2, v3 };

UINT indice[6] = {
0, 1, 2, // tam gidc v0 -> vl -> v2
0, 2, 3, // tam gidc v0 -> v2 -> v3
3
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Mot diéu can luu ¥ 1a thi tu dinh trong cac tam gidc phai giong nhau (cting chiéu hodc nguge chiéu kim
dong ho). Ly do cho viéc nay 1a dé xac dinh mat trude va sau, va sé duge giai thich r6 hon trong cong doan
culling.

5.5.4 Vertex Shader Stage

Sau khi chi dinh primitives dé assembler, cac dinh s& dugc chuyén téi vertex shader stage.
Co6 thé hiéu ring, vertex shader stage lay dau vao la ting dinh va dau ra ciing 1a dinh.
Ham VertexShader chiing ta cai dit dé chi dan cho GPU xit ly.

Cac cong dung clia vertex shader gom:

e transformation: 1a cac phép bién hinh, bao gom tinh tién (translation), quay (rotation) va co dan
(scale);

e lighting: anh sang;
e displacement mapping (7).
Chung ta khong nhimng co thé truy cap dit liéu ctia input vertex ma con truy cap dugc texture, ma tran cua
phép bién hinh, scene light.
Local Space va World Space
World Space 1a hé toa do toan cuc (global) chita tat ci object trong khong gian 3D.

Doi khi mot object sé ¢6 vi tri tuong dbi so véi object khac thay vi gbe toa do. Vi du canh tay gin véi co
thé thi local space sé dé dung hon.

Local Space 1& hé toa do gin véi mot object nao dé va xac dinh vi tri ciia mot sd object khéic theo vi tri
tuong do6i dbi véi object lam gbc.

Cau héi la: lam sao doi tat cd object tit local space t6i world space? Ching ta sé sit dung phép bién ddi
world transform va tinh toan trén world matrix.

Thuan 1g¢i khi ding world transform la:
1. Pon gian: thong thuong trong local space thi object nim & tam nén sé dé dang tinh theo world space.

2. Mot object c6 thé diing trong nhiéu scene khac nhau nén khong can thiét phai chi dinh toa do c¢6 dinh
world space (khong phai chi dinh toa do cho ting scene).

3. Doi khi ta vé cling object nhiéu 1an trén scene nhung khac toa do, huéng, kich cd. Mai lan vé ta goi
la mot instance.

Gia st

e Qu, = (Qs,Qy, Q) la toa do clia object ban dau;

o Uy, = (Ug, Uy, u,) 1 truc = cla local space;

o v, = (Vg, Uy, V) la truc y cla local space;

o w, = (wy, wy,w,) 1a truc z cla local space;
Khi d6 ma tran chuyén tit local space sang world space 14
Up Uy Uy
Up Uy U,
Wy Wy W,
Qz Qy Q-

Thong thuong W 14 mot day céac bién doi lien tiép, vi du W = SRT, trong do:

_ o O O
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e S la ma tran co dan (scale matrix);
e R 1a ma tran xoay (rotation matrix);

e T la ma tran tinh tién (translation matrix).

Vi du:
2 000 V2/2 0 —V2/2 0 1 0 0 0
010 0 0o 1 0 0 01 0 0
5_0021’R_ﬁ/20ﬂ/20’T_0010
0001 o 0 0 1 10 0 10 1
Khi do
V2 0 —V2 0
0 1 0 0
:T:
W =SR V30 V30
10 0 10 1
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